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SUMMARY.
This thesis describes the development of a new, rational design 
method for buried pipe based on the soil-structure interaction 
principle’. The method bridges the traditional division between "rigid" 
and "flexible" pipe behaviour, and takes proper account of the influence 
of horizontal earth loading which is either misrepresented or neglected 
altogether in many existing design methods.
A unified theoretical model is developed to predict the stresses, 
deformations and buckling response of the circular buried pipe -cross- 
section. First-order response equations drawn from elastic continuum... 
theory are reinterpreted and extended to take account of the non-linearity 
of large deformations and the interactions between out-of-roundness, yield 
and elastic buckling of the pipe wall. Detailed consideration is also 
given to the effects of initial out-of-roundness, creep and thermal move­
ments of the pipe, and non-homogeneity and settlement of the surrounding 
soil.
The analytical results are presented as a series of design charts 
which in their general form are valid for pipe diameter/thickness.ratios 
greater than 20 and depth of cover to the crown of at least one diameter. 
Additional formulae and charts are developed to extend the method to 
thicker pipes and shallower cover depths, subject to certain restrictions 
on the form of loading.
The comprehensive theory is used as a framework to reinterpret a 
large quantity of existing experimental data from which provisional 
design values of backfill stiffness and lateral pressure ratio are 
derived as a function of soil type and degree of compaction. Simplified 
procedures are also developed for calculating equivalent loading due to 
backfill weight, surcharges and both external and internal fluid pressures.
Finally a wide-ranging programme of new experimental work serves to 
validate the main elements of the proposed ring deflection and buckling 
theory, and to evolve efficient monitoring techniques fo.r the field and 
laboratory determination of arching factors, equivalent moduli, lateral 
pressure ratios and locked-in compaction stresses in buried pipe backfill.
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text have been included. Secondary subscripts used to qualify the 
main symbols in various ways are listed separately.
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a , a„. a I 
v, W*
V  2’ 2
ao’ a2 ’ b2
b
Cdl
Cp 5 Cs 
D
E
E*
P
E*
s
E 1
m m
H
Description
Cross-sectional area per unit length of 
pipe wall
Coefficients of Michell’s stress function 
(after Timoshenko)
Normalised stress function coefficients 
(after Burns & Richard)
Width of distributed surface load (after Anand)
Deflection lag factor
Pipe and soil creep factors
Outside diameter of pipe
Young’s modulus of pipe material (in hoop 
direction)
Plane strain modulus of pipe material
Young's modulus of soil
Plane strain modulus of soil
Modulus of Soil Reaction (after Spangler)
Modulus of passive pressure (after Spangler)
Factor of safety against buckling .
Minimum allowable factor of safety
Mean hoop stress to cause elastic buckling 
of pipe wall
Critical hoop stress
Yield stress of pipe material
Depth of cover to pipe crown
Defined 
on page
80
348
350
72
104
104
112
79
80
79
80 
16 
16
153
156
51 ' 
51 
51 
79
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Defined
Description on page
Moment of inertia per unit length of pipe wall 80
Moment of inertia for longitudinal bending of
pipe 151
Lateral pressure ratio 111
Dead load lateral pressure ratio 170
Coefficient of earth pressure at rest 177
Soil spring constant for longitudindal beam
action of pipe 151
Soil spring constant for radial ring
displacements 13
Equivalent soil spring constant at shallow
depth of cover 147
Soil spring constants for inward and outward 
displacements of the pipe wall (after Sonntag) 42
Length of equivalent earth column (after
Barnard) 19
Ring bending moment 82
Peak value of M 83
Constrained modulus of soil 183
Ratio of inside to outside radius of equivalent
soil cylinder 133
Hoop thrust in pipe wall 82
Hoop thrust at pipe springings 126
Peak value of distortional thrust 83
Mean hoop thrust (uniform component of N) 83
Buckling mode (number of sinusoidal waves
around pipe circumference) 35
Critical buckling mode 36
Isochromatic fringe order 243
Radial interface stress (after Burns & Richards) 356
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INTRODUCTION
In 1977, the Transport and Road Research Laboratory (TRRL) 
commissioned the author's employers, Mott, Hay & Anderson Geotechnical 
Consultants, to prepare new manuals for the design and construction of 
buried flexible pipes. The aim was to offer up-to-date practical 
guidance to the pipeline industry and specifying authorities at a time 
of increasing use of flexible pipe materials. The original brief 
placed emphasis on the need to optimise specification of the backfill 
soil, with due regard to overall construction cost and the realities 
of site practice, and it was assumed that all the necessary structural 
theory was already available in the literature.
It was soon discovered, however, that there were some serious 
shortcomings in existing methods of buried pipe design. First, the 
various formulae used to check (i) deflections, (ii) buckling and 
(iii) yield of the pipe wall were based on different sets of assumptions, 
making it difficult to assess which performance criterion would be 
critical in any particular case. Secondly, the conventional view of 
flexible pipe behaviour, dating back some forty years to the earliest 
studies of soil-structure interaction, omitted an important component 
of horizontal earth loading, and as a result of this omission the 
definition of backfill soil parameters had become confused.
The only way to resolve this unsatisfactory situation was to 
return to first principles and analyse the problem afresh. It was 
found that by adopting a more complete view of the buried pipe structure 
and the loading to which it is subject, it was possible to employ more 
rigorous analytical methods and so maintain a consistent theoretical 
approach whatever the aspect of performance under consideration.
The combined theory was used to generate a series of simple formulae 
and charts of direct application to design which provide a more complete 
description of buried pipe response than has been possible hitherto.
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Brief introductions to the use of the design charts have already 
been published elsewhere, but this thesis provides the first opportunity 
for a full exposition of the background, development and academic 
justification of the new theoretical approach. It also describes the 
reinterpretation of a large quantity of existing experimental and 
analytical data used to validate certain elements of the theory, to 
develop rational load calculation procedures, and to derive appropriate 
values of backfill soil properties for design.
The theoretical ideas were further put to the test in a varied 
programme of new experimental work described in the latter half of the 
thesis. The programme included elastic model studies of buried ring 
buckling, performed at the University; static load tests on buried 
steel pipe, using facilities at the TRRL; field monitoring of a major 
thin-wall pipe installation on a site in the north of England; and an 
investigation of backfill stiffness indices carried out at a commercial 
soils testing laboratory. When selecting material for inclusion in 
this thesis, emphasis has been placed on reporting fully the work 
carried out in the University's Civil Engineering Department, although 
the opportunity has also been taken to offer a personal interpretation 
of the various extra-mural projects which the author helped to plan.
An additional experiment conducted at the University formed part 
of a separate research programme concerned with the influence on 
existing buried pipelines of adjacent deep trenching activities.
As the culmination of several months' work during the first year of 
the author's higher degree studies, a trial trench was excavated on 
a local site in the London Clay, with the simple aim of establishing 
the order of magnitude of ground movement which would need to be 
jnon.itored in future, more comprehensive, field experiments. Shortly 
after completion of this preliminary trial, financial support for the 
project was withdrawn, but sufficient data had already been generated 
to warrant publication of a conference paper which is included as an 
Appendix to this thesis.
To avoid the pitfall, so amply demonstrated in the existing 
buried pipes literature, of building an elaborate theory on a set of
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ill-conceived assumptions, great care has been taken in this thesis 
to examine fully the implications of each step in the arguments 
presented, so as to ensure both.-consistency on points of detail and 
conformity with broad engineering principles. This method of research 
could find no more eloquent apologist than the Roman philosopher 
Marcus Aurelius Antoninus who advised:
"Make for thyself a definition or description of the thing 
which is presented to thee, so as to see distinctly what 
kind of a thing it is, in its substance, in its nudity, in 
its complete entirety, and tell thyself its proper name, 
and the names of the things of which it has been compounded, 
and into which it will be resolved. For nothing is so 
productive of elevation of mind as to be able to examine 
methodically and truly every object which is presented to 
thee in life, and always to look at things so as to see at 
the same time what kind of universe this is, and what kind 
of use everything performs in it, and what value everything 
has with reference to the whole, and what with reference to 
man, who is a citizen of the highest city, of which all 
other cities are like families; what each thing is, and 
of what it is composed, and how long it is the nature of 
this thing to endure."
This approach has led to theoretical considerations which at times 
may seem to be too far removed from the realities of the construction 
site to be of any practical use. The author’s experience has, however, 
shown that a measure of thoroughness is essential if a true picture is 
finally to emerge, and if some of the ideas put forward seem unduly 
complicated this is because the process of understanding has yet to run 
its full course and the temptation to draw tidy but premature 
conclusions has been resisted. In the same way, every effort has been 
made to report experimental data fully and objectively so that they 
remain open to reinterpretation in the light of any future theoretical 
developments. To see him through the more difficult passages the 
reader is encouraged to remember, as the author has endeavoured to do, 
that the ultimate aim remains to evolve clear and simple design 
procedures for the benefit of the practising engineer. This thesis 
cannot presume to be more than a first step in the right direction.
(xxvi)
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CHAPTER 1
BACKGROUND'OBJECTIVES AND SCOPE
1.1 Theburied pipe structure in engineering practice
Buried pipes are one of the civil engineer’s simplest and most 
effective contributions to the comfort and prosperity of mankind.
Pipeline services, in particular the supply and distribution of water 
and fuel, and the removal of domestic and industrial waste, provide the 
infrastructure for civilised development throughout the modern world, 
and will always be in demand.
Buried pipe structures currently built embrace a wide range of 
sizes and applications, from drainpipes and distribution mains of 100 mm 
diameter or less, to culverts and underpasses of over 7 metres in span.
In recent years an increasing number of reinforced and unreinforced 
plastic pipes have been introduced to complement the more traditional 
range of pipe materials which include clay, concrete, steel, ductile iron 
and asbestos cement. Each of these materials offers different advantages 
in terms of strength and stiffness, corrosion and abrasion resistance, and 
ease of handling; but little guidance is available at present on how to 
assess their relative merits for any particular application. Current 
design methods which have been developed largely from experience with 
individual materials or groups of materials do not provide a rational 
basis for comparison, so that specifying authorities tend to select the 
types of pipe with which they are most familiar.
One of the aims of this thesis is to establish the structural 
principles common to all types of buried pipe, and so encourage 
exploitation of the full range of materials and construction methods 
available.
1
1.2 Structural interaction between pipe and soil
A buried pipe forms a composite structure with the soil surrounding 
it. The interaction between pipe and soil can be described in various 
ways but is most commonly considered from the point of view of the earth 
pressure acting on the pipe.
The conventional view of pipe-soil interaction arose historically 
from a comparison of the load-carrying capacities of rigid and flexible 
pipes (Compston et al., 1978)*. According to the classical rigid pipe 
theory developed by Marston & Anderson (1913), the vertical pressure 
reaching the pipe crown is transmitted to the invert by bending action 
in the pipe walls (see Fig. 1.1(a)). To this day, design of rigid pipes 
consists essentially of comparing the predicted crown pressure due to 
backfill weight plus surcharge with a factored crushing strength for the 
unsupported pipe section (Young & Smith, 1970). In order to explain 
the remarkable load-carrying capacity of corrugated metal culverts which 
show little or no bending strength when tested above ground, Spangler 
(1941) introduced the concept of passive lateral soil support generated 
by outward deflection of the pipe springings^ (see Fig. 1.1(b)).
Luscher & Ho.eg (1965) have given a more complete description of the 
beneficial action of soil around buried flexible pipes (see Fig. 1.2). 
They refer to the mobilisation of lateral soil support caused by 
deformation in an elliptical mode (as shown on Fig. 1.1(b)) as pressure 
redistribution leading to more uniform loading of the pipe ring. They 
use the term deformation restraint to refer to the action of the soil in 
forcing pipe buckling to occur in higher modes (i.e. more waves per 
circumference), with greatly increased buckling resistance. Finally 
they identify the benefits of arching which they define as the relief 
of pressure on the pipe wall due to relative compression and vertical 
motion of pipe and soil.
These and most other descriptions of pipe-soil interaction to be 
found in the literature, whilst recognising the principle of composite
* References listed on page 328
See page (xxiii) for definition of pipe terminology .
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behaviour, nevertheless refer to the pipe as the structure, and treat 
the surrounding soil as a combined loading and supporting medium. This 
limited view of the problem, although easily understood, is not always 
helpful in practice: indeed, over the years it has led to some erroneous
concepts of loading and arching which are discussed in detail in later 
chapters.
A broader and more useful appreciation of pipe-soil interaction may 
be gained by considering why pipes are buried in the first place. Two 
distinct reasons can be identified according to the function being 
served.
Pipelines used for the transport of fluids under pressure are buried 
so as to be out of sight, and as a protection from traffic and other 
surface activities. In such cases the pipe is clearly the chief 
structural component, as it could serve its purpose equally well above 
ground. It is therefore reasonable to adopt the conventional view that 
the external loading due to burial is carried in the first instance by 
the pipe, with the soil providing additional lateral support. The soil 
also provides longitudinal restraint against thermal movement and thrusts 
generated by internal pressure at bends.
A second category of buried pipe includes drains and sewers designed 
for gravity flows, culverts and underpasses through embankments, and 
other underground structural cylinders which have the function of main­
taining an opening of a particular shape, line and level through the 
ground. In this case the earth mass being traversed is the basic 
engineering structure with the pipe in a supporting role comparable to 
that of a tunnel lining. In general, structural support provided by 
the pipe is effective only in the plane of the cross-section, as the 
preservation of invert levels and gradients along the length of the pipe 
run is governed by settlement of the soil bedding and backfill.
This varying view of pipe-soil interaction according to the function 
of the composite structure provides fresh insight into the practical 
significance of "rigid" and "flexible" behaviour.
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1.3 '"Rigid” and "flexible” pipe behaviour
The rigid and flexible pipe traditions, using the respective design 
concepts illustrated in Fig. 1.1, have developed in parallel since the 
beginning of the century. The rigid pipe principle has been applied to 
relatively thick-walled pipes made of brittle materials such as clay and 
concrete, while the pipe-soil interaction principle has been promoted by 
the manufacturers of thin-wall steel and corrugated metal pipe. Marston 
(1930) defined as flexible pipes which were capable of sustaining a 3% 
diameter change without signs of cracking or other structural damage.
This was the level of deformation deemed necessary to mobilise passive 
lateral soil support and the definition effectively classified the various 
pipe materials as either rigid or flexible. For most applications, rigid 
and flexible pipes have been treated as simple alternatives, with little 
consideration given to the influence of one or other mode of action on the 
overall structural efficiency of the installation.
The two basic functions of buried pipes distinguished in the previous 
section each suggest a preferred mode of structural action. In the case 
of pressure pipes, the wall thickness required to contain internal 
pressure is often sufficient to resist the external earth loads without 
lateral soil support. If this is so, there is little merit in specifying 
a structural grade of backfill, and the rigid pipe design principle may be 
employed irrespective of whether the pipe material is normally classified 
as rigid or flexible.
In the case of culvert pipes placed in well-compacted embankment fill, 
Peck & Peck (1948) observed that the only structural action required of 
the pipe wall is to resist ring compressive stress, and that resistance to 
bending is practically irrelevant. This observation formed the basis for 
the Ring Compression Theory developed by White & Layer (1960) and adopted 
by the American Iron and Steel Institute (AISI, 1971) for the design of 
thin-wall metal culverts; but the inference that flexible pipes are 
inherently more suitable for embankment construction appears not to have 
been drawn in the United States. A. recent press report (Engineering 
News Record, 1981), for example, records the use of 8 ft (2.4 m) diameter 
concrete pipe with massive 2 ft (0.6 m) thick walls as a culvert under 
high fill. In the Soviet Union, by contrast, the principle that rigid
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culverts attract unnecessary additional loading seems well understood, 
since reinforced concrete pipe installed in railway embankments have 
been constructed with hinges at the quarter-points of the circular 
cross-section in order to induce flexible action (Yaroshenko et al.,
1952).
In the more general case of non-pressure pipes laid in trenches, 
for which a structural grade of backfill is not provided as a matter 
of course, the arguments for flexible construction on the grounds of 
structural efficiency may be overshadowed by other practical consider­
ations. For example, a survey of sewer pipe installation costs (Boden 
et al., 1975) has pointed to the need for two distinct approaches to 
design, depending on the scale of the proposed works. For large 
diameter installations, where the major element .of cost is the provision 
of *the pipe itself, economies can best be achieved by specifying improved 
backfill construction to enable a reduction in pipe wall thickness. For 
smaller diameter installations, where the provision of the pipe con­
stitutes a relatively minor proportion of overall cost, and the realities 
of site practice rule out dependence on high-grade backfill specifications 
(Boden et al., 1977), the pipe wall thickness should be selected so as to 
permit use of the cheapest acceptable backfill.
Design which attempts to optimise the relative pipe and backfill 
specifications in this way often results in an intermediate mode of 
structural behaviour, so that absolute definitions of rigid and flexible 
pipe cease to be of practical value. A more rational approach, 
originally proposed by Klein (1952) as a development of Voellmy’s (1937) 
analysis, is to consider flexibility of the composite structure in terms 
of-the ratio of soil stiffness to pipe ring stiffness. This relative 
stiffness concept is well established in tunnel lining design practice 
(Ebaid & Hammad, 1978; Craig & Muir Wood, 1978), and features to a 
lesser extent in current buried pipe design literature (Krizek et al.,
1971; ATV, 1978). Ranges of pipe-soil system behaviour are defined 
in terms of stiffness ratio as part of the theoretical development in 
Chapter 3; for the present it is sufficient to point out.that the use 
of the word "flexible" in the title of this thesis does not exclude from 
its scope pipe materials which are traditionally considered "rigid".
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1.4 Shortcomings of current design methods for buried flexible pipe
The design methods for flexible pipe which are most widely used in 
practice are summarised in two recent review documents (Krizek et al., 
1971; Compston et al., 1978). The main shortcoming of these methods 
is that the various criteria for structural performance of the pipe are 
considered separately. Basically there are three approaches: the
Marston-Spangler method (Spangler,1960) considers limiting deflections, 
Meyerhof & Fisher (1963) assume failure by buckling, while White &
Layer (1960) consider yield under ring compression. Since each method 
is based on different sets of assumptions the designer cannot readily 
assess which performance criterion will be critical in any particular 
case.
The most serious consequence of this disparate approach is the 
uncertainty in predicting a safe level of pipe deflection. Based on 
early field observations by Shafer (1948) which suggest that flexible 
culverts do not fail until the vertical diameter change exceeds 20%, 
proponents of the Marston-Spangler method commonly employ a design 
deflection of 5% on the grounds that this allows a conservative factor 
of safety of 4 against collapse. Full scale load tests by Watkins & 
Moser (1969) and Howard (1972) have however shown that the pipe wall 
can fail by buckling or crushing at deflections ranging from a fraction 
of one per cent to over 20%. Furthermore, in cases where the deflection 
does reach 20% before failure, response is generally non-linear so that 
at 5% deflection the factor of safety based on load is much less than 4.
Because of this uncertainty, pipe wall thickness and backfill 
specifications are usually checked by more than one of the above methods, 
and design based on the worst case. This procedure appears conservative 
but it still fails to take account of possible interactions between the 
various aspects of pipe performance. Nor does it resolve any doubts 
raised by the experimental evidence concerning the use of deflection 
measurements as a means of construction control.
Another major shortcoming of present design methods is the use of 
a number of empirical or semi-empirical quantities which include for the 
effects of both loading and backfill properties. The use of these
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quantities has arisen from the limited view of the problem already- 
described, in which the pipe is seen as the basic structure, leading 
to a confusion of the roles of the soil as a loading and supporting 
medium. The best-known example is the Modulus of Soil Reaction, E ’, 
which appears as an index of backfill stiffness in Spangler’s deflection 
formula. Because of conceptual errors both in its derivation and in 
its interpretation (to be fully explained in the next chapter), E f, in 
common with other apparent backfill parameters, cannot be estimated from 
soil properties alone. As a consequence, there is no rational basis for 
extrapolating existing design methods to cover backfilling materials and 
construction procedures which lie outside previous experience. For this 
reason many pipe manufacturers recommend the use of high-grade.imported 
fill such as clean sand or gravel as standard, and overlook the potential 
savings to be made from the use of compacted site fill.
1.5 The case'for a fresh approach to design from basic principles
The shortcomings of existing design methods for buried flexible pipe 
have been recognised to a varying extent by both practising engineers and 
academic investigators. As the result of much theoretical and experi­
mental research undertaken over the past twenty years, a number of alter­
native approaches to design have been put forward. The most notable
examples are:
(i) a semi-empirical approach advocated by Watkins 
(1975) in which pipe performance is directly 
related to measurable loads and soil properties;
(ii) a theoretical elaboration of the Marston-Spangler 
approach which achieves a proper distinction 
between the loading and supporting roles of the 
soil (Leonhardt, 1979); and
(iii) design charts developed from two dimensional
finite element analysis (Abel & Kay, 1976;
Duncan, 1978).
Library^computer programs for one-off design have also been developed 
(Katona & Smith, 1976), but their use is only justified for long-span
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buried structures (Selig et al., 1978).
All these approaches have their advantages and their limitations, 
as reviewed in detail in Chapter 2. None, however, provides a 
comprehensive treatment of all aspects of buried pipe response, or 
offers guidance to the designer on how to strike an appropriate balance 
between the choice of backfill material and the degree of compaction 
specified. The need to match the demands of a construction specification 
to the realities of site practice has been emphasised by Boden et al. 
(1977), and is especially important in the case of the smaller pipe 
installations (of less than one metre diameter, say) for which strict 
control and supervision of backfilling operations is neither feasible 
nor economically justified.
A graphic illustration of the influence of workmanship on flexible 
pipe performance is given by Jaaskelainen (1975/76), who analysed the 
results of a Scandinavian study in which the deflections of a large 
number of buried plastic drainpipes were measured in the field. Although 
no clear relationship could be established between measured deflections 
and fill height, there was a significant statistical correlation between 
deflection and the identity of the contractor on each site. This example 
may be exceptional, but it serves to demonstrate that, for certain 
categories of installation, a simple qualitative appreciation of the way 
in which variable backfill compaction is likely to affect pipe performance 
may be more useful to the designer than an elaborate calculation based on 
assumed soil properties.
It is against this background that the present investigation sets 
out to re-evaluate the most basic concepts of buried pipe behaviour.
This is seen as the essential first step towards developing new design 
procedures which are both rational and suited to current practical needs.
1.6 Organisation and scope of thesis
The main text of this thesis is arranged in two parts.
Chapters 1 to 5 document in full the background, theoretical develop­
ment, and validation from existing experimental data of a proposed new
design method for buried flexible pipes. These chapters, together with 
a series of appendices, contain all the analytical details referred to . 
in other publications which introduce the design method (Gumbel & Wilson,
- 1981; Gumbel et al., 1982).
Chapters 6 to 8 describe and report the results of a varied 
programme of experimental work, in both field and laboratory, as already 
outlined in the Introduction. Most of the experiments were pilot studies 
designed to explore the structural concepts and testing techniques 
: suggested by the theoretical analysis. The most promising areas for 
further research are summarised in the concluding Chapter 9.
The development of a new design method for buried flexible pipes, 
which began in this chapter with a review of broad structural concepts, 
continues in Chapter 2 with a critical examination of existing design 
theories..
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CHAPTER 2
' REVIEW’OF ’PIPE-SOIL'INTERACTION ANALYSIS
2.1 Scope of literature review
The aim of this chapter is to review existing methods for predicting 
the stresses, deflections and buckling response of circular-section pipes 
buried in elastic soil, as a preamble to the development of a comprehensive 
theoretical model in Chapter 3. Various other aspects of pipe-soil 
interaction analysis, including earth load and arching theories and the 
estimation of equivalent elastic properties for soil, are reviewed in 
Chapters 4 and 5. Reference is also made at various points in the text 
to previous experimental work, some of which is reviewed and analysed in 
detail in Appendix E-.
The technical literature on buried pipes is very extensive and has 
also been extensively reviewed. It is not the intention here to give a 
detailed account of the various theories put forward, but rather to trace 
their origins and historical development as a means of identifying the 
assumptions, both explicit and implicit, on which they are based. A 
feature of the present review is that it is not restricted to the English 
language press, but also embraces work published in the German, Scandinavian, 
French and Russian literature.
The basic problem considered is the two-dimensional, plane-strain 
response of the circular buried pipe cross-section, otherwise termed 
the "pipe ring” . Some aspects of longitudinal pipeline behaviour are 
also briefly reviewed and the reasons for considering these separately 
in design are discussed.
2.2 Simple statics of the pipe ring
2.2.1 Ring bending theory
If the equilibrium distribution of soil pressure on the pipe wall 
is either known or assumed, then the moments and thrusts in the pipe 
ring can be determined from statics alone without reference to material 
properties. This is the principle behind current methods of rigid 
pipe design (ref. Fig. 1.1(a)). The stress resultants in thin rings 
can be calculated by the simple bending theory of structures, and 
formulae for a wide range of loading conditons are given in the 
literature (e.g. Roark, 1965; Fliigge, 1962). A more accurate estimate 
of the stresses in thick pipe rings may be obtained from a two-dimensional 
elastic analysis, as outlined in Appendix B.
2.2.2 Ring compression theory
A special case of static equilibrium applies to thin-wall pipes which 
have negligible bending resistance but which can support uniform external 
load by ring compression, in the way that a uniform internal pressure 
is resisted by ring tension. This is the basis of the simple method 
proposed by White & Layer (1960) for estimating the strength of corrugated 
metal conduits in well compacted backfill.
The equilibrium between compressive ring thrust and radial soil 
pressure is illustrated in Fig. 2.1. According to White & Layer, deep- 
buried, circular pipes are subject to a uniform radial soil pressure 
equal to the overburden pressure at the pipe crown? Any tangential 
forces which would cause the magnitude of thrust to vary around the pipe 
circumference are neglected. If the shape of the pipe ring at 
equilibrium is non-circular the radial soil pressure varies in inverse 
proportion to the local radius of curvature of the pipe wall.
White & Layer’s theory does not consider how the assumed equilibrium 
state comes about, although it is recognised that this will involve some
This assumption is discussed further in Chapter 4.
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deformation of the pipe ring, as for example shown in Fig. 1.1(b).
Use of the theory as a method of strength design for ductile buried 
pipe is in any event justified by the Lower-bound Theorem of plasticity 
(Calladine, 1969) which states:
"If any• stress-distribution throughout a structure can be 
found which is everywhere in equilibrium internally and 
balances certain external loads and at the same time does 
not violate the yield condition,, those loads will be carried 
safely by the structure."
Consideration of ring strength only is not sufficient, however, 
when designing flexible pipes of rectangular wall section, or corrugated 
pipe buried in weak fill, for which ring deflection and buckling are the 
usual criteria governing structural performance.
2.3 Elastic models for soil backfill response
In general the contact pressures between a buried pipe and the 
surrounding soil are not statically determinate: that is, they depend
on the relative deformation of pipe and soil at the interface. The 
characterisation of pipe and soil stiffnesses is therefore a prime 
consideration in any detailed analysis of the composite pipe-soil 
structure. All existing theories start from the assumption that both 
pipe and soil respond in a linear elastic manner, at least for small 
increments of load. . Two alternative models are, however, used for 
elastic soil response. These are:
(i) a discrete spring (Winkler) model, which exerts a 
reaction pressure on the pipe wall proportional to 
the displacement at each point. Soil support is 
commonly assumed to be effective in one direction 
only (e.g. radial or horizontal) and soil response 
is characterised by a single spring constant kg 
having units of stress per unit displacement;
(ii) a continuum model, usually assumed to be isotropic
and homogeneous. Soil response is then defined by
two elastic parameters, typically the Young's
Modulus E and Poisson's ratio v .
s s
13
Design theories based on these two models are now reviewed in 
turn, followed by a discussion of their relative merits and the 
validity of elastic analysis in general.
2.4 Interaction analysis with soil support modelled by discrete 
'linear s p r i n g s ________________• ________________________
2.4.1 General analytical approach
The basic strategy of all simple pipe-soil interaction theories 
is as follows:
1. Assume an equilibrium distribution of soil pressure on the 
pipe wall.
2. Assume an "initial" or "applied" pressure distribution which 
would act on the pipe ring if no deformation took place.
3. Account for differences between the equilibrium and initial 
pressure distributions by the compression (or extension) of 
soil springs in response to outward (or inward) displacement 
of the pipe wall. This leads to an expression for pipe ring 
deflection as a function of applied load and pipe and soil 
stiffnesses.
4. Use simple ring bending or compression theory to determine 
the stress resultants in the pipe ring due to the equilibrium 
soil pressure distribution.
Many different equilibrium pressure distributions have been 
proposed, but the more fundamental difference between the various 
design theories put forward lies in the assumption of the applied 
pressure distribution which is not always explicitly stated.
2.4.2 Historical development in different countries
In the earliest analyses of pipe-soil interaction the "initial" 
pressure distributions assumed to act on flexible pipe were derived 
from existing theories for predicting the earth loads on buried rigid 
pipe. Two distinct approaches to the earth load problem, due to
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Marston (1913, 1930) in the United States and Voellmy ( 1937) in 
Switzerland, led in turn to two different conceptions of flexible, 
pipe behaviour which were to have profound and lasting influence on 
later developments in America and continental Europe respectively.
Marston’s classic earth load theory is written up in virtually 
every standard English text on buried pipes; the most complete 
expositions are given by Spangler (1960) and Clarke (1968). The 
theory provides a method of estimating a. vertical soil pressure acting 
at the pipe crown which is uniformly distributed over the width of the 
pipe. The important feature of the theory is that it considers 
relative movement of hypothetical columns of earth separated by vertical 
sliding surfaces (see Fig. 2.2(a)). As a consequence the analysis is 
essentially one-dimensional and considers only the vertical load acting 
on the buried pipe. When Spangler (1941) extended Marston’s theory to 
take account of passive lateral soil support to flexible pipes (ref.
Fig. 1.1), he assumed the same applied loading and neglected any initial 
horizontal soil stress. .
Voellmy's theory, by contrast, assumes loading of the pipe by a 
wedge of soil bounded by inclined sliding surfaces (see Fig. 2.2(b)).
For cases where the pipe crown settles more than the adjacent soil, the 
wedge is taken to be in a fully active failure condition, and the 
resultant horizontal earth pressure acting on the pipe is calculated by 
Rankine’s (1857) formula. As will be discussed further in Chapter 4, 
this view of earth loading is no more realistic than Marston’s; but it 
had the effect that when Voellmy went on to describe the pressure 
distribution around flexible pipes, he considered the change in inter­
action pressure from an initial state of soil stress which included both 
vertical and horizontal components.
The significance of these differing views of horizontal soil loading 
will become apparent from the following comparison of developments in the 
English, German and Scandinavian literature.
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2.4.3 Marston-Spangler deflection theory
In developing the classic "Iowa" deflection formula, Spangler (1941) 
assumed the equilibrium distribution of vertical and horizontal pressure 
shown in Fig. 2.3. The uniform vertical crown pressure was calculated 
by Marston’s theory. The invert reaction was also assumed to act 
uniformly but over a width less than the pipe diameter, as defined by 
the bedding angle a. The shape of the horizontal pressure distribution 
determined from geometric considerations was approximated by a parabola, 
with peak value proportional to the outward displacement Ax/2 of the 
pipe springings. Static analysis then led to the formula for short-term 
horizontal deflection or diameter change:
Ax = ^  Wc ^  (2.1)
El + 0.061 eR4
where is a bedding factor which depends on the value of bedding angle; 
Wc is the vertical crown load per unit length of pipe; R is the radius 
of the pipe; El the bending stiffness of the pipe wall; and e is the 
"modulus of passive pressure" of the soil, having the dimensions of a 
spring constant.
The modulus of passive pressure e was originally taken to be an 
index of backfill stiffness only, but Watkins and Spangler (1958) later 
discovered its additional dependence on scale, and from dimensional 
considerations defined another apparent soil property, the "Modulus 
of Soil Reaction", as:
E' = e R (2.2)
Substituting this expression for E 1, Eq. (2.1) may be rearranged
as:
Ax = ^ c________ (2.3)
EI/R3 + 0.061 E ’
which, as pointed out by Parmelee & Corotis (1972) has the general 
form
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Deflection =' ...... Vertical load factor ' (2.4)
(Ring stiffness + Soil stiffness 
factor factor)
The denominator of Eq. (2.4) gives a simple indication of the 
relative contributions of pipe and soil to the support of vertical 
load. Since for flexible pipes the soil stiffness term dominates 
a great deal of research effort has been devoted over the past forty 
years to attempts to quantify the parameter E ’ for design. Little 
real progress has been made, however, because the scatter of 
empirically determined E' values.(Parmelee- & Corotis, 1972;
Howard, 1977) greatly exceeds the corresponding variation in measured 
soil properties (Nielson et al, 1969; Watkins & Smith, 1973;
.Jaaskelainen, 1973). A possible cause of this difficulty was 
suggested by Parmelee & Corotis (1974) who discovered from finite 
element analyses that E* was a function of pipe stiffness and height 
of fill as well as soil properties. But all these efforts to evaluate 
E 1 simply distracted attention from the main error in the Iowa formula 
which in fact lies in the vertical load factor of Eq. (2.4).
The simple representation of external loading as a vertical 
pressure applied at the pipe crown is inadequate because it neglects 
the "applied" component of horizontal soil pressure, i.e. that 
generated directly by vertical overburden pressure rather than by 
lateral movement of the pipe wall. The importance of this component 
derives from the self-evident fact that out-of-round deflection of a 
pipe in an isotropic medium can only arise as a result of a difference 
between vertical and horizontal load. With the benefit of hindsight 
it seems surprising that Spangler attributed all the horizontal 
pressure to passive resistance by the soil, since at the beginning 
of his 1941 paper he actually comments that the lateral pressure on 
a rigid pipe, which does not deflect sideways, ranges from a fully 
active to an at rest value. As already discussed, however, this 
oversight must be understood in the historical context of the 
development of Marston’s ideas. Its effect is that E ’, far from 
being a true soil modulus, is heavily dependent on the initial lateral 
pressure due to fill placement and compaction, and the general 
distribution of ground stresses due to any surcharge loads.
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■ A secondary defect of Spangler’s analysis is the assumption of 
a unique shape of the equilibrium soil pressure distribution around 
the pipe. Neither the magnitude nor the distribution of interface 
pressure is statically determinate. A more valid form of Eq. (2.3) 
is that suggested by Jaaskelainen (1973), viz:
§. W
A x  =    (2.5)
e i /r  + a e '
where the coefficients and are functions of the vertical and
horizontal pressure distributions respectively. Both and
are interaction parameters which depend on the properties of the
pipe-soil system. . So too is the vertical crown load W^, which
according to Marston’s theory is a function of vertical pipe
deflection, as contained in the "settlement ratio" defined on
Fig. 2.4. Thus the only independent term in Eq. (2.5) is the ring
3
stiffness factor EI/R .
In conclusion, it must be assumed that the reason for the 
continued widespread use of the Iowa deflection formula is its 
apparent simplicity of form, as expressed by Eq. (2.4). On 
detailed examination, however, it transpires that neither loads 
nor backfill properties are clearly defined, so that a rational 
application of the formula is far from simple. A further 
discussion of the care needed in interpreting experimental E T 
values is given in Chapter 5.
2.4.4 Barnard’s Method
Barnard (1957) developed a step-by-step procedure for assessing 
the contributions to the support of vertical fill load on buried 
steel pipe due to:
(i) Ring bending action
(ii) . Active lateral soil pressure (taken as 1/3 of overburden
pressure for sand backfill, 1/2 for clay)
(iii) Passive lateral soil pressure mobilised by outward 
deflection of the pipe springings.
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Barnard's method represents a considerable advance on Marston- 
Spangler theory, for two main reasons. First, it takes account of 
some initial horizontal soil pressure on the undeformed pipe ring. 
Secondly, as pointed out by Compston et al (1978) the assumed 
distribution of lateral pressure generated by deflection of the 
pipe is such as to produce ring compression only, unlike Spangler’s 
analysis which implies some bending action in even the most flexible 
pipes. In fact, Barnard’s method contains all the essential elements 
of the Ring Compression Theory later written up by White & Layer (1960), 
For example, the vertical crown pressure is simply equated to the over­
burden pressure, thereby avoiding the complication of Marston’s settle­
ment ratio (ref. Fig. 2.4); and the magnitude of radial contact 
pressure transferred to the springings is modified by a "shape factor” 
which takes account of the local changes in radius of curvature of the 
deforming pipe wall (ref. Fig. 2.1(b)).
Of particular interest is Barnard’s concept of an "equivalent 
earth column" to represent lateral spring support by the soil (see.
Fig. 2.5). To calculate pipe deflection, by analogy with the normal 
calculation of settlement under footings, Barnard regarded the central 
100° arc of the side of the pipe as a uniformly loaded strip footing 
bearing against a vertical soil surface. . In this analogy, the 
horizontal stress fades out a distance of two or three diameters, and 
"sidewise settlement" is equal to the shortening of a uniformly 
stressed column of earth of length L/2 = 1.25D. For elastic soil 
with Young’s Modulus Eg, this implies a lateral soil spring constant
1 E E 0 »4 E ( ryk_ s = s = s (2.6)
S L/2 1.25D R
which will be compared later with similar expressions derived or 
assumed by various European authors.
Despite its adoption by the American Water Works Association 
(1964) for the design of steel water pipe, Barnard’s method has had 
surprisingly little influence on later research developments compared 
with the much less rational Marston-Spangler theory.
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2.4.5 Developments in Europe
The methods for estimating the earth loads on buried rigid pipe 
which have appeared in European design codes and manuals over the past 
thirty years or so are all based directly on, or at least inspired by, 
Marston's theory (Karadi & Krizek, 1969). Inevitably, some early 
attempts in the European literature to improve on Spangler’s analysis 
of flexible pipe repeated the error of attributing all horizontal 
pressure to passive resistance by the soil; but the attention given 
to Voellmy’s (1937) contribution by Drescher (1965) and Molin (1967) 
has served to clarify the important role of the externally applied 
component of horizontal soil stress. As a result, in most of the 
literature to emerge from Germany and Scandinavia over the past decade, 
the soil pressure distribution is divided into two components associated 
respectively with compression and bending of the pipe ring (see Fig. 2.6). 
This applies to both rigid and flexible pipes. A uniform pressure 
equal in magnitude to the applied horizontal stress causes ring 
compression only, while any applied vertical pressure in excess of 
this uniform component leads to bending of the pipe ring and the 
development of passive lateral pressure. Thus the earth pressure 
distributions proposed by Spangler (1941), Howe et al (1966),
Scheiblauer (1967) and others who neglect the applied horizontal soil 
stress are interpreted by Leonhardt (1972) and Tammarinne & Jaaskelainen 
(1977) as representing the bending component only, and not as a complete 
description of pipe-soil equilibrium.
The contributions by Molin (1967) and Leonhardt (1972, 1979) which 
have been adopted in design practice in Sweden (Molin, 1971) and Germany 
(ATV, 1978) respectively merit some brief comment here.
Molin's (1967) theory applies to pipes of negligible bending 
stiffness and follows Barnard (1957) and White & Layer (1960) in 
assuming a uniform equilibrium pressure distribution (see Fig. 2.7(a)).
In a variation of Barnard's "sidewise settlement" calculation, Molin 
integrates the lateral soil compression due to horizontal stress in 
excess of the "at rest" pressure determined from elastic theory.
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This leads to an expression for relative horizontal diameter change 
given in the form:
Pv
6 = f. Y- (2.7)
s
where is the applied vertical pressure, and the dimensionless
coefficient f is a function of the soil Poisson’s ratio v and so,
s
also, via the elastic relationship shown on Fig. 2.7(a), of the at 
rest lateral pressure ratio Kq . Based on the results of tests,
Molin proposed a design version of Eq. (2.7) in which Eg was the 
soil secant modulus measured in the hollow cylinder apparatus 
(Pramborg, 1963) and f was assigned a constant value of 0.5. This 
empirical adjustment however entails the same conceptual error as 
Spangler (1941) of showing deflection proportional to vertical load 
on the pipe, so that Molin’s (1971) design recommendations do not 
differ appreciably from the Marston-Spangler approach.
Leonhardt (1972) made the first real improvement on the Iowa 
formula (Eq. 2.3) by deriving an expression for deflection as a 
function of the excess of vertical pressure over applied horizontal 
pressure. He also noted that while the uniform invert reaction 
assumed by Spangler (ref. Fig. 2.3) was appropriate to a rigid pipe 
bearing on an elastic bedding, it probably did not .apply to a 
flexible pipe. He therefore derived two deflection formulae , 
using Spangler’s invert pressure distribution for relatively rigid 
pipes and Howe et a L ’s (1966) distribution"*" (see Fig. 2.7(b)) for 
relatively flexible pipes, and interpolated between these two 
formulae for intermediate pipe-soil stiffness ratios.
Leonhardt calculates sidewise settlement of the soil in the 
same way as Barnard (1957) except that the assumed lateral pressure 
distribution is sinusoidal (ref. Fig. 2.7(b)), and the mean lateral 
pressure as opposed to the peak pressure is applied over the 
equivalent footing width. This leads to an expression for the
% o w e  et al.’s (1966) pressure distribution assumes a bedding 
reaction proportional to the local downward deflection of the 
pipe wall, with the invert remaining fixed in position as 
observed in some plastic pipes.
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soil spring constant:
k = 0.6 Es (2.8)
R '
which is in close agreement with similar derivations by Ohde (1956) 
and other German authors.
In contrast to the many variations in the assumed shape of 
the invert and side pressure distribution, the crown pressure is 
generally assumed to be uniform. By referring to Terzaghi’s (1943) 
theory of earth pressure above a yielding trap-door, Scheiblauer 
(1967) proposed two different distributions of applied vertical 
pressure for cohesionless and cohesive soils respectively, but in 
his flexible pipe analysis nevertheless shows these non-uniform 
distributions as acting at the pipe invert (see Fig. 2.7(c)).
The convenience of assuming a uniform crown pressure is that it 
ties in more easily with the various Marston-type methods for 
calculating the vertical earth load on the pipe (Netzer, 1980a)‘.
The above discussion serves to highlight the approximate 
nature of any assumed distribution of earth pressure around a 
buried flexible pipe. In recognition of this, Leonhardt (1979) 
reverts to a simpler uniform distribution of invert pressure on 
flexible pipes in the version of his theory (ref. Fig. 2.6) 
adopted by the German Sewage Technical Association in their draft 
design manual (ATV, 1978). In a proposed extension of the ATV 
method which takes account of upward deflection of the pipe during 
construction, self-weight of pipe and contents, long-term deformation, 
and pipes of non-circular section Netzer (1980 a & b) reintroduces 
a whole range of pressure distribution shapes with associated 
tabulated coefficients. As will be discussed in greater detail 
later in this chapter, the validity of this degree of elaboration 
of an essentially approximate theoretical approach is open to 
question, especially when viewed in a practical design context.
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2;5 Interaction analyses with soil modelled by an elastic continuum
2.5.1 Parallel developments in the tunnels and pipes literature
There is an obvious similarity between, the functions of buried 
pipes and tunnel linings', and yet methods of analysing these two 
types of structure have, in the main, been developed independently. 
This is especially true of elastic continuum analyses. Various 
authors (Mohraz et al., 1975; Muir Wood, 1975; Pender, 1980) point 
to a fundamental difference between the unloading of existing ground 
stresses caused by tunnel excavations, and the simple increase of 
overburden pressure which applies to pipes. While this distinction 
is essentially valid, the analytical solutions for these two load 
cases are in fact very simply related (Gumbel, 1981), and both are 
relevant to the design of either type of structure. The present 
review therefore draws equally from the pipes and tunnels literature.
2.5.2 Closed-form solutions for deep-buried cylinders
The basic analytical model is that of a thin elastic cylinder
embedded in an infinite, isotropic elastic medium. Three external
load cases are treated in the literature, as illustrated on Fig. 2.9. 
These are:
Case 1 : Loading applied at a distant boundary
Case 2 : Loading applied at the cylinder-medium
interface (or unloading, as in the case 
of tunnel excavation)
Case 3 : Gravity loading
In cases 1 and 2 the applied loads comprise a uniform vertical 
pressure p^ and horizontal pressure p^ = Kp^. The third case of 
gravity loading is represented by Burns (1965) as a linear 
variation of applied stress with depth superposed on load case 1 .
This representation of gravity loading is only valid for depths 
of cover which are large compared with the cylinder diameter since 
it entails a zone of tension in the infinite soil medium above the
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level of the unstressed horizontal plane which corresponds to the 
ground surface.
Solutions for these three load cases express the various 
aspects of cylinder response as the sum of up to four sinusoidally 
varying components. Fig. 2.9 illustrates the four theoretical 
modes of ring deformation; the same patterns of circumferential 
variation apply to ring thrust and moment. Load cases 1 and 2 
produce uniform (mode 0) and elliptical (mode 2) response only.
In load case 3, the vertical stress gradient due to gravity gives 
rise to additional response components of modes 1 and 3, although 
these are of relatively small magnitude if, as already assumed, the 
cylinder is buried at great depth*".
The solutions for load cases 1 and 2 are of greatest practical 
interest and are derived in full in Appendix A and discussed at 
length in Chapter 3 of this thesis. The remainder of this section 
serves simply to record their rather tortuous historical development.
The first solutions to appear in the literature were developed 
in the Soviet Union. Savin (1951) used complex algebra and the 
method of conformal transformations to analyse the plane stress 
problem of an elastic ring welded into a circular hole in a plate 
subject to uniaxial tension. This corresponds to load case 1 with 
K = 0 (ref. Fig. 2.8). Malishev (1958, 1965) made use of a similar 
(but not identical) biaxial solution in developing a design method 
for pipes buried in embankments. Savin’s solution has since been 
shown to be in error compared with other methods of elastic analysis 
(Duns & Butterfield, 1971a), and similar errors leading to a gross 
overestimate in pipe ring thrust are evident in Malishev’s work.
The first correct, plane strain solution was developed for 
load case 2 by Emel’yanov (1961), using the Michell-Airey stress
^Because of the deep-burial constraint, Burns' (1965) solution for' 
gravity loading appears to be a somewhat academic variation of the 
solution for load case 1. Burns’ analysis is nevertheless of 
practical value in indicating and qualitative difference between 
the effects of soil self-weight and uniform surface loading.
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function. This is the analytical approach adopted by all subsequent 
investigators, although Western authors appear to have been unaware 
of Emel’yanov's contribution which appeared in the Russian literature 
on buried flexible pipes.
Emel'yanov assumed the pipe ring to be incompressible (i.e. no 
mode 0 deformation as shown on Fig. 2.9) and to be fully bonded to 
the soil medium. In a contemporary development in Norway,
Englebreth (1961) was the first to consider a variable shear transfer 
condition at the interface, although his solution, which was applied 
to tunnel design, is only correct for the limiting case of zero 
interface shear.
The next major advance was the contribution by Burns & Richard 
(1964) who provided a comprehensive solution for the special case of 
a laterally confined system subject to surface overpressure. This 
corresponds to load case 1, but entails the constraint that
K = v /1~v . Hoeg (1968) later reformulated the solution for the
s s
general case of independently applied vertical and horizontal loads. 
Burns & Richard were nevertheless the first to take account of hoop 
compression effects and to solve for both full slippage and no 
slippage conditions at the cylinder-medium interface.
Burns & Richard’s load case 1 solution was used for some time 
in tunnel lining design (Peck et al., 1972) until Curtis (1976) 
introduced the correct solution for load case 2 in the English 
literature. The derivation and engineering application of the 
load case 1 and 2 solutions are still the subject of debate in the 
literature (Einstein & Schwartz, 1979; Pender, 1980; Gumbel, 1981), 
and it is hoped that this historical review and further comments in 
Chapter 3 and Appendix A will help to set the record straight.
2.5.3 Closed-form solutions for shallow-buried cylinders
Burns & Richard (1964) showed that the interaction stresses 
between a cylinder and an infinite elastic medium attenuate to the 
free-field values at about one diameter from the cylinder wall.
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It may therefore be inferred that the introduction of a free boundary 
in the medium at least one diameter above the cylinder will not greatly 
affect cylinder response. This has been confirmed by finite element 
analysis for the case of surface overpressure loading (Peck et al., 1972). 
The minimum cover for validity of Burns’ (1965) gravity load solution has 
not been investigated, but is probably of the same order.
A rigorous closed-form analysis for depths of cover reducing to 
less than one diameter is very complicated, although solutions have been 
obtained for an unlined hole by using bipolar co-ordinates. The 
original analysis by Jeffrey (1921) provides the solution for uniform 
surface pressure, Mindlin (1940). solves for gravity loading with various 
lateral load conditions, while Barjansky (1944) (later corrected by 
Agrawal & Richards (1975)) analysed the case of a centrally positioned, 
surface point load. No corresponding solutions exist for lined holes, 
although Richards & Agrawal (1974) have adapted Barjansky's solution to 
predict the stresses in shallow buried pipe by the use of a "transformed 
section"; that is, replacing the pipe by an equivalent thickness of 
soil medium extending inside the hole. This .strategy breaks down, 
however, because different equivalent thicknesses are required to match 
the flexural and compression stiffnesses of the pipe being replaced.
Also if the ratio of pipe to soil modulus is high, it is only possible, 
because of geometric constraints, to model an extremely thin pipe wall.
With the advent of high speed digital computers, these closed-form 
analyses of shallow pipes and tunnels have been effectively superseded 
by numerical methods for both parametric studies and design. The 
closed-form solutions for unlined holes nevertheless provide a.useful 
check on the accuracy of finite element programs (Doderer, 1970).
2.5.4 Application of closed-form solutions to design
Apart from the contribution by Malishev (1965) already mentioned, 
most attempts to adapt closed-form solutions to the design of buried 
pipes have been based on Burns & Richard's (1964) analysis. Since 
Burns & Richard’s solution contains only one load parameter (surface 
overpressure), this has had the unfortunate effect of perpetuating the
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conceptual errors arising from the neglect of horizontal applied load 
in the Marston-Spangler theory.
Initially, Burns & Richard’s solution was used indirectly to 
derive analytical expressions for the soil load/support parameters 
used in Marston-Spangler theory. Nielson (1967a) and Korhonen (1969) 
derived expressions for the Modulus of Soil Reaction, E ’, although 
because of ambiguity of Spangler's definition of E' these expressions 
were actually contradictory. (This point is elucidated further in 
the discussion of E ’ values in Chapter 5). Similarly, rather than 
use the elastic continuum theory to re-evaluate arching concepts,
Nielson & Koo (1968) derived an analytical expression of Marston’s 
"settlement ratio" (ref. Fig. 2.4).
The direct application of Burns & Richard’s solution to design
was considered by Kay & Krizek (1970) and Krizek et al. (1971) who
developed a number of non-dimensional design charts relating deflection,
thrust and moment parameters to the properties of the pipe-soil system.
Fig. 2.10(a) shows a typical chart for pipe deflection, which is seen
to be sensitive to both the confined modulus M and the Poisson’s ratio
s
V of the soil medium. Although the confined modulus M is a more
S S -
rational index of backfill stiffness than E ’, the need to quantify the 
soil Poisson’s ratio introduced a new element of uncertainty which 
probably explains why elastic continuum analysis has not displaced the 
Marston-Spangler theory as the basis for most practical design. Krizek 
& Kay (1972) recognised this difficulty and concluded that:
"The greatest hope for success in dealing with Poisson's 
ratio in the near future centers around the development 
of a method of analysis that essentially offsets its 
effect."
That this can indeed be achieved will be demonstrated in the next 
chapter.
2.5.5 Watkins' method
Watkins (1975) describes a simple method of buried pipe design 
which has been developed over the past 15 to 20 years at Utah State
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University, U.S.A. The method circumvents the difficulties associated 
with ill-defined, indeterminate earth-load interaction parameters by 
relating pipe ring response directly to the mean overburden pressure 
and measurable properties of pipe and soil. The principles of the 
method were established theoretically by Watkins (1966) using an 
approximate elastic continuum analysis, although the various design 
charts were developed empirically (Watkins & Moser, 1969, 1971;
Watkins & Smith, 1973).
The diagram in Fig. 2.11(a) is used to predict the vertical 
deflection Ay/D of a flexible pipe buried in embankment conditions 
as a proportion of the relative settlement e of the adjacent soil.
The pipe deflection/soil settlement ratio, or "Ring Deflection Factor"
is shown to vary with the ratio R of soil stiffness M to pipe flexural
3 S . S
stiffness EI/D . The vertical soil strain e and secant modulus M are
s
read from the soil stress-strain curve measured in a confined 
compression (oedometer) test.
Watkins (1975) attached particular importance to the fact that the 
curve in Fig. 2.11(a) approaches (Ay/D)/e = 1 as an asymptote. This 
implies that for large values of Rg, that is for very flexible pipes 
embedded in stiff fill, the vertical ring deflection does not exceed 
the relative settlement of the adjacent embankment soil. This is an 
attractive hypothesis which simplifies design checks on pipe deflection, 
but it is not in fact correct^ and it appears that Watkins was misled on 
this point by errors in his original (1966) theoretical analysis.
Fig. 2.11(a) is actually based on experimental data (Watkins & 
Smith, 1973) which appear to confirm the erroneous theoretical result 
that (A y/D)/e does not exceed 1. But this is only because the data 
are for relatively rigid steel pipe systems with stiffness ratios Rg 
in the range 0 to 300. When Gaube et al. (1974, 1977) extended 
Watkins1 diagram using data from tests on flexible, polyethylene pipe 
systems with Rg values up to 3000, they found that the Ring Deflection 
Factor rose to.about double Watkins’ theoretical prediction. As shown
"^Compare, for example, with Allgood’s (1971) theoretical asymptote for 
( Ay/D)/e of around 2, which is confirmed by earlier model tests 
(Allgood et al., 1968).
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in Fig. 2.11(b) the spread of Gaube's experimental results is nevertheless 
in broad agreement with the envelope predicted by Burns & Richard’s 
correct elastic analysis.
The main virtue of Watkins’ approach, subject to correction of the 
various semi-empirical design charts, is that it adopts a broader view 
of the problem than most other simple methods and seeks to relate well- 
defined, measurable load and backfill parameters to all the relevant 
performance criteria of the pipe ring. But in the attempt to achieve
this, the view has been oversimplified: Watkins makes the by now 
familiar error of treating the problem as essentially one-dimensional 
and neglecting the important effects of independently applied horizontal 
loads. In Watkins’ case this oversight led to inappropriate design of 
experiments used to generate buried pipe deflection and buckling data, 
both in the laboratory (Watkins, 1960) and in full-scale tests intended 
to simulate field load conditions (Watkins & Moser, 1969). The detailed 
faults inherent in Watkins’ loading apparatus are described in Appendix E. 
The most serious consequence of these faults is that the empirical ring 
strength (buckling/crushing) charts prepared by Watkins & Moser (1971), 
and adopted by the American Iron and Steel Institute (AISI, 1971) for 
the design of corrugated metal culverts, are not of general validity.
2.5.6 Finite element analysis
The need to assume a large depth of cover, uniform distribution 
of applied surface loads, and linear, isotropic, homogeneous soil 
properties obviously limits the usefulness of closed-form elastic 
analysis for buried pipe design. The finite element method is capable 
of overcoming all these limitations and has consequently received a 
great deal of attention since it was first applied to the buried pipe 
problem by Brown (1967, 1968).
The ways in which the finite element method has been used may be 
divided into three broad categories, as follows:
(i) analysis of individual structures
(ii) parametric studies
(iii) generation of design charts.
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The method is particularly well suited to the analysis of specific 
installations for which the geometry, loading, construction sequence, 
pipe properties and, so far as possible, the properties of the various, 
soil zones including bedding, backfill, trench walls, etc., are defined, 
in advance. Examples of such analyses applied to large metal culverts 
are given by Duncan (1976) and Chang et al. (1980). These demonstrate 
how a wide range of structural details may be modelled in order to 
account for measured field performance. It is important to appreciate 
that where a good match is achieved between predicted and observed 
behaviour, this is an indication only of the qualitative accuracy of 
the analysis, since some numerical data are invariably determined post 
factum rather than a priori. The back-figured numerical data usually 
include the soil properties, although in the two cases cited the 
structural characteristics of the bolted culvert seams were also an 
indeterminate factor. More will be said about predicting soil 
properties in due course.
Quite apart from the uncertainty of numerical input data, refined 
finite element programs are not suitable on their own for use in a 
true design mode. Trial-and-error analysis is expensive in computer 
time and, because of the number of variables involved, is an inefficient 
way of optimising pipe and backfill specifications. For this reason, 
Allgood & Takahashi (1972) recommend the use of simplified elastic 
theory for preliminary design, followed by a design check by the finite 
element method. At least one library computer program (Katona & Smith, 
1976) incorporates Burns & Richard’s (1964) analysis as a design option 
which could likewise be used to aid initial parameter selection before 
proceeding, if appropriate, to higher levels of solution.
For the majority of buried pipe installations, individual finite 
element analysis is not justified for design. Considerable indirect 
benefit may be gained, however, by referring to parametric studies 
performed by the finite element method which have been used to test 
the validity and extend the scope of manual calculations. For example, 
the studies by Parmelee & Corotis (1974) and Prakash et al. (1967) have 
helped to highlight the weaknesses of Marston-Spangler theory, while 
Duns & Butterfield (1971a) and Abel & Kay (1976) examine the validity
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of the Burns & Richard analysis at reduced depths of cover. Abel & Kay 
present their finite element results in the form of correction factors 
to apply to the closed-form solution for deep pipe. Fig. 2.10(b) shows 
their chart for deflection correction factor which may be used in con­
junction with Fig. 2.10(a). Similar correction factors applicable to 
pipe ring thrust and moment are plotted by Kay & Abel (1976).
Other parametric studies of note include those by Quigley (1978), 
who looks at non-circular conduit shapes and varying depths of soil 
foundation above an incompressible rockhead, and by Katona (1978), who 
compares various models for soil stiffness and examines the effects of 
residual lateral pressures due to layered fill compaction around long- 
span, flexible culverts.
In the third category mentioned above, Duncan (1978) has developed 
simplified design charts applicable to a range of culvert shapes and 
based entirely on the results of finite element analysis. Although the 
analysis employs complex non-linear soil models and purports to cover 
the full range of field conditions applicable to large metal culverts, 
including live loading with shallow cover, it is considerably devalued 
by the failure to consider the effects of enhanced lateral pressures 
due to fill compaction. Indeed, as discussed further in Chapter 4, 
it is evident from Duncan’s (1979) paper that, like so many of his 
American predecessors dating back to Marston (1913), he sees the action 
of external load on a culvert as being essentially one-dimensional.
It is this erroneous view of the problem which sets the limit on the 
versatility of his design method and not, as he supposes, the degree 
of analytical refinement.
The finite element method is undoubtedly a powerful engineering 
tool, but it is no substitute for a sound grasp of basic structural 
principles. If the results of finite element analysis are referred
to an incomplete or erroneous view of the problem being studied, they
are as liable to misinterpretation as experimental data. The paper 
by Anand (1974) provides an example of the sort of mistaken conclusions 
which can be drawn?
"^This is not intended as any personal reflection on the author, who was
simply following current trends of thought.
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Anand used the finite element method to analyse the stresses in 
circular concrete pipe buried with one diameter of cover in uniform, 
elastic soil and subject to a variety of surface loads, as illustrated 
in Fig. 2.12(a). The title of the paper describes the pipe as "rigid", 
presumably because it is modelled with the properties of concrete, 
although Anand’s choice of pipe wall thickness and soil modulus 
produces a pipe-soil system which is relatively flexible. (This is 
just one of a series of minor conceptual errors in the paper which will 
not be enumerated here.)
Fig. 2.12(b) shows the predicted distributions of hoop thrust and 
bending moment in the pipe due to surface load spready over various 
different widths. Also plotted are the predictions of Burns & Richard’s 
(1964) deep-pipe theory for surface pressure of infinite extent, and 
experimental distributions (for a cover-diameter ratio of 2) reported 
by Marino & Riley (1964). By inspection of these plots, Anand concluded 
that Burns’ theory was not valid for predicting pipe stresses at depths 
of cover as low as one diameter. But in reaching this conclusion,
Anand had neglected the fact that varying the width of the applied 
surface load (ref. Fig. 2.12(a)) has greater influence on the horizontal 
pressure transmitted to the pipe than it does on the vertical pressure.
In Chapter 5 it is shown that if both vertical and horizontal pressures 
calculated by Boussinesq theory are used as input, the closed-form 
solution for deep pipe yields distributions of pipe hoop stress resultants 
which are in close agreement with Anand's finite element predictions.
In other words, the exact opposite of Anand’s conclusion is in fact the 
case.
2.6 Analyses of pipe ring buckling
2.6.1 Historical perspective
The basic theoretical problem of the buckling of a uniformly 
compressed ring or tube with radial elastic support was first solved 
by Seide (1959, 1962), for an application in the aerospace industry.
Seide analysed the stability under lateral pressure of a thin cylinder 
with a soft elastic core. Although this is the inverse of the buried 
pipe problem, where elastic soil support is provided to the outside of
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the cylinder, the solutions for the internal and external support cases 
are in fact very similar, and become identical for short wavelength, 
inextensional buckling modes. Seide?s contribution was nevertheless 
overlooked by subsequent investigators of the buried pipe problem, 
presumably because it appeared in the literature of a different 
engineering discipline. This oversight seems somewhat ironical in 
retrospect, given that Seide’s interest was the design of solid fuel 
rocket cases for ballistic missiles, while the major initiative for 
research into buried pipe buckling came from the not unrelated, con­
temporary need to build underground nuclear blast shelters.
It was in the context of so-called "protective construction" 
research that experimental studies in Britain and the United States 
first demonstrated the substantial increase in buckling resistance 
imparted to a buried cylinder by the surrounding soil (Bulson, 1962; 
Whitman & Luscher, 1962; Donnellan, 1964). At around the same time, 
apparently by pure coincidence, a growing interest in thin-wall pipe 
construction for highways and drainage applications led to the initiation 
of independent buckling studies in Canada, Germany and France. As a 
result, the theoretical buckling problem was tackled simultaneously in 
five different countries, leading to the publication of at least eight 
different solutions in the civil engineering literature during the years 
1963 to 1966. Research into protective construction continued for 
about a decade, resulting in at least two different buckling design 
codes backed by accumulated experimental data (Bulson, 1972; Allgood, 
1972).
Despite these intensive research efforts made during the 1960’s, 
the buckling formula which is most widely used today for the design of 
thin-wall pipes (AISI, 1971; Compston et al., 1978) originates from 
one of the earliest theoretical contributions by Meyerhof & Baikie
(1963). Although comparatively crude, Meyerhof’s analysis has never 
been closely scrutinized by designers. This is probably because the
•J*  ^ (
In Germany a very similar formula is used for pipes (ATV, 1978), 
although the more detailed analyses of Sonntag (1966) and Hain (1970) 
have been adopted for shield-driven tunnel design (Deutsche Gesellschaft 
fiir Erd- und Grundbau, 1970).
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scatter of available buckling data is so large that the use of almost 
any design formula incorporating a suitable factor of safety can be 
justified. The resulting conservatism in design has in turn kept 
the incidence of buckling failures low, so that there has been little 
incentive to seek more rational methods. However, in view of the 
increasing use of ultra thin-wall pipes of both metal and plastic which 
are extending system flexibility beyond the range of previous experience, 
a re-examination of existing practical formulae is considered timely.
Only those formulae which are needed for reference in later chapters 
will be quoted here in full. In reviewing the various theoretical 
approaches, an attempt will nevertheless be made to clarify certain 
general features of the buckling analysis which are only partially 
explained in the existing literature. These include:
(i) the derivation of an equivalent radial spring constant 
where the soil is represented by an elastic continuum;
(ii) the proper distinction between load applied as external
fluid pressure and load transmitted through the soil;
(iii) the effect of soil support which is stiffer on unloading
than on loading;
(iv) the relative importance of multi-wave and single-wave 
deformation modes during both initial buckling and 
post-buckling stages.
2.6.2 Unsupported circular rings under uniform external pressure
The classic ring buckling formula due to Levy (1884):
p = 3. ^  (2.9)
R3
assumes the critical external pressure p ^  to be applied hydrostatically,
i.e. such that the external forces remain normal to the surface of the 
ring as buckling occurs. Boresi (1955) has shown that the coefficient 
of ET in Eq. (2.9) becomes 4.5 if the external forces are assumed to 
R3
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remain directed towards the original centre of the ring. Bodner
(1958) showed that the coefficient is 4 if the external forces maintain 
a constant direction. This demonstrates a potential weakness in the 
usual assumption that the external pressure on a pipe acts hydrostatically, 
whether due to the action of fluid or soil. A slight change in the way 
that the external pressure responds to movement of the pipe wall could 
alter the buckling resistance by up to 50%. On the other hand, the 
hydrostatic assumption appears to be conservative, and so is acceptable 
for design.
For a long pipe subject to lateral pressure, Eq. (2.9) becomes
where v is the Poisson's ratio of the pipe material. Eq, (2.10) is 
simply the plane strain version of Eq. (2.9), which assumes plane stress. 
In the literature, pipe buckling formulae are sometimes given for plane 
stress and sometimes for plane strain, and are identified as such below. 
The formulae are interchangeable by suitable adjustment of the material 
elastic constants. The term "ring buckling" is used in this thesis to 
describe the two-dimensional problem in general, and does not necessarily 
imply plane stress.
2.6.3 Circular rings with radial elastic support
The simplest model of buried pipe buckling is that of a ring loaded 
hydrostatically and supported by radial springs of unit stiffness k^, 
as illustrated in Fig. 2.13(a). Such a ring is capable of buckling 
inextensionally in an axisymmetric mode comprising n waves around the 
circumference (see Fig. 2.14(a)). This multi-wave mode is the simplest 
to analyse, and also happens to be more critical than alternative single­
wave modes (Fig. 2.17(b)) if, as initially assumed, the same soil spring- 
constant is effective for both inward and outward movement of the pipe 
wall.
For this simple model, the value of uniform pressure p for buckling 
in an integral mode n > 2' is given by the (plane stress) formula:
3. El 
(1-v 2)R3
(2 . 10)
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2 El M
P. = (n - 1) ^  +     (2.1.1)
b R (n  -  1)
Eq. (2.11) was.originally derived by Link (1963), Cheney (1963) and
Luong (1964), all of whom started from the bending equations for curved
bars. The corresponding expression for plane strain, differing only
2
by the expected factor 1/(1—v ) on the first term was obtained by 
Chelapati (1966). Several further expressions which depart slightly 
from Eq. (2.11) in the terms in buckling mode n have been derived by 
Meyerhof & Baikie (1963), Luscher & Hoeg (1964), Duns (1966), and 
Sonntag (1966a), using a variety of approximations for ring or cylinder 
response. However, if minimised with respect to n for large values of 
n, all the above authors' theoretical expressions reduce to:
Per " 2 ’V  k sR ' fl (2‘12)
where the associated critical buckling mode is given by:
4r^ r~
n = I -------------------------------------------- (2.13)V EI/R3
Eq. (2.12) (or the plane strain equivalent) is the formula for critical 
buckling pressure found in the majority of buried pipe design manuals.
The major stumbling block to the use of Eq. (2.11) or (2.12) for 
design is the evaluation of the soil spring constant k g . This spring 
constant, referred to in some literature as the "foundation modulus" or 
"coefficient of subgrade reaction", is a function not only of the soil 
elastic properties but also of the scale of the loaded area (Terzaghi, 
1955). Initially, kg was related arbitrarily to a load width of the 
order of the pipe diameter. Meyerhof (1963), for example, proposed 
the plane strain relationship:
E
k R =  (2.14)
2(1 - v2)
s
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while various other authors (Habib & Luong, 1965, 1966; Luscher, 1966; 
Chelapati, 1966) used the analogy of the uniform expansion of a 
cylindrical cavity in an elastic medium to arrive at the expression:
k R 
s (1 + v ) 
s
(2.15)
Current design practice is to use the same soil spring constant for
buckling as is assumed for the deflection calculation. Thus typical
buckling formulae appear as Eq. (2.12) with, for example, Eq. (2.8)
(ATV, 1978) or Spangler's E' (Compston et al., 1978) substituted for
k R. 
s
None of these simple proportional relationships between k gR and 
E^ is strictly correct. In a rigorous buckling analysis in which 
the soil was represented by an elastic continuum (see Fig. 2.13(b)), 
Forrestal & Herrmann (1965) showed that the equivalent radial spring 
constant for the soil is a function of the buckling mode n. In other 
words, the scale of the loaded area for the computation of k g is 
related to the buckle wavelength? Duns (1966, 1971b) has summarised 
the relationship between the plane strain spring constant and buckling 
mode, as follows:
k R 
s
E
1 +
for n = 0
for n = 1
E (n  -  1)
s
(1 + v ) [ (2n + 1) - 2v (n + 1) ] 
s s
for n >• 2
(2.16)
This fact was originally established by Gough et al. (1940) who 
dropped the usual. Winkler spring assumption when analysing the buckling 
of flat plates with elastic backing. In view of the effect on the 
powers in the solution for high-mode buckling resistance (ref. Eq. (2.18)) 
it is surprising that this point was never taken up by the authors of 
influential textbooks, such as Hetenyi (1946) and Timshenko & Gere (1961), 
who describe the elastic stability analysis of beams on elastic foundations
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For n > 2 ,  the corresponding expression for plane stress (Cheney, 1976) 
is:
. E (n. -.1)
k R = ,,S ^ 7 (2.17)
s (2n + 1 - v )s
If Eq. (2.17) is substituted for kgR in Eq. (2.11) differentiation
with respect to n for n » 2  yields:
Pcr  = 3 \ d3 I • \ , I ( 2 -18)
where the critical buckling mode is now:
V
/ 1 E \ 3
n = ( -  . — ^  ) (2.19)
\ 4 EI/R3 /
The power law of Eq. (2.18) differs markedly from that of Eq. 
(2.12), implying that the critical buckling pressure is more sensitive 
to changes in soil stiffness than in pipe stiffness. The increased 
support provided by an elastic continuum compared with unconnected 
radial springs may be explained in qualitative physical terms by the 
mobilisation of elastic shear resistance in planes normal to the pipe 
wall. The derivation of Eq. (2.18) assumes no tangential shear 
action at the pipe-medium interface^, but the comprehensive analysis 
by Forrestal & Herrmann (1965) shows that if the interface is fully 
bonded the effective support against buckling is greater still.
Despite the obvious relevance of shear resistance in soil used 
for pipe backfill, the two-thirds power law of Eq. (2.18) has made 
little headway in displacing the square root formulation of Eq. (2.12) 
as the basis for ring buckling design. Some of the historical and 
practical reasons for this have already been mentioned, and parts of 
later chapters of this thesis are devoted to further discussion and 
investigation of the comparative validity of Eqs. (2.12) and (2.18).
"^in the derivations by Duns (1966) and Cheney (1976) this assumption 
is not stated explicitly but is nevertheless implied by the analysis.
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In the remainder of the present section,, the various arguments and 
evidence already put forward in support of each formula will be 
briefly summarised.
Luong (1964) found that the general buckling formula, Eq. (2.11), 
gave accurate predictions of experimental buckling pressures provided 
n was taken to be the observed buckling mode and the value assigned 
to kg was that determined from the local interface pressure and pipe 
wall displacement actually measured in each of his model tests.
Agreement between the observed buckling modes and those predicted by 
Eq. (2.13) was, however, relatively poor.
In a discussion of Luscher’s (1966) test results, Duns (1967) 
showed that the continuum model, Eq. (2.19), predicted the trend of 
experimental buckling modes better than the radial spring model used 
by Luscher (Eqs. (2.13) and (2.15) combined). But other contributors 
to the same discussion pointed out that buckling pressures predicted 
by the continuum model, Eq. (2.18), were much too high. Duns 
accounted for this discrepancy by applying a factor of 1/4 to the 
value of soil modulus Eg in the buckling formula, for semi-theoretical 
reasons discussed in the next section. This brought the predictions 
of Eq. (2.18) into broad agreement with the buckling pressure data 
due to both Luscher (1966) and Bulson (1966). Results of these early 
buckling experiments were too scattered for more.detailed analysis, 
but Cheney (1976) showed that the qualitative trend of data obtained 
in more careful tests by Allgood et al. (1968) supported the two-thirds 
power law of Eq. (2.18). However, like Duns, Cheney found it necessary 
to adjust the value of Eg in the buckling formula to bring theory and 
experiment into quantitative accord. This time the factor applied to 
Eg was 1/8. Cheney’s explanation of this was that the soil tangent 
modulus controlling buckling differed from the secant confined 
compression modulus measured by Allgood, the magnitude of the 
discrepancy being due to the sensitivity of soil stiffness to the local 
stress path adjacent to the pipe wall.
Cheney's (1976) contribution highlights the main difficulty in 
assessing the validity of any pipe buckling theory. So long as
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dependence is placed on unreliable and often unrelated soil stiffness 
measurements to enable quantitative interpretation of experimental 
buckling data, it is almost impossible to distinguish errors in the 
theory being tested from uncertainty in the operative value of elastic 
soil modulus. In order to overcome this difficulty, a method is 
developed in Chapter 4 of this thesis for interpreting buried pipe 
buckling data without reference to any measured value of soil modulus.
2.6.4 Effective loading and support by fluid, elastic and granular 
soil
The simple physical models of Fig. 2.13, for which the buckling 
formulae given in the previous section were developed, assume that 
elastic support to the pipe is provided independently from the applied 
load. The assumption regarding loading and support may be stated 
more precisely, as follows
(i) Loading is represented by a uniform external pressure 
which acts hydrostatically: that is, in response to • 
movement of the pipe wall, the magnitude of the 
pressure is unaffected, and the direction of action 
remains normal to the wall- surface?
(ii) Support to the pipe, whether modelled by discrete 
springs or an elastic continuum, is represented by 
compressive radial forces in response to outward 
movement of the wall, and tensile radial forces in 
response to inward movement of the wall. The 
support force/displacement relationship is the same 
for movement in either direction.
In his original derivation of Eq. (2.11) Cheney (1963, p.31) declares 
the loading assumption of "a radially directed uniform external force 
that remains parallel to the plane of initial curvature", but does not 
follow this assumption through correctly in his analysis. Instead he 
proceeds (p.33) to equate the work done by the external pressure to 
the pressure times the change in enclosed area of the ring. This 
work equation in fact corresponds to the hydrostatic pressure 
assumption (Bodner, 1958).
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In order to apply the associated buckling formulae in practice 
it is necessary to reconcile these assumptions with the prototype 
situation in which:
(i) Loading is applied in the form of external fluid 
pressure (due to groundwater and/or internal vaccum) , 
or via effective stresses in the soil skeleton, or as 
a combination of the two. While the action of 
external fluid pressure is clearly hydrostatic, the 
directional response of soil effective stress to 
movement of the pipe wall is not certain and any 
strain in the pipe wall prior to buckling may .alter 
the magnitude and distribution of loading applied 
through the soil.
(ii) Even assuming the soil to be linear and elastic, the 
radial force-displacement response is likely to be 
stiffer on unloading (inward movement) than on loading 
(outward movement), and in no circumstances will 
tension develop between pipe and soil. A typical 
response of frictional soil to inward movement of
the pipe wall might be a rapid unloading of 
compressive pre-stress until a fully active failure 
condition is reached, after which the soil will follow 
movement of the wall without further reduction in 
contact pressure.
As regards the directional action of elastic soil pressure, the 
analysis by Forrestal & Herrmann (1965) demonstrates that the hydro­
static assumption is a fairly good approximation which becomes 
exactly true for high values of buckling mode n. Thus the high 
mode buckling formula, Eq. (2.12), is equally valid for loading by 
external fluid pressure or ideal elastic soil. Likewise any change 
in magnitude of elastic soil pressure due to uniform compression of 
the pipe (i.e. mode 0 deformation) prior to buckling presents no 
particular difficulty.. The analysis by Sliter & Boresi (1967) shows 
that the basic formula for multi-wave buckling, Eq. (2.11), remains
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valid for extensional pipe rings provided the equilibrium contact 
pressure predicted by elastic theory is used instead of the 
externally applied pressure. The relevant calculation is described 
in Chapter 3.
This leaves the important question as to whether the basic buckling 
formula need be modified to account for the non-symmetrical loading and 
unloading characteristics of the soil. On this point the literature 
is far from clear, and the theoretical arguments presented by English 
and German authors even appear contradictory. Duns (1966, 1971b) and 
Chelapati (1966) both argue that the soil medium will arch across the 
inward moving lobes, leading to eventual separation at the interface 
(see Fig. 2.15(a)). This separation hypothesis appears to be 
supported by Bulson’s (1966) experimental observations (see Fig. 2.15(c)) 
to which Duns refers. Sonntag (1966a), on the other hand, building on 
his own (1965) experimental observations (see Fig. 2.15(d)) assumes 
that a granular medium will follow the inward moving lobe without any 
reduction in contact pressure. These two seemingly opposite assumptions 
lead to similar theoretical modifications of the basic buckling formula. 
To explain this paradox, it is helpful to introduce Sonntag's (1966a) 
notation for non-symmetrical soil spring action.
Sonntag defined the spring constant for outward movement of the 
pipe wall (i.e. rate of increase of radial soil pressure) as k^, and 
the spring constant for inward movement of the pipe wall (i.e. rate 
of decrease of radial soil pressure) as k^ . He modelled the action 
of the soil shown in Fig. 2.15(d) by setting k^ = 0 in his analysis, 
and derived an equivalent spring constant for use in the basic buckling 
formula (Eq. (2.11)) of kg = V^/l. The same result was obtained by 
Chelapati (1966), who formulated the mathematical load/support condition 
at the interface in the same way, although for different physical 
reasons. Chelapati assumed independent loading by hydrostatic 
pressure, with the soil medium initially unstressed and so unable to 
provide (tensile) support to the inward moving lobes. This again 
implies k^ = 0 .  So does Duns’ (1966) physical model in \tfhich the 
soil pressure arching over the inward moving lobes is replaced by 
equivalent concentrated loads at the points of inflection of the pipe
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wall. For this load condition Butterfield and Duns (1966) obtained 
an equivalent kg = k^ /4, although it appears that in their semi- 
intuitive theoretical analysis the factor of 1/2 obtained by the 
other authors was inadvertently duplicated.
The precise theoretical relationship between k and k^ is of no 
great importance, however, because the basic argument used to modify 
the multi-wave buckling formula is not strictly valid for either 
fluid or soil loading. Both Sonntag (1966) and Hain (1970) show 
that for the "one-sided" support condition with k^ = 0, single-wave 
buckling modes (ref. Fig. 2.14(b)) are more critical than multi-wave 
modes. The same applies if k| retains some finite value but k^ 
tends to infinity (Fig. 2.15(b)). A more careful consideration of 
the support conditions for fluid and soil loading which takes account 
of observed buckling modes is therefore necessary.
At this point it must be emphasised that all the theory and 
discussion so far applies to initial buckling for which deformations 
in the buckling mode are assumed to be small. Close scrutiny of the 
first frame of Fig. 2.15(c) reveals that the initial buckling 
deformation of a thin-wall tube in sand involves the formation of 
small amplitude waves around the whole circumference. This initial 
"rippling" or "wrinkling" observed by Bulson (1966) is confirmed by 
other experimenters (Sonntag, 1965; Habib & Luong, 1965; Allgood,
1968) who tested model pipes in dry granular media with at least one 
diameter of cover. The single-wave snap-through and separation 
observed in the last two frames of Fig. 2.15(c) follow the development 
of an appreciable change of geometry of the pipe and so should be 
viewed as aspects of post-buckling rather than initial response.
This consistent observation of multi-wave deformation at the 
initial stages of buckling suggests that the theoretical assumption 
of one-sided support (i.e. k^ = 0) is not correct for soil-loaded 
pipes. This conclusion is supported by a proper soil mechanics 
analysis of the development of active failure around a cylindrical 
opening in sand. Atkinson & Potts (1977) have shown both theoretically 
and experimentally that the internal support pressure in a tunnel in
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cohesionless soil can drop to a very low level, equivalent to an over­
burden height of about one tenth of the tunnel diameter, before active 
failure occurs. This in turn implies that the soil surrounding a 
buried pipe which is in a state of compression prior to buckling will 
accommodate a substantial reduction in contact pressure in response 
to local inward movement of the pipe wall; that is, for initial 
buckling k^ will be greater than zero.
The actual value of k^ in relation to k^ will depend on various 
factors, including the density and friction angle of the soil. It 
will tend to change as deformation develops, partly because of the 
non-linear, non-symmetric loading/unloading response of soil, and 
partly because of volumetric strain (especially dilation in dense 
soils) caused by the shearing action of adjacent outward and inward 
moving lobes of the buckling pipe wall. However, these are all 
strictly aspects of post-buckling behaviour. The important 
conclusion for the present is that for loading transmitted through 
elastic or granular soil, the initial buckling response, involving 
infinitessimal displacements, is governed by a two-way support 
condition roughly corresponding to the assumption k^ = k^ of the 
original multi-wave buckling theory (Eq. (2.11)). The empirical 
factors on soil modulus incorporated by Duns (1966) and Cheney (1976) 
in the elastic continuum formula (Eq. (2.18)) may be attributed to a 
variety of causes which are not fully explained by existing theories. 
These modulus factors will be the subject of further discussion and 
investigation in later chapters.
In contrast to the case where load is transmitted through the 
soil, loading which is due mainly to external fluid pressure (ground­
water plus internal vacuum) may reduce the soil effective stresses 
sufficiently to bring about a true one-sided support (k^ = 0) 
condition. As already indicated, the critical mode for initial 
buckling would then be of the single-wave type for which the existing 
theories will now be briefly introduced.
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2.6.5 Single-wave buckling and post-buckling behaviour
The analysis of single-wave buckling of initially circular rings 
yields no simple design formula comparable to that for multi-wave 
buckling (Eq. (2.11)). Two important complications are introduced. 
First, the mechanics of deformation are such that both the length and 
shape of the buckle change with increasing wave amplitude prior to 
snap-through failure (Hain, 1970), so that simple small-deflection 
theories do not apply.
Secondly, extensional strains in the pipe wall play an important 
part in initiating buckle formation and snap-through. The influence 
of extensional strains is such that the buckling pressure does not 
increase indefinitely with increasing one-sided support (h^) but is 
limited by the compression stiffness of the pipe ring. For the 
extreme case of a rigidly encased but unbonded cylinder subject to 
external hydrostatic pressure (k^ = 0, k^ —♦ °° ) the critical buckling
pressure reaches an asymptotic value obtained approximately by Sonntag 
(1966a) and Cheney (1971a) as:
11
(p J  ■« 2.5 E l ~ )  f5 (2.19)cr max V D 1
Eq. (2.19) entails the assumption that the rigid support follows any 
uniform compression of the pipe ring so as to remain in intimate 
contact up to the point of buckling. Alternatively, if the diameter 
of the rigid cavity is fixed so that some initial separation occurs 
(Glock, 1977), the limiting buckling resistance reduces to:
\ 1 1 /
(p ) «  1.0 E ( £ )  5 (2.20)
*cr max I D '
Although relevant to the design of thin tunnel linings in firm 
ground or pipes encased in concrete, these limiting conditions are 
unlikely to be reached in the case of soil-surrounded pipes for which 
the ratio of support stiffness to pipe compression stiffness is
relatively low. It may be shown with reference to Sonntag's (1966a)
approximate analysis that, over the range of stiffness ratios of
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principal interest for buried pipe design”^, the critical pressure 
for k.j = 0, single-wave buckling increases with soil support stiffness 
k^ in much the same way as the multi-wave buckling pressure. Fig.
2.16, adapted fromHain’s (1970) paper, compares various theoretical 
predictions of multi-wave and single-wave buckling pressure over part 
of this range. It may be seen that the multi-wave buckling formula,
Eq. (2.12), with Duns’ (1966) semi-empirical factor of 1/4 applied to 
the two-way spring constant kg , gives a good approximation to the 
pressure predicted by Hain’s rigorous theory for single-wave, k^ = 0, 
buckling, at least over the range plotted. This is a potentially 
useful discovery which suggests that a combined design treatment of 
soil and fluid loading may be possible.
Because single-wave buckling is a large deformation process it is 
sensitive to any initial out-of-roundness of the pipe wall. For this 
reason soil-loaded pipes which buckle initially in a multi-wave mode 
invariably collapse in single-wave mode (ref. Fig. 2.15(c) and (d)).
A theoretical description of this post-buckling mode change has recently 
been given by Falter (1980). Fig. 2.17 illustrates the post-buckling 
equilibrium paths for initially circular, unbonded rings loaded by a 
surrounding elastic medium. Three stages of deformation are identified. 
In the pre-buckling stage A, any uniform compression of the ring leads 
to a slight unloading of interface pressure relative to the applied 
load. The first bifurcation point leads to multi-wave buckling 
(stage B) for which the equilibrium path is stable, i.e. as deformation 
increases, greater load can be carried. A simple physical explanation 
of this stable response is that multi-wave deformation, although 
inextensional, leads to a reduction in the median perimeter of the 
ring. This results in a relaxation of interface pressure by the same 
mechanism as at stage A, until the equilibrium path for single-wave 
buckling (stage C) is crossed. At this secondary point of bifurcation 
equilibrium becomes unstable. One of the inward buckle lobes grows 
rapidly and separates at the interface while the compressive strain 
energy stored concertina-fashion in the remainder of the ring is 
released. . The final collapsed shape of the ring depends on the rate
"^ See Chapter 3, Fig. 3.8.
of unloading of radial pressure around the secton of perimeter which 
remains in contact with the medium.
The theoretical equilibrium paths of Fig. 2.17 provide an accurate 
qualitative description of observed post-buckling behaviour of thin 
cylinders buried in sand (see Fig. 2.15(c)). They also help to explain 
Luong’s (1964) observation that the ultimate load capacity of a pipe 
which has already buckled in a stable multi-wave mode depends on the 
friction angle of the surrounding soil. The effect of active failure 
in a low friction medium, such as Sonntag’s smooth steel rollers (Fig. 
2.15(d)), is to produce a near-hydrostatic load condition, as previously 
discussed. This condition may be represented in theory by setting 
k^ = 0, which has the effect of lowering the stage C curve on Fig. 2.17, 
and so shortening the stable stage B of the equilibrium path.
Conversely, arching action in high friction soil would tend to steepen 
and lengthen the stage B curve.
In conclusion, the aspects of post-buckling theory which are 
relevant to buried pipe design may be summarised as follows:
1. Buried pipes subject to external soil loading buckle initially 
in a stable multi-wave mode, followed by severe deformation or 
collapse in a single-wave mode.
2. Buried pipes subject to external fluid pressure which reduces 
the soil effective stresses sufficiently to produce an active 
failure condition are liable to buckle in an unstable single­
wave mode.
These conclusions, in common with all the discussions of buckling so 
far, refer only to initially circular, deep-buried pipes subject to 
uniform loading. The effects of non-uniform loading, initial out- 
of-roundness and shallow burial have yet to be examined.
2.6.6 Buckling under non-uniform loading
Anderson & Boresi (1962) have shown that buckling of an unsupported 
circular ring subject to a radial pressure distribution of the form
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p = pQ (1 + cos2$) occurs when the mean pressure pQ reaches the 
critical value.for a uniformly loaded ring.
In the only comparable analysis for an elastically supported 
ring, Habib & Luong (1966) reached the rather different conclusion 
that buckling was governed by the peak value of applied pressure.
For buried pipes subject to non-uniform loading, their theory suggests 
that the critical value of applied vertical pressure is fairly 
independent of the lateral pressure ratio K in the range 0 < K < 1 
(see Fig. 2.18(a)). Although apparently well supported by LuongTs
(1964) experimental data, the theory entails the questionable 
assumption that deformation remains small, whereas the actual 
deflections at buckling for the data plotted are of the order of 
10% of the diameter (see Fig. 2.18(b)). An alternative theoretical 
interpretation of these data which takes explicit account of the 
deflections prior to buckling will be given in Chapter 4.
2.6.7 Corrections for initial out-of-roundness
Two types of initial out-of-roundness of a buried pipe may be 
expected to reduce its buckling resistance compared with that for a 
perfectly circular ring, viz:
(i) imperfections of the order of the critical 
buckle wavelength;
(ii) elliptical (mode 2) deformation, including that 
caused by non-uniform loading prior to buckling 
(ref. Fig. 2.9).
The sensitivity of a structure to initial imperfections of the 
order of a buckle wavelength depends on the shape of the post-buckling 
equilibrium path (see, for example, Brush & Almroth, 1975). On this 
basis, buried pipes .for which initial buckling in a multi-wave mode is 
critical should, as pointed out by El Naschie (1975), be insensitive 
to slight non-circularity. However, the existence of a secondary, 
unstable post-buckling path as shown on Fig. 2.17 could introduce an
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element of imperfection sensitivity, appearing as a general rounding 
of the peak formed by curves A, B and C. This would affect very thin 
pipes in particular, for which the stable stage B curve is relatively 
short and shallow, and may explain why in the thinnest pipes subject to 
soil loading the first sign of buckling is often the formation of a 
single longitudinal crease. Certainly this by-passing of the multi­
wave buckling stage due to initial out-of-roundness is a more plausible 
explanation of Luscher's (1966) experimental observations than Cheney's 
(1971b) assumption of a single-wave buckling mechanism for a perfectly 
circular soil-surrounded pipe (ref. 2.15(b)). On the other hand, 
structural imperfection in the form of non-uniformity in the 
surrounding soil could equally initiate local failure. In view of 
the general uncertainty of soil properties, it is unlikely that any. 
quantitative analysis of imperfection sensitivity would be meaningful. 
However, from the present theoretical evidence, one might reasonably 
draw the conclusion that buried pipes loaded principally by soil 
effective stress will be less sensitive to local out-of-roundness of 
the wall than pipes loaded mainly by external fluid pressure.
The effect on buckling resistance of overall ellipsing of the 
pipe is a potentially more tractable problem, although again no 
rigorous analysis exists. An intuitive approach adopted by Gaube 
et al. (1974) for design is to replace the mean pipe radius in the 
buckling formula by the maximum instantaneous radius of wall 
curvature. This idea was originally proposed by Slocum (1909) who 
found it explained the discrepancy between observed and predicted 
collapse pressures for unsupported, slightly imperfect steel tubes 
under external water pressure. The validity of this out-of-roundness 
correction for soil-supported pipes has never been investigated.
Finally, in a novel approach which embraces the effects of both 
local and general out-of-roundness, Valsangkar et al.(1981) have used 
the Southwell Plot technique to derive an empirical correction factor 
on buckling pressure of the form:
P.
E
A (2.21)1.4 + 0.2 1R
P
f R
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where P is the buckling pressure for a perfect structure, P. is the E r
observed buckling pressure, and is a measure of initial radial
deformity of the pipe. Eq. (2.21) is only intended for use in
connection with a non-destructive test of a prototype buried pipe
installation, since the parameters P^ , and have to be derived from
a Southwell plot of actual load-deflection data. In analysing a range
of existing experimental data, no attempt was made by Valsangkar et al.
to relate derived values of P^ , to any theoretical predictions of
buckling pressure. Furthermore, they comment that A is a
1R
generalised-out-of-roundness which has no physically measurable 
counterpart. This appears to rule out the direct use of Eq. (2.21) 
as a correction factor in design, but the form of the equation is 
nevertheless of interest and will be referred to again in later 
chapters.
2.6.8 Modified spring constant for shallow depths of soil cover
Experiments have shown (e.g. Bulson, 1966; Albritton, 1968) that
the surface overpressure to cause buckling of a pipe buried in soil
drops quite sharply for depths of cover less than about one diameter. 
This loss of effective soil restraint against buckling at shallow 
depths is usually accounted for in design by applying a reduction 
factor to the soil spring constant kg used in the buckling formula. 
Meyerhof (1966). modified his spring constant for deep pipe (Eq. (2.14)) 
by the simple factor:
k* . H
= -  for H < D (2.22)
k D
s
Other expressions for the modified spring constant k* are based 
on an idea by Luscher (1966) who represented soil support at shallow 
depths of cover by an equivalent elastic cylinder of radius Rq = H + R, 
as shown in Fig. 2.19(a). By comparing the dilational (mode 0) 
stiffness of this equivalent cylinder to that for an infinite elastic 
medium (Eq. (2.15)), Luscher obtained the expression:
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(1. - (R/R )2 )
o (2.23)
k
s [1 + (R/Rq)2 (1 - 2v )']
Duns & Butterfield (1971b) also applied this factor, shown 
plotted in Fig. 2.19(b), to their mode dependent spring constant 
given by Eq. (2.16). It would have been more logical to use the 
radial stiffness of the equivalent soil cylinder in mode n > 2 ,  but 
Duns & Butterfield nevertheless found that Eq. (2.23) gave a reasonable 
prediction of the observed trend of buckling pressure with cover depth 
reported by Bulson (1966).
The main weakness of these existing theoretical adjustments is 
that they assume that a pipe with shallow cover buckles in the same 
mode as at depth, whereas the main cause of the loss of buckling 
resistance as soil cover is reduced is a change of mode from short 
wavelength buckling of the invert or haunches to large wave snap- 
through of the crown. This mode change is discussed and investigated 
further in Chapter 4. '
2.6.9 Influence of yield of the pipe wall
If the mean ring compressive stress f, to cause elastic buckling
b
approaches the yield stress f of the pipe wall then some reduction in 
buckling resistance may be expected due to the development of plastic 
strains. To account for this yield-buckling interaction, Meyerhof 
(1963) proposed the use of the following simple formula for the 
critical value f- of ring compressive stress:
Eq. (2.24) was originally formulated by Southwell (1915) to 
provide an arbitrary, smooth transition between yield and buckling 
stress for unsupported tubes under external fluid pressure. Since 
it is known to be very conservative, this formula is generally 
deemed to include allowance for the effects of out-of-roundness as 
well (Timoshenko & Gere, 1961, p.294; Meyerhof & Baikie, 1963).
f
c (2.24)
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Eq. (2.24) is formulated in terms of direct stresses only and, 
as pointed out by Watkins (1963) and Compston et al. (1978), is 
analogous to the yield-buckling transition used in the design of 
steel columns (see Fig. 2.20). The neglect of yield in bending 
is consistent with the assumption of simple ring compression theory 
(ref. section 2.2.2), although Howard’s (1972) experiments show that 
the development of plastic hinges can play a part in the mechanism 
of buried pipe buckling. Analyses of ring buckling which allow for 
rotation of plastic hinges have been presented by Sonntag (1969) and 
Hain & Falter (1975), but no attempt has been made to compare their 
relatively complex solutions with the simple formula of Eq. (2.24).
2.6.10 Summary of current design practice
To conclude this review of the wide-ranging, if disparate, advances
in the theoretical understanding of buried pipe buckling, attention is
drawn once again to the comparative crudity of the buckling formulae
actually used for design. The expression for buckling pressure which
appears in all the major national and international design manuals
(AISI, 1971; Molin, 1971; ATV, 1978; Compston et al., 1978) is the
square root formulation of Eq. (2.12), in which the spring constant
kg is taken to be a function only of the elastic properties of the
soil. Bulson (1972) in his manual on protective construction, is
alone in recommending the two-thirds power law of Eq. (2.18) which
takes account of the dependence of k on the geometric mode of buckling. 
< s
These simple elastic buckling formulae for circular rings under 
uniform hydrostatic pressure are modified in an arbitrary manner to 
allow for the effects of yield and minor imperfections Eq. (2.24).
Semi-intuitive adjustments of the soil spring constant (Eqs. (2.22) 
or (2.23)) account for the loss of buckling resistance at shallow 
depths of cover, but do not explain the associated change of buckling 
mode. In the design manuals cited, no consideration is given to the 
effect on stability of the often substantial out-of-roundness of a 
flexible pipe ring due to non-uniform loading in the ground.
Over the past twenty years the degree of refinement in buckling 
calculations used for buried pipe design has, if anything, moved in
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the opposite direction to the advances of theoretical research.
Because of the low recorded incidence of buckling failures, there 
is a tendency to discount the possibility of buckling altogether.
Watkins (1975), for example, suggests that buckling is only likely 
in fluid soil conditions. But this attitude is merely evidence, 
to use Watkins' own (1971) words, of "an abandonment of. the problem 
within the comfortable confines of a large safety factor". Even 
though buckling failures have occurred only rarely up till now, it 
is obviously desirable to have a rational procedure to calculate the 
true factor of safety in any situation, so that the scope for develop­
ment of more economic design can be properly identified.
2.7 Assessment of elastic interaction analysis
2.7.1 General validity of elastic modelling of soil backfill response
A common feature of all the pipe-soil interaction theories 
described in this chapter is the assumption that the soil responds in 
a linear, isotropic, elastic manner. It is well-known that the-true 
stress-strain behaviour of soil is neither linear, isotropic or elastic, 
and this naturally calls to question the validity of the theories for 
practical buried pipe design.
Of these three non-ideal aspects of real soil behaviour, the 
influence of non-linearity has been the most extensively studied.
A non-linear soil stress-strain curve can be quite simply incorporated 
into any of the basic analytical models by applying the loading in 
small linear increments (e.g. representing placement of successive 
layers of fill), and assuming a different value of soil tangent modulus 
for each step (see Fig. 2.21). This step-wise linear approach is 
well suited to analysis by the finite element method, which also 
enables a wide range of soil constitutive models to be used (Krizek 
& Atmatzidis, 1976). Using a simple "overburden dependent" model 
which relates .soil modulus to the mean vertical effective stress,
Katona (1978) has shown that the theoretical response of a buried 
pipe in non-linear backfill is qualitatively similar to that 
predicted by a linear model. Furthermore, if the fill is built up 
in layers, good quantitative agreement between linear and non-linear
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predictions is achieved if the soil secant modulus used in the linear 
analysis is that corresponding to the mean fill height during 
construction. This result has been confirmed with reference to good 
quality field data by Chang et al. (1980), who conclude that in view 
of the general uncertainty in estimating soil parameter values, a 
linear model is as good as any other for practical, design purposes.
Another important aspect of real soil behaviour which receives 
relatively scant attention in the buried pipes literature is anisotropy. 
Clearly, any difference between the vertical and horizontal stiffness 
of the backfill would have an influence on pipe distortion, although 
it is unlikely that the effects of soil anistropy could be distinguished 
in practice from those due to the general variability of the backfill 
around the pipe perimeter. The effects of anisotropy could readily 
be checked by finite element analysis, although for the purpose of 
this thesis they are deemed to be included in the apparent lateral 
loading of the pipe.
This leaves the more fundamental question of whether soil response 
can be considered elastic: that is, conservative in strain energy.
This question is particularly pertinent to the buckling theories 
which explicitly consider the strain energy stored by displacements 
of the pipe-soil interface. The assumption of different effective 
stiffnesses for radial loading and unloading is one way of making 
token allowance for energy dissipation within the soil, but this 
procedure is obviously crude and arbitrary when compared with a true 
plasticity model such as provided by critical state theory (Schofield 
& Wroth, 1968). It is nevertheless abundantly clear that any 
analytical formulation of the buried pipe problem, in order to be of 
practical use, must be capable of a consistent and rational solution 
for both static and buckling response. Since at present not even 
the behaviour of a simple elastic model is completely understood, 
there seems little merit in introducing any further complication.
The real test of the validity of an elastic analysis is whether 
it provides a reasonable qualitative description of structural 
response for which the equivalent elastic soil parameters can be 
adequately defined. Much of this thesis is devoted to exploring
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the possibilities and limitations of elastic modelling in precisely 
these terms.
2.7.2 Comparison of discrete spring and continuum soil models 
as bases for a practical design theory
It has been the general experience in the elastic analysis of 
foundation-structure interaction that a discrete spring representation 
of the soil is a poor physical model which can give rise to erroneous 
results (Institution of Structural Engineers, 1978, p.46). It will 
be apparent from the lengthy critique of Marston-Spangler theory in 
section 2.4 that this statement is no less true for buried pipes.
The fundamental weakness of the discrete spring model is the 
neglect of shearing action within the soil. This leads to the false 
conclusion that the supporting action of pipe backfill can be 
represented by a single, independent parameter k g or E ’. The error 
of assuming a spring constant to be a property of the soil only is 
most apparent in the analysis of buckling, where, as explained in 
section 2.6.3, a quite different form of design equation is obtained 
compared with that derived for a soil continuum.
Despite at least a partial awareness of its limitations, the 
discrete spring model continues to be the preferred basis for pipe 
design theories used in current European practice. Where this is 
done as a means of simplifying design formulae, errors of one sort 
or another invariably creep in, even where the spring constant is 
derived from elastic continuum theory. For example in Russia, Klein
(1965) considered a properly formulated soil spring model to be "no 
less acceptable" than Emel’yanov’s (1961) continuum analysis, but 
when deriving simple expressions for static response made the same 
error as many of his Western contemporaries of using the spring 
constant corresponding to the dilational (n = 0) mode instead of 
the elliptical (n = 2) mode.
In Germany the ATV design method (1978) also overlooks the mode- 
dependence of kg, but there at least one positive argument in favour 
of the discrete spring model has been put forward. Hain & Horst (1974)
55
contend that the spring model is more easily adaptable to take account 
of variations in bedding stiffness around the perimeter of a pipe or 
tunnel lining. This concern with the influence Of non-uniform 
ground conditions is reflected in the ATV manual which provides charts 
and formulae to approximate the effects of different subgrade, bedding, 
backfill and trench wall stiffnesses on the distribution of load 
reaching the pipe. But the resulting overall elaboration of the 
design procedure tends to remove the original justification for using 
a soil spring model, which was to achieve simplicity. Since both the 
spring constants tabulated by Hain & Horst (1974) and many of the 
modification factors obtained by Leonhardt (1977, 1979) for incorporation 
in the ATV method were anyway derived from some form of continuum 
analysis, this naturally begs the question as to whether it might not, 
after all, be simpler to apply the more rigorous continuum theory 
directly to design.
As will be demonstrated in later chapters of this thesis, the 
great practical advantage of a continuum model is that it allows pipe 
and soil to be analysed as a composite structure and so serves to 
illuminate the broad principles of interactive behaviour. A discrete 
spring model, by contrast, implicitly views the pipe as the main 
structural component, and so focusses attention on the distribution 
of earth pressure at the pipe-soil interface. The apparent need to 
estimate this statically indeterminate pressure distribution as part 
of the load calculation is a major source of inaccuracy and conceptual 
error in the use of traditional design methods. The continuum model, 
on the other hand, by providing direct relationships between externally 
applied loads and the stress and strain resultants within the pipe 
wall, avoids any explicit consideration of interaction forces, and 
thereby eliminates the most troublesome step in the design calculation.
The only remaining obstacle to the practical application of a 
rigorous continuum theory is then the treatment of the soil Poisson’s 
ratio,'V As will be demonstrated in the next chapter, it is found 
by using a systematic definition of external loads and working in 
plane strain elastic parameters that the true sensitivity of pipe 
response to is in fact very small. This discovery finally removes 
any arguable practical advantage to be gained from the use of a
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discrete spring soil model as a basis for buried pipe design.
2.8 Longitudinal effects
2.8.1 Design considerations
The various buried pipe design theories discussed so far in this 
chapter cover only two-dimensional response in the plane of the pipe 
cross-section. To complete the structural design of a pipeline 
installation it is also necessary to consider response in the third 
dimension. Current design methods include checks on two modes of 
structural action in this category, described respectively as longi­
tudinal and lateral force/displacement analysis (Liang-Chuan, 1978;
. Mouser, 1979).
Longitudinal analysis considers'the axial forces and displacements 
produced by thermal expansion/contraction and internal pressure in a 
straight length of pipe. The stresses generated depend on the degree 
of restraint against axial movement provided by soil friction, the 
jointing system, and the effective anchorage at bends.
Lateral forces are generated primarily at bends by the end 
reactions of adjoining straight lengths of pipe. The equilibrium 
stresses and displacements are analysed by modelling the soil- 
surrounded pipe as a beam on an elastic or elasto-plastic foundation. 
Similar theoretical models are used to predict longitudinal bending 
stresses in pipes due to non-uniform loading or support (Pearson, 1977; 
Carder et al., 1981) or differential ground movement (Crofts et al., 
1977).
A possible third mode of longitudinal behaviour is the combined 
axial extension and bending of a culvert under an embankment due to 
both settlement and lateral spread of an underlying soft stratum.
This case has been analysed by Rutledge & Gould (1973).
A full description or review of the methods used to analyse the 
longitudinal beam/column behaviour of buried pipelines would be beyond 
the scope of this thesis. It is appropriate, nevertheless, to
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consider the extent to which longitudinal effects are.likely to 
influence the selection of pipe wall thickness and specification of 
backfill, which are the primary goals of the two-dimensional pipe- 
soil interaction theories already described at length.
For pressure pipelines made of homogeneous materials and operating 
at near-ambient temperatures the wall thickness provided to resist 
internal pressure stress in the hoop direction is generally sufficient 
to resist the corresponding axial stress. For pipes made of Glass- 
Reinforced Plastic (GRP), as an example of a non-homogeneous material, 
it is possible to adjust the relative amounts of longitudinal and hoop 
reinforcement so as to achieve optimum design for internal pressure 
(Greatorex, 1977); but such details are in the domain of the 
manufacturer and it would be normal for the civil engineer to select 
pipe of a particular pressure rating on the basis of hoop strength alone. 
Axial stresses may, however, become an important factor in design where 
the pipeline is subject to large temperature changes. In the transport 
of oil and petroleum products, operating temperatures of 100°C or more 
above ambient are not uncommon and the longitudinal compressive loads 
generated by the restraint of thermal expansion may be sufficient to 
cause a continuously welded pipeline to. buckle upwards and out of a 
trench (Hobbs, 1981). Clearly in such circumstances a check on longi­
tudinal stresses is essential, although in practice axial strains would 
be accommodated by providing expansion joints or incorporating additional 
bends in the alignment rather than by thickening the pipe wall.
Longitudinal bending stresses induced by uneven bedding or severe 
differential ground movement (e.g. due to mining subsidence or adjacent 
deep excavation) are an important cause of failures of pipes made of 
brittle materials such as clay, concrete or cast iron. This is less 
of a problem with flexible pipes, which by their very nature can 
tolerate much larger strains. This is clearly demonstrated by the 
fact that small diameter plastic pipes are sometimes deliberately bent 
so as to fit into a curved trench. In either rigid or flexible case, 
however, the risk of injurious longitudinal bending can be minimised 
by ensuring bedding is uniform and free from hard spots under the pipe 
barrel, and that joints between individual pipe lengths have adequate 
rotation capacity. In other words, the practical strategy would once
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again be to relieve longitudinal stresses rather than attempt to absorb 
them in a thicker pipe wall.
Much the same argument applies to the design of structural backfill 
around a flexible pipe. While quite elaborate methods have been 
developed to calculate the capacity of soil to restrain horizontal 
motion of buried pipes (Audibert & Nyman, 1977), these are- used primarily 
as a check, so that if the predicted lateral force exceeds the available 
passive soil resistance the remedy would be to provide concrete anchor 
blocks or to realign the pipe rather than to attempt to strengthen the 
soil.
In conclusion, therefore, it would appear perfectly reasonable to 
design the wall thickness and backfill to a flexible pipe to meet the 
structural requirements in the hoop direction only. In accordance with 
current practice, axial stresses should also be checked, especially in 
pressure pipelines for which longitudinal behaviour may govern the choice 
of joints and the arrangement and anchorage of bends; but the inference 
is that longitudinal or lateral force/displacement analysis may be 
treated as a separate, albeit complementary, design exercise.
This conclusion does not by itself establish the validity of using 
a two-dimensional, plane-strain model to analyse pipe hoop response.
Two questions remain to be answered:
(i) Are there any interactions between longitudinal and 
hoop response which would invalidate the simple super­
position of stresses and strains derived from separate 
beam and ring analyses?
(ii) Can the effects of three-dimensional loading, e.g. 
point loads due to vehicle wheels or triangular 
embankment surcharge, be adequately represented in 
two dimensions?
These two questions will now briefly be examined.
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2.8.2 Interactions between longitudinal and hoop response
In the analysis of longitudinal bending of pipes it is usually
assumed that the cross-section is circular and remains so. In
practice, longitudinal bending causes out-of-round deflection of the
pipe ring. Reissner (1959) has derived the following first-order
expression for the relative change 6 of diameter due to longitudinal
Li
bending of an initially straight, circular tube:
where D is the pipe diameter, t the wall thickness, v the Poisson's 
ratio and the longitudinal radius of curvature. By referring to 
this formula, Janson & Molin (1972) deduced that differential settlement 
causing longitudinal bending could account for the major proportion of 
ring deflection observed in thin-wall buried pipelines. Their arguments, 
however, suffer from the major weakness that in applying Eq. (2.25) they 
take no account of the effects of soil restraint either in resisting 
changes of cross-sectional shape or in converting a differential settle­
ment into a particular radius of longitudinal curvature. These two 
aspects of soil restraint are interrelated. If, as might well be the 
case where large settlements occur, the soil is too weak to restrain . 
deformation of the pipe cross-section, then it may also be incapable of 
imparting large longitudinal bending moments.
In Chapter 4, Eq. (2.25) is modified to provide a direct relation­
ship between ring deflection and differential ground movement, taking 
account of three-dimensional soil restraint. This shows that 
significant settlement-induced deflection (of, say, 1% or more) is only 
likely to occur in small diameter flexible pipes (of around 300 mm 
diameter or less) laid in very weak ground. Some of the many plastic 
sewers and drainpipes monitored in the field by Gehrels (1972) fall into 
this category, and his detailed deflection records show clear instances 
of pipes laid in peat or soft clay suffering large local increases in 
ring deflection where passing over supporting piles, or running into 
stiffer subgrade materials at road crossings. Such poor ground 
conditions, although frequently encountered in the Netherlands, are
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nevertheless exceptional in that bedding materials tend to sink away 
rapidly into the subsoil (Gehrels & Elzink, 1979), whereas in more 
normal circumstances the bedding provided to achieve the specified 
invert levels and grade would also limit long-term differential 
settlements.
If the longitudinal axis of a pipe is bent far enough, the 
associated ellipsing of the cross-section causes a reduction in bending 
resistance so that response becomes non-linear. Eventually the pipe 
buckles. Depending on the wall thickness, this buckling may appear as 
a short kink on the compression side of the pipe or as complete local 
flattening of the pipe cross-section. This phenomenon is a serious 
hazard in the barge-laying of submarine pipelines, since a buckle 
initiated locally by bending may be propagated many kilometres along 
a continuously welded line by the action of external water pressure 
(Palmer & Martin, 1974). However, once a pipeline is fully installed 
in the ground or sea-bed, the high degree of bending required to 
initiate this mode of failure is extremely unlikely to occur.
Finally, the usual assumption that the pipe ring is circular for 
the purposes of calculating longitudinal bending stresses, although 
not strictly correct, is at least conservative. If the pipe becomes 
significantly ellipsed the stresses will be less than predicted because 
the lever arm from the section neutral axis to the extreme longitudinal 
fibres will be reduced. In conclusion, therefore, provided a buried 
pipeline is laid on a reasonably firm and uniform bedding, it would 
appear that any interaction between longitudinal and hoop response will 
be small, so that the superposition of the results of separate beam and 
ring analyses should produce a safe design. However, where ground 
conditions are such that large differential settlements or lateral 
displacements can occur, it may be appropriate to allow for some 
additional ring deflection due to longitudinal bending, especially in 
the case of small diameter pipelines.
2.8.3 Treatment of three-dimensional loading
Where external loading varies along the axis of a pipeline, it is 
usual practice to design the pipe ring for the worst loading condition
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either at an individual cross-section, or averaged out over a short 
length of pipe.
For example, in the case of a culvert under triangular or 
trapezoidal embankment loading, it is usual to design for the over­
burden pressure beneath the highest part of the embankment. Finite 
element analysis by Kulhawy et al. (1969) has shown this procedure to 
be safe even in earth dams where there is redistribution of soil 
stresses at the interfaces between different material zones.
In the case of point loads, e.g. due to traffic wheels, a typical 
procedure adopted by Clarke & Young (1962) is to compute the worst 
average vertical pressure acting on a rectangular area 915 mm long by 
one diameter wide at pipe crown level, and then assume that this 
pressure acts on an infinitely long strip along the pipe axis so as to 
produce a plane loading condition for analysis of the pipe ring. This 
procedure is no doubt safe, but it may in fact be excessively conser­
vative, since it fails to take account of the longitudinal restraint of 
ring deflection and in particular buckling at a cross-section subject 
to local loading.
The response of a long cylinder subject to external pressure over 
a short length only may be compared to that of a short cylinder loaded 
over its entire length but supported so as to prevent ring deformation 
at its ends. The classical von Mises analysis of the latter problem 
(Timoshenko & Gere, 1961) indicates that as the length of a cylinder 
subject to external hydrostatic pressure is reduced, both the buckling 
mode number and buckling resistance increase. This situation is 
directly comparable to the buckling of rings with radial elastic 
support. In the case of short cylinders, it may be visualised that 
radial displacements are restrained by the beam action of thin longi­
tudinal strips of the wall. As the length of the cylinder is reduced, 
the span of these longitudinal beam strips is shortened so that they 
become stiffer under transverse radial load.
Thus, in the case of a soil-surrounded pipe it may be argued that 
the effect of applying load over only a limited axial length will be 
to increase the net radial elastic support available at the critically
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loaded section. This will tend to reduce the deformation and increase 
the buckling resistance at that section compared with the predictions 
of a purely two-dimensional analysis.
The three-dimensional deflection and buckling response of a buried 
pipe subject to concentrated surface loads would be complicated to 
analyse in detail, and any attempt to quantify the effective longitudinal 
restraint at the critical section would be well beyond the scope of this 
thesis. The important conclusion for present practical purposes to be 
drawn from the qualitative arguments above is that any design errors 
arising from the conventional two-dimensional representation of surcharge 
loads will at least be on the safe side.
2.9 Summary and Conclusions
2.9.1 The need for a unified theoretical framework for structural 
design of the buried pipe ring
The principal shortcomings of existing buried pipe design methods 
have already been summarised in Chapter 1. The literature review of 
the present chapter highlights the wide range of assumptions on which 
current theories are based, so that the difficulty of selecting a 
consistent set of formulae to cover all aspects of structural design 
may be readily appreciated. The need for compatibility of strength, 
stiffness and stability calculations is especially apparent in view of 
the interactions between yield, deflection and buckling response of 
flexible buried pipes.
A further practical incentive for seeking a unified theoretical 
basis for design relates to the widespread use of pipe ring deflection 
measurements as a means of construction control and performance 
monitoring. Since it is possible for a buried flexible pipe to fail 
by buckling or yield at values of ring deflection which are well within 
typical specified tolerances, it is clearly desirable to have a method 
for predicting deflections at failure. Watkins (1960) has investigated 
experimentally the relationship between deflection at failure and soil 
density for pipes of different stiffnesses, but the empirical design 
chart derived from his. model tests (Watkins & Nielson, 1964) is not of
63
general validity because it omits to show the important influence of 
horizontal earth loading (see Appendix E). The idea of combining 
deflection and buckling data on a single, non-dimensional design chart 
is nevertheless a good one, and provides a practical initial goal for 
the present theoretical investigation.
2.9.2 Choice of analytical model
The main conclusions reached in the discussion of section 2.7 may 
be summarised as follows:
(i) that a linear elastic model of pipe-soil interaction
provides a reasonable qualitative description of 
buried pipe behaviour, and given the current state-of- 
the-art is the only feasible basis for a consistent 
analysis of all aspects of structural performance:
(ii) that the use of a continuum model for structural
response of the soil would be a considerable advance
on existing design formulae which are based on discrete- 
spring soil models.
It may further be deduced from section 2.8:
(iii) that the selection of pipe wall thickness- and 
specification of backfill are governed primarily 
by the two-dimensional structural requirements in 
the plane of the pipe cross-section.
Thus the logical starting point in the search for a more rational 
buried pipe design theory is to re-examine available closed-form 
solutions for the plane strain response of a thin ring embedded in a 
linear elastic soil continuum. As will be demonstrated in the next 
chapter, the key to a simple and systematic interpretation of these 
solutions is to take pipe and soil together as the basic structural 
unit, and to distinguish between the effects of uniform and distortional 
components of external load.
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Fig. 2.1 Static equilibrium assumed in ring compression theory 
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theories
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causing compression and bending of the 
pipe ring (after Leonhardt, 1979)
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Fig. 2.7 Equilibrium pressure distributions on flexible 
pipe assumed by various European authors______
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Fig. 2.11 Watkins’ diagram relating pipe deflection to relative 
settlement of embankment fill
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Fig. 2.14 General and local ring buckling modes
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Cheney, 1971b)
c) Frames from film strip showing stages in buckling of a thin 
metal tube in dry sand (after Bulson, 1969)
W ? 0 r?
' m k
d) Buckling and collapse of a thin ring embedded in a two-dimensional 
medium made of smooth steel rollers (after Sonntag, 1965)
Fig. 2.15 Theoretical and observed response of granular soil to 
inward buckling displacement of the pipe wall_________
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CHAPTER 3
DEVELOPMENT OF A COMPREHENSIVE THEORETICAL MODEL FOR THE RESPONSE 
OF CIRCULAR BURIED PIPE CROSS-SECTIONS TO EXTERNAL LOAD
3.1 Definition of the pipe-soil system
3.1.1 Basic assumptions and implied constraints
The buried pipe structure is idealised as a linear elastic system 
comprising a long, thin-wall cylinder deeply embedded in a uniform, 
weightless soil continuum and subject to two-dimensional loading in 
the plane of the circular cross-section. Loading and static response 
of the pipe ring are assumed to be symmetrical about both vertical and 
horizontal axes, although deformations are not necessarily small_ 
compared with the section geometry.
This basic idealisation is valid in practice for systems with pipe 
diameter/thickness (D/t) ratio greater than 20 and depth of soil cover 
to the pipe crown (H) of at least one diameter. The reasons for these 
limits of general validity and the accuracy of other assumptions made 
during the course of the theoretical development are discussed at the 
end of the chapter.
3.1.2 Structural properties
Since plane strain conditions are assumed, it is convenient to
follow the example of Duns and Butterfield (1971a) and employ two-
dimensional elastic constants. For soil and pipe materials having
Young's modulus and Poisson's ratio of E , v and E . v respectively,
s s P P
the following structural parameters are defined for the system:
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Pipe properties
E
Plane strain modulus E* = p (3.1a)
P -  ^ 2
0  " VP }
E>'c j
Flexural stiffness of pipe ring Sf = p (3.1b)
3
D
E* A
Compression stiffness of pipe ring S = —  (3.1c)
C 1)
where I and A are respectively the moment of inertia and cross- 
sectional area of the wall per unit length of pipe; D is the outside 
diameter of the pipe.
Soil properties
E
Plane strain modulus E* = ---- -— (3.2a)
® / A \(1 " V )
s
Lateral strain ratio v* = Vs (3.2b)
s
1 - V
s
Pipe-soil interaction parameters
. . e*
Flexural stiffness ratio Y = s (3.3a)
V  ■
. . .  . e *
Compression stiffness ratio Z = s (3.3b)
s”
c
Complete definition of the system structure requires specification 
of the load transfer conditions at the pipe-soil interface. While 
pipe and soil are assumed to be unbonded in the radial direction (i.e. 
no tensile load transfer normal to the pipe wall), tangential load 
transfer conditions may vary between full slippage and no slippage.
In the proposed design theory one or other extreme of interface friction 
is assumed, depending on which is conservative for the aspect of 
performance under consideration.
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3.1.3 Performance Criteria
With the exception of possible restrictions on surface settlement 
of the backfill, all the performance criteria for the two-dimensional 
system relate to the response of the pipe ring. These are:
Ring deflection : defined as the relative change, 5 , of pipe 
diameter, and limited to an allowable value 
5^ determined chiefly from serviceability 
considerations.
Ring buckling defined as reversal of curvature or snap-through 
at any point.on the pipe circumference due to 
the action of ring compressive stress. Buckling 
is treated as a failure condition whether or not 
overall collapse of the pipe ensues. A suitable 
factor of safety F against buckling is provided 
by limiting the mean hoop thrust in the pipe 
wall.
Ring strength Overstressing of the pipe.wall due to combined 
hoop thrust and bending moment is another 
potential failure condition, although usually 
less critical than deflections or buckling in 
thin-wall flexible pipes designed for external 
load.
Because of the interactions between deflection, buckling and yield 
of the pipe wall referred to in sections 2.6.7 and 2.6.9, these three 
performance criteria must in general be considered together.
3.1.4 System external loads
External loading on the system is represented by uniform vertical 
and horizontal pressures p^ and p^. For deeply buried pipes p^ and 
p^ are equivalent to the free-field soil total stresses at pipe mid­
height, i.e. the stresses which would obtain in the ground at the 
same level if no pipe were present (see Fig. 3.1). The contributions
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to p^ and due to backfill weight, groundwater pressure and uniform 
and concentrated surcharges may be calculated by standard techniques 
of soil stress analysis, as outlined in Chapter 5.
Fig. 3.2 shows how the vertical and horizontal pressures p^ and 
p^ are divided into distortional and uniform components p^ and p^.
The significance of this division is that -ring deflection is caused 
primarily by the distortional or out-of-balance component p^, whereas 
the mean hoop thrust which governs buckling depends on the uniform 
pressure component p^.
3 . 2 ' Static response of the pipe ring
3.2.1 Notation and sign convention
Fig. 3.3 illustrates the notation adopted for pipe ring response. 
The sign convention adopted takes compressive hoop thrust N, hogging 
moment M and inward radial displacement w as positive.
Because of the assumed symmetry about the vertical and horizontal 
pipe axes, the ring, deflection 6 , defined in section 3.1.3, may be 
expressed for any point on the pipe circumference as
6 = I  (3.4)
where R is the initial pipe radius (= D/2). In accordance with the 
sign convention for w, 6 is positive for a relative shortening of the 
pipe diameter.
3.2.2 Point of application of external loads to the system
The definition of external loads in section 3.1.4 does not specify 
where they are applied to the system structure. In order to include 
for the full range of effective loading due to backfill weight, sur­
charges and fluid pressure, two alternative boundary conditions are 
considered, viz:
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Case 1 : Loads applied at a distant soil boundary
Case 2 : Loads applied at the pipe-soil interface.
Closed-form solutions for system response to these two load cases are 
available in a number of different versions in the literature, as 
discussed in section 2.5.2. A simplified derivation of both solutions 
using the present notation is given in Appendix A.
3.2.3 Uniform and distortional effects
The general response of the pipe ring to uniform and distortional 
components of external load is illustrated on Fig. 3.4.
The uniform pressure component p^ acting on its own produces a . 
uniform hoop thrust Nz in the pipe wall, and a uniform diametral 
strain 6 ^. No bending is involved.
The distortional pressure component p^ acting on its own produces 
a deviatoric component of hoop thrust, N ^ c o s 2 $, and an out-of-round 
deflection 5^^cos2d with an associated bending of the pipe wall.
When p^ and p^ are combined, the first-order quantities and 
6  ^ are increased respectively by an^ 6 ^  to equilibrium values of 
N and 6 , as shown on Fig. 3.4. These second-order distortional
y y
increments in hoop thrust and deflection are due to the uniform pressure 
component pz acting on the different vertical and horizontal projected 
areas of the deformed pipe ring. This is the reverse of the process 
whereby ellipsed pipes re-round under internal pressure, and leads to 
a non-linear response.
Although initial out-of-roundness and long-term deformation of the 
pipe may introduce additional distortional terms (to be defined in later
sections), it is assumed that the final expressions for ring deflection
<5, hoop thrust . N and bending moment M in the pipe wall remain of the 
following general form:
6 = 6 - 6  cos2$ (3.5a)
z y
N = N •+ N cos2$ (3.5b)
z y
M = My cos2d (3.5c)
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Algebraic expressions for the uniform and distortional response 
components are developed in the first instance from the first-order 
elastic theory solutions derived in Appendix A.
3.2.4 First-order deflections and hoop thrust
Except where stated otherwise, the expressions given in this 
section are for load case 1 , i.e. system loads applied at a distant 
soil boundary. The notation used for thrust and deflections is 
illustrated on Figs. 3.3 and 3.4.
Response to uniform pressure &z
N = a p R (3.6)
z z
a p (3.7)
z
2 S
c
where the coefficient a, termed the "arching factor", indicates the 
proportion of p^ which is actually carried by the pipe in ring 
compression.
a comprises two distinct elastic components viz:
a = X a (3.8 a)
z z
where X = 2 (3.8b)
Z 1 + v*
s
and a
z
The uniform thrust coefficient a , which has a maximum value of
z
unity, is a function primarily of the system compression stiffness 
ratio Z, and thus expresses the ability of a relatively compressible 
pipe to shed load to the soil. Fig. 3.5 shows the' relationship of 
Eq. (3.8c) in plotted form.
2 (1+v*) 
s
2(i+v*)+Z
s
(3.8c)
and 6
z
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is the factor by which a uniform pressure applied at a distant 
soil boundary is magnified on reaching the pipe-soil interface. For 
external loading applied directly at the interface, the theoretical 
arching factor a reduces to
Interface friction conditions do not affect response in the 
uniform mode.
Response to distortional pressure p ■ ■
First-order expressions for the peak values of distortional 
thrust and deflection have the general form:
Nyl = 3*PyR (3.9)
and 6 y 1 = £,py (3 .1 0 )
E*“
s
The coefficients 3 and £ are functions primarily of the system flexural 
stiffness ratio Y, but are also dependent on the assumed interface 
friction conditions.
The solutions for full slippage and no slippage, indicated by the 
subscripts and ^  respectively, yield the following expressions:
3fc = 96 (3.11a)
24(5-v*) + Y s
e„s
4 [96(1+v* )  + Y] (3 .11b)
96(3-v*)(1+v*) + (3+v*+Z/2) Y 
s s s
and
4Y (3.12a)
fs 24(5-v*) + Y
s
4Y [2(1+v*)]
?ns = 96(3-v*)(1+v*) + (3+v*+Z/2) Y (3.12b)
s s s
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Fig. 3.6 shows the relationships of Eqs. (3.11a and b) in plotted 
form. The curves exhibit two clear trends, viz:
(i) 3 -decreases with increasing Y, and in the absence of 
interface friction (i.e. full slippage case), falls 
to zero for relatively flexible (high Y) systems.
(ii) Interface.friction causes a very significant increase 
in the deviatoric component of thrust. For practical 
systems in which partial slippage might be expected,
3 values could lie anywhere between the sets of curves 
shown for full slippage and no slippage.
Fig. 3.7 shows the relationships of Eqs. (3.12a and b) in plotted 
form. From these curves it is apparent that
£ tends to a constant value with increasing Y, 
indicating that in relatively flexible systems,
6 y.j is simply proportional to p^/E*, and thus 
independent of pipe stiffness.
Interface friction has a moderate restraining 
effect on £, so that the assumption of full 
slippage for design purposes will lead to safe, 
but not unduly conservative, predictions of 
deflection.
The relatively unimportant influences on 3 and £ of v* and non­
zero values of Z are discussed later in section 3.4.
The expressions for 3 and £ given above for distant boundary 
loading may be converted to the corresponding expressions for interface 
loading by applying the factor
1
X  
y
3 - v*s (3.13)
(i)
(ii)
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3.2.5 Second-Border distortion
To account for the distortional effect of uniform pressure acting 
on the different vertical and. horizontal projected areas of a deformed 
pipe ring, a procedure is adopted similar to that used by Watkins (1970) 
to estimate the re-rounding of ellipsed pipes under internal pressure.
For an out-of-round deflection 6 at equilibrium, the additional
y
distortional pressure due to a uniform pressure ap acting at the pipe- 
soil interface will be ap^^, also acting at the interface. From 
Eqs. (3.10) and (3.13), the deflection produced by this second-order
distortional pressure will be:
c _ £•(3-V*) . ap 6 s
6 0 s rz y (3.14)
7  4 E*
s
Thus-when uniform and distortional pressures p^ and p are applied
together, the equilibrium deflection 6 = 6 •+§ will be:
y y 1 y2
( ( 3 - v p  ,
6y - E| | Py *  — ----  • “Pz5y <3-15a)
which may be written as:
1 - (3 _Vs) . “Pz .
6 y = ,--- V o — .*>!   . (3.15b)
Likewise the second-order component of hoop thrust (see Fig. 3.4) 
will be:
( (3"VI) |
Ny2 = P ' ~ 4 ---  ' “Pz6y 'R (3.16)
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3.2.6 Ring bending moment
The bending moment M generated by changes in curvature of the 
pipe wall is proportional to the net out-of-round deflection 6^cos2 d, 
with a peak value given by:
M = “ p 1 . 6  ( 3 . 1 7 )
y y
Bending moments generated in flexible, thin-wall pipes are usually 
negligible, but where bending stresses are important, for example when 
combined with hoop tensile stresses in relatively thick-walled pressure 
pipes, they may be controlled by reducing the allowable ring deflection.
3.3 Definition of ranges of system behaviour
On Figs. 3.6 and 3.7, three distinct zones of system response may 
be identified as a function of the flexural stiffness ratio Y. As an 
aid to the qualitative description of pipe-soil interaction phenomena, 
it is convenient to define ranges of system behaviour in terms of Y 
according to the relative contribution of pipe and soil to the support 
of distortional loads, as indicated in Table 3.1.
TABLE 3.1 DEFINITION OF RANGES OF SYSTEM BEHAVIOUR
...... Y
Proportion of distortional 
load carried by bending 
action of the pipe ring
System
Behaviour
Less than 10 
1 0 to 1 0 0 0  
More than 1000
more than 90% 
10% to 90% 
less than 90%
Rigid
Intermediate
Flexible
The ranges of behaviour of typical pipe-soil combinations are 
illustrated on Fig. 3.8; the limits of diameter/thickness ratio shown 
correspond to those of currently manufactured pipe. This diagram 
demonstrates the fallacy of the traditional distinction between rigid 
and flexible pipe materials for structural design purposes. Some 
traditionally flexible pipes, such as corrugated metal culverts, may
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act rigidly if buried in weak ground, while traditionally rigid concrete 
pipes can develop a high degree of interaction with a stiff soil back­
fill.
3.4 Ring buckling
3.4.1 Basic formula for uniform loading
The basic ring buckling formula of Eq. (2.11) may be adapted to the
assumed plane strain conditions by substituting' E* for the Young's
modulus E of the ring. The equivalent soil spring constant for elastic 
continuum support is given by Eq. (2.16), which when converted into the 
current plane strain notation reads as^:
k ■ . E* _ fa2 - 1) (3.18)
S R (2n+1-v*)
s
for buckling modes n > 2 .
For design purposes an empirical factor of 1/4 is applied to kg,
giving:
s
k_ = ^  . ( ° 2 - 1) (3.19)
4R (2n+1-v*)
s
which when substituted in Eq. (2.11) yields the basic formula for, 
buckling pressure:
E*i E*
p = (r/-1 ) -E- +-- ®----  (3.20)
R 4(2n+1-v*)
s
where p, is applied at the pipe-soil interface, 
b
The factor of 1/4 applied to kg was originally proposed by Duns 
& Butterfield (1966, 1971b) who found it brought theoretical predictions
^Note that Eq. (3.18) is identical in form to the corresponding 
expression for plane stress, Eq. (2.17), but with E* and v* 
substituted for E and v .
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of buckling pressure into reasonable agreement with Bulson’s (1966) 
experimental results. In the next chapter it is shown that Eq. (3.20) 
agrees as well, if not better, with data from various other sources. 
However, as already discussed at length in section 2.6.4, the theoretical 
arguments put forward by Duns & Butterfield to explain their factor on 
soil stiffness do not stand up to critical examination in the light of 
more recent studies. From the various aspects of the problem reviewed 
in section 2 . 6  it may rather be inferred that the factor on k g is 
purely empirical and covers a number of practical deviations from the 
assumptions of the basic multi-wave buckling theory, including:
(i) non-symmetrical loading/unloading response of soil;
(ii) local reduction in effective soil stiffness due to 
severe stress and strain conditions in the vicinity 
of a buckle;
(iii) local imperfections, of both pipe wall shape and 
backfill stiffness, especially those of the same 
order as the critical buckle wavelength.
3.4.2 Effects of distortional loading
The effects on ring buckling of the mode 2 deflection and thrust 
components 6 ^ and produced by distortional loading (ref. Fig. 3.4) 
will now be considered.
Following precedents in the literature described in section 2.6.7, 
an intuitive allowance is made for the effect of ring distortion 6 ^ by 
substituting the maximum instantaneous radius of wall curvature for 
the mean pipe radius R in the formula for buckling pressure.
i
If for this purpose the pipe is assumed to deform as an ellipse"*"
the maximum radius of curvature r occurs at crown and invert, and
max
may be expressed (Gaube et al., 1974):
"^See comment in section 3.9.2.
90
• -1 • ' 6\? . R (3.21)
rmax (1 - 6 )
or to a good approximation:
R  -  -  (i -  6 ) /O O O N-—  = P y (3.22)
(1 ' +  6 ) 2
y
Replacing r for R in Eq. (3.20) leads to a modified formula for 
max n
the value of interface pressure at buckling:
p, = 8(n2 -1)S . p3 + Es (3.23)
4(2n+1-v*)
s
The critical buckling mode n ^ ,  i.e. the integral value of n > 2 
which yields the lowest value of theoretical buckling pressure, 
increases as a function of the flexural stiffness ratio Y. Examples 
of buckling modes in low and high Y systems are shown in Fig. 3.9.
As explained in section 2.6.7, the typical appearance of multi-wave 
buckling as a local failure of the pipe wall may be attributed to initial 
imperfection of pipe shape and variation of soil properties around the 
circumference.
An expression for n in high Y systems (for which n » 2 )  may be 
obtained by treating n as a continuous function, and minimising Eq. 
(3.23) with respect to n to give:
1 ,
n = 1  / Y \ 3 (3.24)
Cr 4p I 2
and an associated critical value of buckling pressure
1/ 2/'3 3
(p.) = 0.945p (S.) (E*) (3.25)
b cr f s
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By comparing Eqs. (3.24) and (2.19) it may be seen that the 
proposed, intuitive out-of-roundness correction affects the predicted 
buckling mode as well as the buckling pressure. This provides a 
basis for experimental checks on the validity of the theoretical 
procedure, to be described in the latter half of this thesis.
The use of Eqs. (3.23) or (3.25) for design still depends on the
interpretation of the interface pressure p, in a non-uniform loading
b
situation. Inmost of the.design and research literature cited in
Chapters 2 and 4 it is assumed that ring buckling is governed by the
peak value of interface pressure, or the corresponding peak value of
compressive hoop stress. .In the present theoretical development it
is assumed that buckling is governed only by the mean hoop thrust Nz>
so that p is interpreted as the critical value of the uniform 
b
component of the interface pressure, i.e.
p = (ap ) (3.21
b rz cr
The reasons for this are as follows:
It was pointed out in section 2.6.3 that the derivation of Eq. 
(2.11), and so also of Eqs. (3.20), (3.23) and (3.25), involves the 
tacit assumption of zero shear transfer at the pipe-soil interface.
For consistency, therefore, when applying these formulae in design, 
the distribution of hoop thrust or interface pressure at buckling 
should also be calculated on the assumption of full slippage. The 
continuum analysis by Forrestal & Herman (1965) provides assurance 
that this limiting interface condition is the worst case for overall 
ring stability.
Fig. 3.6 shows that in flexible systems (i.e. for Y greater than 
1 0 0 0 ), the full slippage coefficient and with it the deviatoric 
thrust component tend to zero. Clearly in this situation buckling
can only depend on the uniform thrust component N^.
In rigid and intermediate systems (having Y less than 1000) this 
argument no longer applies, but now, as. indicated in Fig. 3.9, the
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initial buckling mode is generally elliptical (n = 2 ), so that a
direct parallel can be drawn with Anderson & Boresi’s (1962) analysis
of an unsupported ring subject to non-uniform load. From this
analysis, outlined briefly in section 2 .6 .6 , it may again be inferred
that buckling is governed only by the uniform pressure or thrust 
+
component.
To sum up, therefore, Eqs. (3.23) and (3.25) provide design 
formulae for buckling pressure which if used in conjunction with 
Eqs. (3.22) and (3.26) include a semi-theoretical allowance for the 
effects of distortional loading, having regard to both out-of-round 
deflection and non-uniform thrust in the pipe ring.
3.4.3 Yield-buckling interaction
In view of the comments in section 2.6.9 about the Southwell 
transition curve (Eq. (2.24) and Fig 2.20), and the fact that allowance 
has already been made in the present theoretical development for the 
effects of out-of-roundness of the pipe ring, a less conservative
treatment of yield-buckling interaction is proposed.
A reduction factor 011 t*16 elastic buckling pressure p^ given 
by Eq. (3.23) is defined as follows:
For f < f /2 : jj = 1
b y 2
For fb > fy 2 : u2 - ■/-
b
Note: Duns & Butterfield (1971b) quote the same analysis as implying
that buckling is governed by the maximum hoop thrust in the pipe ring, 
but their interpretation is not correct. Strictly speaking the 
present inference relates only to the particular load distribution 
considered by Anderson and Boresi, which corresponds to the condition 
p = p . Any influence of N in rigid or intermediate systems subject 
tZ more general load distribution would seemingly be beneficial, since 
mode 2 buckling is invariably initiated at the crown which is a point 
of minimum hoop thrust (ref. Fig. 3.4).
-f
1 -
4f,
(3.27a)
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where f, is the mean elastic hoop stress - given by: 
b
PtD (ap) D
fb ■ 2T- " — it21 - (3-27b)
Eq. (3.27a) is a simple adaptation of Eq. (2.24) which closely 
matches the empirical, lower-bound transition curve established by 
Watkins (1963) from the results of model tests. A feature of the 
proposed curve, shown plotted on Fig. 3.10, is that no reduction in 
buckling pressure is implied until the mean elastic hoop stress 
reaches half the yield stress. This is consistent with the observation 
by Valsangkar & Britto (1978) that the line of ring thrust in very 
flexible pipes generally remains within the middle third of the wall, 
which effectively limits the outside fibre stress to twice the mean 
elastic hoop stress.
A special case of yield-buckling interaction applies to pipes of 
multiplate construction (AISI, 1971) in which plastic hoop strains can 
occur at the bolted seams at ring compressive stresses below the general 
yield stress of the pipe material. The effective increase in the 
compression stiffness ratio Z due to these circumferential strains can 
so reduce the uniform thrust coefficient as to produce an apparent 
increase in the buckling resistance through arching action. This case 
is included in a general discussion of arching phenomena in Chapter 4, 
and is another reason why the empirical yield-buckling, interaction 
curves currently used for the design of corrugated metal pipes (ref. 
section 2.5.5) must be treated with caution.
3.5 Simplification of theoretical expressions for design
3.5.1 Interface slippage assumption
As pointed out in the foregoing sections, the assumption of full
interface slippage gives the worst case for deflection and buckling 
design. In the event of a frictional bond developing between pipe 
and soil in practice, any overestimate of deflection or underestimate 
of buckling resistance will be of the order of 2 0 % or less, which is 
not unduly conservative.
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On the other hand, as illustrated in Fig. 3.6, interface friction 
produces a marked increase in the distortional thrust coefficient 3 so
that where ring strength is the design criterion the assumption of no
\ •
slippage will generally be appropriate. In the case of a ductile.pipe 
material designed for limiting stresses ; this might, however., be very 
conservative, since it could well be argued that any yield of the pipe 
wall will relieve the interface shear stresses and allow the peak hoop 
thrust to drop to its full slippage value. For this reason, both full 
slippage and no slippage 3~curves are retained for design.
3.5.2 Combined treatment of load boundary conditions
Although theoretical system response has been considered for both 
distant boundary and interface loading (ref. section 3.2.2), it is 
convenient for design purposes to adopt a single set of load boundary 
conditions for all external load components. The various types of 
buried pipe loading are considered in detail in Chapter 5, from which 
the following conclusions may be drawn about their effective points of 
action.
Backfill weight : according to simple elastic theory in which
gravity is applied to the completed pipe- 
soil structure, self-weight forces are 
equivalent to distant boundary loadst
Distributed surcharge : this clearly acts at a distant boundary,
being equivalent to an additional upper 
layer of fill.
Fluid pressure : external groundwater and internal vacuum
pressures act directly at the pipe-soil 
interface.
Concentrated surcharge : since the equivalent system loads are
calculated as attenuated elastic stresses
^Mindlin (1940) deduced this from St. Venant's principle, and it is also 
implicit in Burns' deep pipe analysis (ref. Fig. 2.8, Case 3).
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at pipe level, these stresses should logically 
be applied at the pipe-soil interface.
For distant boundary loading, the uniform and distortional response 
components are increased respectively by the factors X^ and X (ref.
Eqs. (3.8b) and (3.13)) compared with those for interface loading. A 
simple and safe combined strategy would therefore be to apply all load 
components at a distant boundary, leading to upper bound predictions of 
system response. This would however be excessively conservative in 
cases where fluid pressure and concentrated surcharge were the major 
constituents of the total system load.
A more representative, but equally simple, strategy is proposed, 
as follows:
1. Apply, all distortional load components at a distant boundary
2. Apply all uniform load components at the pipe-soil interface.
In this way the point of action of fluid pressure, which is effectively 
uniform, is correctly represented. The implied conservative treatment 
of the distortional effect of concentrated surcharge is not inappropriate, 
bearing in mind the degree of approximation in representing this particular 
load component as an equivalent uniform pressure.
The only effect which in theory could be underestimated by this 
strategy is response to the uniform component of backfill weight (hence­
forth deemed to include any distributed surcharge). Response in this 
mode is indicated by the value of the arching factor a (ref. Eq. (3.8)), 
which for interface loading reduces to:
a = a (3.28)
z
By analysing hoop thrust data from a large number of published 
experiments, it is shown in Chapter 4 that for pipes buried in uniform 
granular soil and subject to surface overpressure or gravity loading, 
the value of ot/a^  rarely exceeds unity. This finding suggests that 
the theoretical load concentration factor X is in practice offset by 
frictional arching in the soil. Thus, on present evidence, the use
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Eq. (3.28) for a, in accordance with the proposed combined loading
• + strategy, should be safe with respect to all load components.
3.5.3 Treatment of soil Poisson’s ratio
In the plane strain analysis, Poisson’s ratio is represented by
the parameter v*, which for typical backfill soils having free drainage
will range in value from about 0.3 to 0.7 (corresponding to
0.23 < vg < 0.41). For undrained loading of saturated, cohesive fills,
it is possible for v* to approach unity (v —>0.5).
s s
It is apparent from Figs. 3.5, 3.6 and 3.7 that a and the full
slippage coefficients 3 ^s and are quite insensitive to variations
of v* within the stated range, so that for design purposes v* may be 
s s
assigned a constant, median value of 0.5 in Eqs. (3.8c), (3.11a) and 
(3.12a) with no significant loss of accuracy. The same applies to the 
buckling formula, Eq. (3.23), where setting v* = 0.5 leads to a maximum 
theoretical error in buckling pressure of the order of 3 %, and then only 
over a very limited range of Y values.
The only other first order quantity required for design is the no­
slip, distortional thrust coefficient 3ngJ which appears from Fig. 3.6 
to be relatively sensitive to Poisson's ratio. In particular, the
general simplification of setting v* = 0 . 5  in the expression for 3
s ns
(Eq. (3.11b)) appears to risk underestimating the thrust component N 
in fully-bonded, low Y systems where v* approaches unity. However, 
since this condition is only reached in effectively hydrostatic fill 
for which the distortional system load p^ tends to zero, the maximum 
"unsafe" error in predicted peak thrust (i.e. combined uniform and 
distortional components) is reduced to less than 5%, even before the 
likelihood of stress-relieving slippage is considered.
Finally, setting v* = 0.5 in Eqs. (3.14) and (3.16) produces up
^Note: When calculating embankment loads it may, however, be necessary
to allow for some adverse arching effects due to non-uniformity of the 
soil (see section 4.3.6).
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to 15% theoretical error in 5 0 and N 0; but since these second order
. y y .
terms are only approximate and further contribute only a small proportion
of the total deflection and thrust response, the simplification is once 
again valid.
This elimination of the soil Poisson's ratio as a significant
variable removes a major obtstacle to the practical application of two-
dimensional elastic theory in buried pipe design. The reason why
previous interpretations of Burns and Richard's analysis (ref. section
2.5.4) have indicated an apparent strong sensitivity to vg (e.g. see
Fig. 2.10(a)) is because all aspects of system response have traditionally
been related to the applied vertical pressure without due regard to the
separate effects of uniform and distortional load components. A
secondary reason is the failure to use; plane strain definitions of
system stiffness which introduces extraneous terms i n  (1 -  v  2 ) into
s
the algebra.
3.5.4 Effects of hoop compressibility
Since for any given pipe or soil the system stiffness ratios Y and
Z do not vary independently, it is convenient for certain aspects of
design to replace Z by the diameter/thickness ratio, D/t, as the
indicator of relative compression effects. This is done by noting that
3
for a pipe with plain rectangular wall section I = t /12 and A = t, so 
that Eqs. (3.1) and (3.3) imply:
|    !-5- (3.29)
1 12(D/t)
Fig. 3.11 shows the coefficients and 3 replotted from Figs. 3.5 and
3.6 as functions of Y and D/t. In accordance with the design 
simplification proposed in the previous section, the curves plotted are 
for v* = 0.5 only. Comparison of Figs. 3.11 and 3.8 reveals that 
reductions in wall thrust due to hoop compressibility are significant 
for only a limited range of practical pipe-soil combinations.
The uniform deflection component 6 ^, defined by Eq. (3.6), is of 
significant magnitude only in thin-wall pipes of low modulus materials
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such as polyethylene. If
(»,)Z < 0.8 (3.30)
6 ^ will contribute less than 1 0 % to the total ring deflection 6 and may 
be neglected in design. Even where 6 ^ is significant compared with 
total 6 , its influence on pipe performance may well be less than that of 
circumferential strains due to thermal expansion, as will be shown in 
Chapter 4.
3.6 Deflection-buckling charts
3.6.1 Summary of design equations in non-dimensional form
Collecting equations (3.10), (3.12a), (3.15), (3.22), (3.23) and 
(3.26), setting v* = 0.5 (ref. section 3.5.3) and rearranging, leads 
to a non-dimensional set of design equations for out-of-round deflection 
and elastic buckling as follows:
6 =  6 y1 (3.31a)
7 I  °-6255v1 I
( (-Vy/‘i V z ) i 
4 ( p  /Sf)
where 6y] = -jb8 V  Y ' (3'31b)
and \  = 8(n2 _ 1)p3 + _ J _ _ v (3.32a)
Sf
where p = (ap ) = (p /S.) (3.32b)
b z cr ry f cr
Sf Sf (Py/“PZ)
and p = 1 - 6  (3 . 2 2  bis)
 y _ 2d + 6 r 
y
These interrelationships between the four dimensionless parameters: 
p p 6 and Y_z » _z » y
ap S. 
z f
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may conveniently be combined and presented in plotted form. Since 
iterations in both n and 6 are required to minimise the buckling 
equation (3.32a) this has been done with the aid of a desktop computer 
and plotter.
3.6.2 General description of the charts
A series of charts for different values of the load distribution
parameter p /ap , serves to describe the complete range of possible 
y z
deflection and buckling behaviour for any buried pipe system.
Fig. 3.12 shows a typical chart for Py/apz =0.4, on which the 
principal features have been annotated. The parallel, diagonal set 
of lines indicate the load-deflection response for systems with various 
values of Y. The influence of the second-order distortional effect 
described in section 3.2.5 is demonstrated by the curvature of these 
lines at large deflections.
Intersecting these deflection curves, the buckling limit delineates
an area of the chart within which the pipe wall remains stable. Within .
this zone, the factor of safety against buckling at any point is
indicated by the relative increase in p /Sr as the deflection curve
y f
(constant Y line) on which it lies is extended to the limit. An 
important feature to note is that the value of deflection 6^ at which 
buckling occurs decreases as Y increases. The discontinuities in the 
buckling limit, which is in fact a lower bound envelope to a set of 
buckling curves, correspond to changes in the critical buckling mode n 
as shown. A point of particular interest here is that higher (n>2) 
buckling modes first become critical at a Y-value of about 1000, which 
corresponds to the start of flexible system behaviour as defined in 
section 3.3.
An alternative representation of system static response is given
by the set of dashed lines of Fig. 3.12, which are loci of constant
values of p /E*. These curves are particularly useful for design, as 
y s
they illustrate the effect of varying the pipe stiffness for given 
soil and loading conditions.
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A set of ten such deflection-buckling charts covering the range of
0.8 > Py/apz > 0.05, complete with an explanatory key to their use for
design, will be found in Appendix D. For the case of hydrostatic
loading, i.e. p^/ap^ = 0 , a different form of buckling chart is provided
in Fig. D11 in which (ap ) /S _ is shown as a function of Y and initial 
° z cr f
out-of-roundness 6 . Certain additional features incorporated in
yo
Figs. D1 to D10 have yet to be^explained in the remaining sections of 
this Chapter.
In order for present purposes to illustrate the effect on system
response of varying the parameter p^/apz, the outline of two charts for
p /ap = 0.1 and 0.6 respectively have been superimposed on Fig. 3.13. 
y z
This shows that as the load distribution on a system become increasingly 
distortional (i.e. higher p^/ap^), higher deflections are reached before 
the onset of buckling. Conversely for systems subject to more uniform 
loading (lower p^/ap^), out-of-round deflections are smaller and stability 
becomes more important as a design criterion.
3.7 Effects of initial out-of-roundness of the pipe ring •
3.7.1 Random imperfections and controlled predeflection.
During handling, laying and backfilling to crown level, the cross- 
section of a thin wall, flexible pipe invariably suffers some initial 
distortion from its nominally circular shape. In addition to local 
imperfections such as flat spots due to uneven bedding or compaction, 
some initial ring deflection 6 is generally built in before backfill 
loads are imposed.
The tendency of an unstrutted pipe to squat under self-weight when 
laid on its bedding is reversed by placement and compaction of fill 
alongside. Lateral soil pressures acting under the haunches and then 
at the pipe springings tend to compress the horizontal diameter and 
elongate the vertical diameter, frequently resulting in a net upward 
deflection of the section by the time filling reaches crown level.
If properly controlled, this upward predeflection (negative 6 ) can
be beneficial, allowing the pipe to return to a stable circular shape 
under the weight of soil placed above the crown.
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Alternatively, where fill is simply dumped or heavy compaction
plant is used directly over a small diameter pipe, a downward initial
deflection (positive 6 ) may be built in, with obvious detrimental
yo
effect.
The effects of a general value of 6 on the final deflection and
yo
stability of the pipe ring may be simply incorporated in the theoretical 
model.
3.7.2 Modified deflection formula
The equilibrium deflection for a. pipe with initial out-of-roundness
6 becomes: yo
6 = 6 + 6 . + 6 0 (3.33)
y yo y 1 y 2
where the second-order term 6 „ itself includes an additional component
y 2 -
due to 6 (ref. Eq. (3.14)). Eq. (3.15a) then becomes: 
yo
v v  • |
Rearranging and setting v* = 0.5, this gives:
( 1 . 0.625 6 )
6 . ] 1 + ______ • yo [
6 - 6  = 7 I V « P Z> i (3.35)
y y° .----- (----- 025-6— )
1 -  y1 '
(Py /apz)
Comparing Eq. (3.35) with Eq. (3.31a), it is apparent that the final 
deflection 6 may still be obtained from the deflection-buckling charts 
(e.g. Fig. 3.12) provided the ordinate is read as:
6 * = ^   , “ 6 - 6  (3.36)y c 0.625 6 y yo
j 1 + p /ap |
( y z )
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3.7.3 Influence on buckling pressure
The influence of initial out-of-roundness on pipe ring stability
is clearly illustrated by the movement of the buckling limit on a chart
with modified deflection ordinate 6 * (Fig. 3.14a). It is apparent that 
the beneficial increase in buckling resistance due to negative 6' falls 
away rapidly whete the upward predeflection exceeds the downward 
deflection due to the distortional component of buckling pressure, i.e. 
where the section does not re-round before failure. In high Y systems 
which buckle with very little load-induced deflection, excessive upward 
predeflection eventually leads to a decrease in buckling resistance as 
compared with an initially circular pipe. Clearly the optimum pre- 
deflection, which results in a near-circular section shape of the point 
of buckling, is a function of Y and p^/ap^ in the same way as 6 *.
To avoid undue elaboration of the basic deflection-buckling charts, 
the factor by which the buckling pressure is altered as a result of 
initial out-of-roundness has been plotted separately for design purposes, 
as shown on Fig. 3.14b. The sharp discontinuities in these curves are
due to the integral steps in theoretical buckling mode which also
characterise the shape of the buckling limits on Fig. 3.14a. Since in 
practice single buckles of non-integral mode may form (ref. section 2.6.7), 
the theoretical curves have been smoothed out for greater clarity in 
their design versions (Figs. D1-D10 in Appendix D).
3.8 Effects of time-dependent deformation
3.8.1 Factors contributing to deflection lag
Time-dependent deformation of buried flexible pipes was first 
observed by Spangler (1941), who defined the ratio of long-term to 
short-term ring deflection as an empirical "deflection lag factor".
Various effects contributing to deflection lag may be identified, as
follows:
(i) Increase in backfill load reaching pipe due to the 
breakdown of trench wall friction with time (Gaube 
et al., 1971)
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(ii) Creep of soil and pipe material (i.e. deformation 
under constant load)
(iii) Densification of soil fill due to transient load 
cycles.and the action of water (Howard, 1977)
A rational definition of deflection lag factor C s h o u l d  not include
dl
for (i) if, as proposed for design, the full overburden pressure is 
assumed to act on the system. In assessing the influence on system 
response of (ii) and (iii) the relative structural roles of pipe and 
soil must be taken into account (ref. section 3.3).
A constant load deflection lag factor may be defined as:
' C „  = (6y)d + -6 y3 (3.37)
where 6 0 is the long-term increase in ring deflection and (6 *) , is yd yd
the short-term elastic deflection 6 * due to dead loads only (read 
from charts).
An expression for C,.. which reflects the relative contribution
dl
of pipe and soil to the support of distortional loads, based on the 
first-order deflection relationship (Eq. (3.31b)) is:
_ _ (Y + 108) c c f .
=  p s (3.38)
Yc + 108c
P s
where c^ and cg are pipe and soil "creep factors" which govern 
deflection lag in rigid and flexible systems respectively.
For homogeneous pipe materials which exhibit creep strains 
approximately proportional to stress, c^ will be a material property 
effectively independent of pipe geometry or actual stress levels.
c may be equated simply to the ratio of short-term elastic modulus
^ + to the "creep modulus" often.quoted by .manufacturers•of plastic pipes.
% o t e  that it is incorrect to substitute the creep modulus for E* in the 
elastic analysis because the modulus for rapid loading or unloading, 
which governs buckling behaviour, does not as a rule decrease with time; 
indeed for certain plastics, ageing effects tend to increase pipe ring 
stiffness (Greatorex, 1977; Moser et al., 1976).
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The soil creep factor cg is not so easily quantified as it must 
include for effects of both types (ii) and (iii) described above. It 
is difficult to extract empirical values from existing deflection lag 
data for flexible systems (e.g. Howard, 1977) as these invariably 
include for load increase effects (i) of uncertain magnitude. Since 
densification effects (iii) are likely, for granular fills at least, 
to be the chief physical mechanism of time-dependent soil movement, it 
may be more logical to consider deflection lag of flexible systems in 
terms of the additive component of ring deflection,
As a first approximation for flexible systems, 6 _ may be equated
y->
to the anticipated long-term relative settlement of the fill immediately 
adjacent to the pipe, as suggested in principle by Watkins (1973).
For the design of intermediate systems, a value of cg for insertion in 
Eq. (3.38) may be estimated from Eq. (3.37) using (6 *)^ and 6 ^ values 
for a hypothetical flexible system constructed from the same fill and 
subject to the same loads.
3.8.2 Deterioration of stability with time
The long-term deflection increment 6 ^ which develops at constant
load will have the same effect on pipe ring stability as initial out-
of-roundness 6 . 6 n should therefore be added to 6 when determining
yo y3 yo
the long-term buckling pressure reduction factor (Fig. 3.14b).
3.9 Review of accuracy and ranges of validity
3.9.1 Theoretical accuracy required for design
While it has been necessary to resort to more rigorous theories 
than previously used in order to introduce rational concepts of buried 
pipe behaviour, it does not follow that a high degree of precision is 
appropriate in design calculations. The inherent variability of soil 
backfill properties, and the realities of construction practice already 
mentioned in Chapter 1, should never be forgotten. On the other hand, 
both quantitative and qualitative errors can accumulate rapidly if too 
many simplifying assumptions are made in individual components of a 
combined theoretical model. If these theoretical errors are too large
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and variable they can introduce a fictitious scatter in numerical data 
back-analysed from field or experimental data. This is a common 
problem with existing over-simplified design formulae.
The design simplifications introduced in section 3.5 entail 
theoretical errors not exceeding 1 0 % on the unsafe side, or 2 0 % on the 
safe side in overall performance predictions. This seems a reasonable 
level of accuracy in view of the practical constraints and establishes 
a criterion for assessing ranges of validity of the basic theory. The 
same criterion is used in Chapter 5 when developing a simple design 
representation of shallow fill and concentrated surcharge loads as 
equivalent uniform pressures. However, when analysing experimental 
data in Chapter 4 and elsewhere exact theoretical expressions have been 
used wherever possible.
3.9.2 Large deformation geometry
The theoretical treatment of large deformations is intended to be 
only approximate, but it is nevertheless appropriate to explain the 
reasons for a slight inconsistency in the assumptions concerning the 
deflected shape of the pipe ring.
The sinusoidal mode of pipe ring distortion assumed in the first- 
order, small deflection theory (ref. Eq. (3.59): 6 varies as cos2§
around the circumference) is replaced in the deflection-buckling inter­
action analysis (section 3.4.2) by the assumption that the cross-section 
deforms as an ellipse. The deformed section shapes according to these 
two assumptions, which are indistinguishable at deflections of 5% or 
less, are compared in Fig. 3.15(a) at a nominal 6^ of 20%. This is 
about the maximum stable deflection which can in theory be reached by 
an initially circular pipe (ref. Fig. D1). While there is little 
difference in overall shape, the much flatter wall curvatures of the 
sinusoidal mode would have implied unrealistically low pressures for 
crown collapse if incorporated in the present buckling theory.
As further illustrated by Fig. 3.15(a), the constraint of main­
taining a constant pipe ring perimeter (i.e. 6 ^ = 0 ) at large deflections 
results in a greater divergence of vertical and horizontal diameter
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changes in the sinusoidal mode than in the elliptical mode. The 
relationships between 6 .^, 6^ and the nominal 6^ are plotted for each 
mode in. Fig. 3.15(b). The assumption that 6 ^ = 2 (6 ^ “ 6^) implicit 
in the analysis of second-order distortion (section 3.2.5) is accurate 
to within 1% at 6 = 2 0 % in relation to the elliptical mode, but only 
to within 4% in relation to the sinusoidal mode. Thus the use of the 
elliptical hypothesis for large deformations results in a reasonable 
overall theoretical consistency.
In practice, the deformed shapes of buried flexible pipes will be
quite variable, and not generally symmetrical about the horizontal axis
as assumed. The asymmetry of gravitational loading (ref. section 2.5.2),
concentrated surcharges, and practical methods of backfill placement and
compaction will all tend to produce greater radial deflection at the
crown than at the invert, resulting in an increased discrepancy between
6 and 6. . While allowance must be made for these effects in the inter- 
v h
pretation of deflection data (see Appendix E) they should not require 
consideration in design.
3.9.3 Thin-wall assumption
The accuracy of the proposed theory when applied to relatively 
thick-walled pipes may be assessed by comparison with an analysis in 
which the internal stress distribution in the pipe wall is determined 
from two-dimensional elasticity theory rather than simple shell theory.
A closed-form solution of the thick-wall buried pipe problem is outlined 
in Appendix B. As demonstrated by Dar & Bates (1974), the thick and 
thin wall solutions become indistinguishable for D/t > 100. Table 3.2 
sets out the percentage by which the present thin-wall theory over­
predicts (positive) or underestimates (negative) the chief stress and 
strain resultants for a pipe with outside diameter/thickness ratio 
D/t = 20, and an assumed maximum range of modular ratio
10" 6 < E*/E* < 1 :  
s p
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TABLE 3.2. MAXIMUM THEORETICAL ERRORS DUE TO THE 
t h i n-w a l l ASSUMPTION WITHIN THE STATED 
RANGE OF VALIDITY
Theoretical error in 
prediction of:
, E*/E*
1 0 - 6  s p 1
Uniform thrust N
z
0 % - 2 .8 %
Deflection 6 .
y 1
+15.7% 0 %
Maximum hoop fibre stress
(on inside of pipe wall):
Uniform loading - 5.0% -7.6%
Distortional loading. + 1.4% -12.3%
The worst error in inside fibre stress for combined loading, for
p /ap = 0.8 and E*/E* = 1, is -10%. Both this underestimate of peak
y z s P
stress and the overprediction of out-of-round deflection increase rapidly, 
for D/t values below 20. This establishes the limit of validity of the 
thin-wall assumption for design.
The use of dimensions D and R taken to the outside of the pipe wall 
is important for the calculation of hoop thrusts, which would be more 
seriously underestimated in thicker pipes if the mean diameter or radius 
were used.
Buckling of a relatively thick-wall pipe is only likely to be 
critical under effectively hydrostatic loading. For this condition, 
comparisons may be made with the thick ring stability analysis due to 
Boresi (1955). For D/t = 20, the present theory leads to a (safe) 
underestimate of buckling pressure of some 1 2 % provided, again, that 
the outside diameter is used.
Finally, there would be no particular difficulty to extending the 
proposed theory to cover pipes with D/t less than 20. Since the design 
of such thick pipes is almost invariably governed by strength consider­
ations, it would be a simple matter to derive hoop, stress correction 
factors by comparing the predictions of the thick and thin-wall theories, 
in much the same way that Table 3.2 was compiled. Although this has 
not yet been done, all the necessary algebraic expressions are contained 
in Appendix B, and the design data could probably be presented on a
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single additional chart or table.
3.9.4 Minimum! depth of cover
As discussed in section 2.5.3, it has been shown that the zone of 
interaction stresses in the soil around a buried pipe extends to about 
one diameter from the interface. This establishes the general validity 
of the deep-burial assumption for cover/diameter (H/D) ratios greater 
than one, although subject to certain restrictions on the type of 
loading, the proposed design theory remains at least partially valid 
for shallower depths of cover.
For example, for loading applied as a uniform surface overpressure, 
the finite element analyses by Duns & Butterfield (1971a) and Abel & Kay 
(1976) indicate little change in first-order static response of the pipe 
as depth of cover H is reduced to D/2, and at H = D/4 only the bending 
moment at the crown would be seriously underestimated (i.e. by more than 
10%) by the deep pipe theory. Although confirmed by the experimental 
data published by Donnellan (1964) and Dorris (1965), these analytical 
results are only of limited practical use because the critical loading 
condition on shallow-buried pipes is usually produced by concentrated 
surcharge. As will be explained in Chapter 5, a simple representation 
of concentrated surcharges as equivalent uniform system pressures is 
only possible for H/D ^ 1, and this is the main factor restricting 
validity of the proposed theory at shallow depths of cover.
Buckling of pipes with less than one diameter cover is similarly 
affected by surface point loads which can induce asymmetrical buckling 
modes not considered by the proposed theory. Watkins et al. (1968) 
have produced some empirical design charts for buried pipe buckling 
under transient wheel loads, and some progress has been made towards 
developing a non-destructive test method based on the Southwell plot 
(English & Schofield, 1974; Valsangkar et al., 1981); but a great 
deal more research will be needed to enable the full extent of point 
load effects to be accurately gauged for design purposes. On the 
other hand, where applied loading is effectively uniform, the technique 
described in section 2 .6 . 8  can.be used to estimate the loss of effective
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soil restraint to buckling at shallow depths of cover. First, however, 
it is necessary to revise the theoretical modification factor shown in 
Fig. 2.19(b) to make it consistent with the concept of a mode-dependent 
soil spring constant on which the proposed buckling formula is based. 
This is one of a number of extensions to the basic theory which will be 
developed in the next chapter.
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CHAPTER 4
' APPLICATIONS AND EXTENSIONS OF THE THEORETICAL MODEL
4.1 A framework for design and analysis
During the development of the theoretical model in Chapter 3, 
particular emphasis has been placed on achieving a comprehensive 
description of all aspects of buried pipe behaviour. In this way it 
has been possible to prepare non-dimensional charts depicting the complete 
inter-relationship between applied loads, structural properties and 
various measures of performance of the buried pipe ring. These charts 
are capable of use in either a design or analysis mode, depending on 
which parameters are given.
The versatility of the charts as tools for design is demonstrated 
in the concluding section of this chapter. First, however, it is 
helpful to review some important practical implications of the theoretical 
model, to use it to reappraise some traditional structural concepts, and 
to explore the possibilities of extending its range of validity to 
situations not covered by the basic idealisation of the pipe-soil system 
(ref. section 3.1).
4.2 Some immediate practical implications
An important feature of the theoretical model is that it distinguishes
clearly between the loading and supporting roles of the soil. Structural
response of the soil is characterised by the plane strain modulus E*,
while the lateral pressure ratio K (=p,/p ) describes the distribution
h v
of external load applied through the soil. The restraining effect of
soil stiffness on the deflection and buckling of flexible buried pipes
is already well understood (ref. Figs. 1.1 and 1.2). Likewise, the
manner in which the flexural stiffness ratio Y (= E*/S^) governs the
s r
qualitative response of the pipe-soil structure has been expressed in
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many different ways in the literature, even though the full extent of 
its influence, as indicated by Table 3.1 and Figs. 3.8, 3.9, 3.11 and 
3.12, may not have been set out systematically before. But where the 
proposed theoretical model provides fresh insight is in demonstrating 
clearly^ the equally important influence of the.lateral pressure ratio 
K.
The significance of K is apparent first and foremost in the formula 
for ring deflection (Eq. (3.31)), in which the distortional pressure 
term may be written:
(1 - K) f, AS
y = 2 pv (4‘1)
This has important implications for the assessment of the suitability
of material for use as pipe backfill. Whereas in the past backfill
performance has been assessed purely in terms of stiffness (e.g. Howard,
1977), it. is evident that a fill material of relatively low modulus E*
compacted so as to generate a high K value will be just as effective in
controlling buried pipe deflection as a material giving relatively high
E* but lower K. Although a reduced E* value and more uniform pressure 
s s
distribution (i.e. increased p^ _) will tend to reduce the factor of safety 
against buckling, in many practical cases this will still not be critical,
In cases where buckling is a consideration, the influence of K is
carried further through the value of the load distribution parameter
p /exp , where: 
y rz’
P„ (1 " K)_y_ _ _______
Pz (1 + K)
(4.2)
Fig. 3.13 shows how. this parameter plays a large part in determining the 
value of deflection reached before the onset of buckling.
^"Bar!-Shlomo et al. (1979) have used their experimental data to demonstrate 
the sensitivity of the German ATV design method to the assumed value of K, 
both as affects trench wall friction and the direct lateral loading of the 
pipe. However, the full extent of influence of K on design predictions 
of ring deflection and bending moment is rather thickly disguised by the 
elaborate theoretical procedure of the ATV method, which further gives no 
indication of the impact of K on buckling response.
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As will be discussed in detail in Chapter 5, the values of lateral 
pressure ratio obtained in practice are likely to be very sensitive to 
the method of pipe emplacement and backfill compaction, and only 
marginally dependent on the inherent properties,of the soil. Thus the 
explicit consideration of horizontal loading introduces a rational 
provision for the effects of construction variables which have hitherto 
been lost in the large apparent scatter of field and experimental data.
In the following sections it is shown how, by applying new theoretical 
concepts to reinterpret arching and buckling data, this apparent scatter 
is reduced substantially, so that for the first time meaningful empirical 
checks on the related design formulae become possible.
4.3' Arching analysis
4.3.1 Review of arching concepts and theories
Arching in its broadest sense describes the phenomenon of re­
distribution of stress due to relative displacements within a soil mass. 
In the context of buried structures, the term arching is generally used 
to refer to the attraction or shedding of load transmitted to the 
structure as compared with an "at rest" earth pressure state. Any 
definition of a load factor attributable to arching is therefore entirely 
dependent on how the transmitted load is defined of measured, and on what 
is considered to be the "at rest" value of that load.
The earliest application of an arching concept to the design of 
buried pipes was the classical earth load theory developed by Marston 
(1913, 1930). Here the load on the structure was defined as a uniform 
vertical pressure acting at pipe crown level, with an implied "at rest" 
value equal to the overburden pressure. • The associated one-dimensional 
arching concept involving shear forces between rectangular prisms of 
soil (ref. Figs. 2.2(a) and 2.4) arose from Marston’s original analysis 
of fill loads in trenches where the trench walls formed the vertical 
sliding surfaces (see Fig. 4.1(a)). The simple analysis of the 
variation of fill load with depth which assumes the vertical pressure to 
be uniform over the width of the trench was first developed by Janssen 
(1895) for the analogous problem of grain loads in silos.
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The assumption of vertical sliding surfaces in the embankment case 
(ref. Fig. 2.2(a)) has been discussed at length by Terzaghi (1943), 
Luscher & Hoeg (1965) and Krizek et al. (-1971) and shown to be a 
theoretical contradiction. The major difficulty arises in the 
selection of the value of lateral pressure ratio K which has a critical 
influence on the shear load transmitted between interior and exterior 
prisms. For design, K is usually assigned a Rankine active or at rest 
value; but in either case internal equilibrium of the soil would then 
dictate that vertical planes were principal planes subject to zero shear 
stress. The fact that no sliding takes place on vertical planes has 
recently been confirmed in experiments by Yoshikoshi (1976), who used 
a radiographic technique to monitor strains in soil arching over model 
buried pipes.
In Terzaghi*s classical (1936) experiments in which earth pressures 
were measured in soil above a yielding trap-door, the value of K was 
found to vary with depth, reaching a peak value of about 1 . 6  at a 
height above the trap-door approximately equal to its width. Luscher 
& Hoeg (1965) drew on this and other experimental evidence of high 
lateral pressures to suggest that a soil-arch concept, of which 
Nielson’s (1967b) analysis (Fig. 4.1(c)) is an example, was a more 
plausible mechanism for transfer of earth pressure within an embankment. 
The important difference from the vertical sliding surface concept is 
that a soil-arch operates by virtue of the relative compression of con­
centric layers of fill and does not involve any shear failure.
Despite the demonstrable fallacy of Marston’s earth load hypothesis,
current thinking on arching is still dominated by the idea that a buried
pipe has, on average, to support the weight of the vertical prism of
soil directly above it (Fig. 4.1(b)). This simple idea was brought
to prominence by White & Layer (1960), who used it to estimate a safe
design value of ring compressive thrust in flexible metal culverts
(ref. section 2.2.2). The associated definition of arching is to
compare the actual thrust Ng at the pipe springings with that due to
the "prism load" W (see Fig. 4.1(b)). If N is less than W /2 this 
s s s
is termed "positive arching" and it is assumed that part of the weight
of the soil prism is supported by upward shear forces on its vertical
faces. Conversely, if N exceeds W-/2 this is termed "negative arching"
s s .
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and it is supposed that shear forces are tending to drag the soil prism 
down. The same concept is applied in another definition of arching 
(Allgood, 1971)^ which compares the radial interface pressure at the 
pipe crown with the mean overburden pressure Wg/D.
As an indication of the inadequacy of the prism load concept, two 
examples taken from the recent literature show how it can lead to 
contradictions and errors of interpretation.
Duncan (1979) used the first of the above definitions to interpret 
ring thrusts predicted by finite element analysis, and was surprised to 
discover that "negative arching" takes place over a very flexible 
culvert, whereas, according to Marston's settlement ratio concept 
(Fig. 2.4), " positive arching" would be expected due to downward 
deflection of the pipe crown. Duncan attributed his results to the
high compression stiffness of a corrugated metal culvert compared with 
that of the surrounding soil; but in so doing he was confusing two 
distinct modes of pipe-soil interaction. The elastic analysis of the 
previous chapter provides a full explanation of his high values of'N . 
From Eqs. (3.5), (3.6) and (3.9) the first-order thrust at the pipe 
springings may be expressed:
N (ap + 3p )R (4.3)
s z y
as compared with the "prism load" prediction:
N W /2 «  p R (4.4)
s s v
It is clear from Eq. (4.3) that Ng is not statically determinate as 
implied by Eq. (4.4), and apparent variations of soil arching 
according to the prism load concept may be explained by changes in 
the elastic interaction coefficients a and 3. While relative 
compression effects can have a significant influence on the value of 
a, in Duncan’s case the important factor was the distortional thrust
^This latter definition is in fact a simple restatement of Marston’s 
original ideas.
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coefficient 3, which as shown by Fig. 3.6 is very sensitive to the 
assumed interface slippage condition. The point overlooked by Duncan 
was that Ring Compression Theory neglects interface shear whereas his 
own finite element analysis assumed pipe and soil to be fully bonded.
As the second example, Selig etal. (1979) found when analysing 
field data from an instrumented culvert installation, that the two 
definitions of arching given were incompatible. While the measured 
spring-line thrusts indicated negative arching over the structure as 
a whole, the observed crown pressure implied a degree of positive 
arching. This apparent contradiction may once again be attributed 
to the neglect of interface shear stresses. According to the elastic 
theory model (ref. Appendix A), the radial contact pressure between pipe 
and soil may be expressed:
Pr = aPz “ (3 “ 96£/Y)PyCos 2d (4.5)
The coefficient of the distortional term in Eq. (4.5) is even more 
sensitive to pipe-soil interaction parameters than is the case with 
hoop thrust; so that over an intermediate range of Y values which 
includes the system monitored by Selig, the pipe crown could in theory 
be the point of either minimum or maximum radial contact pressure 
depending on the degree of interface slippage."*"
This last example highlights the major practical difficulty in 
implementing any arching concept in buried pipe design. In order to 
derive empirical arching factors to allow for frictional effects not 
covered by elastic theory it is necessary to measure the actual loads 
reaching pipes buried in soil. It is clear from the above discussion 
that measurements of stress at individual points in the pipe-soil 
system are.unreliable indicators of total loading, due to the variable 
and indeterminate effects of interface friction. So as the first step 
towards a more rational definition of arching, some practical and 
reliable means of monitoring the overall loading on a buried pipe must 
be found.
+A. plot of radial contact pressure versus flexural stiffness ratio which 
illustrates this point will be found in.Hoeg's (1968) paper.
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4.3.2 Measurements of load reaching the pipe
Historically, most attempts to measure the earth loads on buried 
pipes have been related to the conventional view (ref. Fig. 1.1) that 
the vertical pressure acting over the top half of the pipe constitutes 
the applied load, to which vertical pressure over the bottom half and 
lateral pressure over the sides are just reactions. Various methods 
have been devised for monitoring the applied vertical loading. In 
some early experiments in the United States pipes were mounted on 
purpose-built weighing machines in order to obtain a direct measure of 
the vertical bedding reaction (Braune et al., 1929; Marston, 1930; 
Spangler, 1941); but the most popular technique in recent years has 
been to record vertical pressures at crown level and/or radial pressures 
around the pipe circumference, using various types of earth pressure
cell (e.g. Molin, 1967; Pettibone & Howard,'1967: Gaube et al., 1969,
1971; Trott & Gaunt, 1972, 1976; Spannagel et al., 1974; Tammirinne 
& Jaaskelainen, 1977; Selig et al., 1979).
In view of the demonstrated importance of applied lateral earth 
pressure, it is clear that the total loading on a buried pipe cannot 
be defined adequately from knowledge of the vertical component only.
The distribution of radial earth pressure on the pipe provides a better 
overall picture of loading, although in order to determine a complete 
and unique internal stress state in the pipe ring it is also necessary 
to know the distribution of tangential earth pressure. From the 
results of their soil-box tests on asbestos cement pipes in which load 
cells were fitted to monitor both radial and tangential interface
pressures, Galili et al. (1978) were able to demonstrate how neglect of
the tangential pressure component can lead to large errors in the 
deduced values of vertical and horizontal load transmitted to the pipe. 
While this finding casts doubt on some conventional analyses of radial 
earth pressure data (e.g. Drescher, 1965), it does not entirely invalidate 
the results of previous experimental work in which tangential pressure 
measurements were omitted. The form of Eq. (4.5) suggests an alter­
native method of interpretation whereby the uniform pressure component 
apz , which is theoretically unaffected by interface shear stresses 
(ref. section 3 .2 .4 ), could be accurately derived as the mean value of 
the measured distribution of radial pressure on the pipe wall.
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To see how easily or otherwise theoretical components of buried 
pipe response can be identified in practice, Fig. 4.2 shows examples 
of measured earth pressure distributions (both radial and tangential) 
obtained in centrifuge model tests by James & Larsen (1977). Also
shown are derived distributions of moment and thrust in the pipe ring.
The main features to note are:
(i) The radial and tangential earth pressure distributions 
■ (Fig. 4.2(b) and (c)) are not symmetrical about the
horizontal pipe axis. The radial pressure at the 
invert is much higher than at the crown, vertical 
equilibrium being maintained by an equal but 
opposite imbalance in the tangential pressure 
distribution.
(ii) Despite the irregularities of the measured earth 
pressure distribution the derived distributions of 
pipe ring stress resultants (Fig. 4.2(e) and (f))
closely resemble the shapes predicted by theory.
The slightly higher values of moment and thrust at
the invert as compared with the crown are consistent 
with the addition of small mode 1, and possibly mode 3, 
response components (ref. Fig. 2.9), as predicted by 
Burns’ (1965) gravity load analysis (ref. section 2.5.2).
The uniform (mode 0) and distortional (mode 2) response components
predicted by the theory in Chapter 3 can be identified much more easily
from the plots of moment and thrust in Fig. 4.2 than from the distribution
of earth pressure. With knowledge of the hoop thrust at the crown,
springings and invert, a good estimate of the mean hoop thrust Nz can
be made, and the distortional thrust component N is then given by the
difference between the springings thrust N and N . (It may be noted
s z
from Fig. 2.9 that any mode 1 or mode 3 thrust components would contribute
nothing to either Ng or Nz») By contrast, because of the irregular
distribution of radial earth pressure, values at many more than three
points on the circumference are needed to obtain a reasonably accurate
estimate of the mean value ap . The distortional pressure at the inter-
z
face can only be deduced if the tangential pressure is known at an equal
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number of points, and the radial and tangential stress, data are first 
combined to obtain the net vertical and horizontal loads on the pipe, 
as shown in Fig. 4.2(d).
This observation suggests that direct measurements of hoop stress 
would provide a more efficient and reliable means of monitoring the 
loads reaching a buried pipe than measurements of earth pressure. To 
mount pairs of strain gauges on the inside and outside surfaces of the 
pipe wall - which is all that is needed to record both hoop thrust and 
bending moment - is also simpler and cheaper than installing earth 
pressure cells capable of monitoring both radial and tangential stress. 
The option of using pressure cells must nevertheless be retained for 
monitoring relatively thick-walled pipes in which bending effects 
dominate the hoop stress distribution: this can lead to a situation in
which values of hoop thrust deduced from the small difference between 
two large, extreme fibre strains become ill-conditioned and unreliable.
Possibly the greatest disadvantage of using earth pressure cells is 
that when they are mounted on the outside of the pipe or inserted 
independently in the soil they tend to interfere with backfill placement 
and compaction; further, since the pipe-soil interface is a sensitive 
zone of structural interaction, their presence is likely to modify the 
very stress distribution they are intended to measure. Fortunately 
these problems can be avoided in the case of thick-wall pipes by casting 
or machining the cells into the pipe wall so as to be flush with the 
outside face (Pettibone & Howard, 1967; James & Larsen, 1977; Galili 
et al., 1978).
Finally, a novel method of monitoring earth loads on fairly rigid 
pipes is to use the pipe ring itself as a transducer. Gabriel & 
Dabaghian (1967) have developed a theoretical procedure for determining 
unique distributions of radial and tangential earth pressure from small, 
measured displacements of the inner surface of the pipe. Despite its 
obvious attraction, the method does not appear to have been validated 
in practice: one foreseeable difficulty with, say, concrete pipes is
that the method is likely to be very sensitive to even small departures 
from the assumed linear elastic behaviour of the pipe material.
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In conclusion, the overall loading on a buried pipe should logically 
be considered in terms of its uniform, distortional and other sinusoidal 
components. These load components cannot be measured directly, but only 
inferred from the response of the pipe-soil system. The complete 
internal stress state in the pipe may be uniquely determined by measuring 
either:
(i) the distribution of radial and tangential earth pressure 
around the periphery of the pipe; or
(ii) the circumferential distributions of hoop stress on the 
inner and outer surfaces of the pipe wall.
For practical reasons, the first method is best suited to thick-wall 
pipes, and the second method to thin-wall pipes. In either case the 
various components of response can be identified most easily from the 
derived distribution of hoop thrust in the pipe wall. This suggests 
the use of hoop thrust data as the basis for a quantitative analysis of 
soil arching over buried pipes.
4.3.3 Rational definition of arching factor
In order to allow for frictional arching in the soil around a buried
pipe, empirical factors may be derived for design by comparing measured 
hoop thrusts with the predictions of the elastic theory model. Separate 
factors should logically be defined for response in the uniform and dis­
tortional modes.
For response in the uniform mode, the arching factor a introduced in 
section 3.2.4 may conveniently be redefined as the product of a frictional 
component and an elastic component i.e.
a = . a (4.6)
£ e
where the elastic component ag has a maximum value (for distant boundary
loading) of A . a , as defined by Eq. (3.8). Although, as explained in
z z
section 3.5.2, the action of soil self-weight is equivalent to a distant 
boundary load, the full elastic concentration factor A^ would not in 
theory develop if the cover to the pipe crown was relatively shallow.
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Invoking Luscher’s (1966) "equivalent sqil cylinder" representation of
shallow buried pipe (ref. Fig. 2.19(a)), an expression for the reduced
value X* of elastic concentration factor may be obtained as: 
z
X* = -------- :— — ---?--------------------------------  - (4.7a)
Z (1 + v*) + m 2 (1 - v*)
s s
R 1
where m = , + 2 H/D (4’7b)
The distortional thrust coefficient 3> defined for distant boundary 
loading by Eqs. (3.11), could be similarly modified to allow for 
frictional arching and shallow burial effects. However, since the 
elastic theory already includes for a wide range of 3 values depending 
on the degree of interface slippage, there would seem to be no justifi­
cation for introducing additional factors unless back-analysed values of
3 were found to exceed the conservative no slippage limit 3 adopted for
ns
design (ref. Fig. 3.11).
4.3.4 Analysis of experimental hoop thrust data
Fig. 4.3 summarises the results of a detailed analysis of hoop 
thrust data published by various authors and obtained in over thirty 
separate tests of model pipes buried in dry sand. Pipe diameters in 
these controlled laboratory experiments ranged from 89 to 127 mm.
The tests selected for analysis conformed, with only a few exceptions 
as indicated in parentheses, to the following basic criteria.
(i) The pipes were made of high tensile steel or 
aluminium which nowhere reached yield under the 
test loads.
(ii) The pipes were thin enough to give well-conditioned 
readings of hoop thrust from pairs of strain-gauges 
mounted on the inside and outside wall surfaces.
Thrusts were monitored at at least three points 
around the circumference including crown, invert 
and one springing. (In test series D strain gauges 
were fitted at crown and one springing only.)
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(iii) The sand was carefully placed around the pipe, 
generally by "raining", so as to create a uniform 
deposit extending at least two diameters below and 
to each side of the pipe, and with at least half a 
diameter of cover to the crown. (in test series F
only one diameter of soil was provided under the invert.)
(iv) Loading was applied as a uniform surface overpressure 
or as simulated gravity in the centrifuge, to produce 
conditions close to plane strain at the instrumented 
section.
(v) The lateral pressure ratio of the sand was either 
measured directly, or could be estimated with 
reasonable certainty from the density and/or friction 
angle of the normally consolidated deposit.
(vi) Instrumentation included monitoring of vertical and 
horizontal diameter changes, so that with knowledge 
of the lateral pressure ratio, the equivalent secant 
soil modulus could be deduced for each increment of 
vertical load. (In test series F deflections were 
not measured, but the soil was a thoroughly tested 
laboratory sand for which empirical formulae 
relating plane strain modulus to spherical pressure 
were available.)
(vii) Deflections were small enough (generally less than 
3%) for response to be considered first-order.
The aim in adopting these criteria was to enable a check on the response 
of pipes buried in frictional soil but in all other respects conforming 
as closely as possible to the basic idealisation of the elastic theory 
model.
Fuller descriptions of the various individual test series, together 
with plots of the related hoop thrust data against applied load, will be 
found in Appendix E. The procedure adopted for analysing the data was 
broadly as follows:
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(i) For each value of applied vertical pressure, the
given hoop thrust distribution was divided into
uniform and distortional components, N and N •
z • y
Observed values of a and 3 could then be deduced 
from Eqs. (3.6) and (3.9) respectively, using the 
measured or estimated value of K to separate the 
pressure components p^ and p -.
(ii) Using the value of E* deduced from the corresponding 
deflection measurements or otherwise, together with 
the given pipe properties, the instantaneous values 
of stiffness ratios Z and Y were calculated. Then 
setting v* = K, Eqs. (3.8c) and (3.11b) were used
to obtain the theoretical hoop thrust coefficients
a and 3 
z ns
In order to compare the observed and theoretical coefficients,
Fig. 4.3 shows the ranges of values of the ratios a/a and 3/3
z ns
obtained in each test. The large spread of values in some cases is
an indication of the sensitivity of frictional arching effects to the
magnitude of applied load, although part of the scatter is no doubt due
to experimental error. Also plotted are values of X^ and A* calculated
from Eqs. (3.8b) and (4.7a) respectively; the frictional arching factor
as defined by Eq. (4.6) may be inferred for each test from the ratio
of a/a to A (or A*). 
z z z
The significant features of Fig. 4.3 for design purposes are:
(i) The design assumption that a/a^ = 1 (ref. section 3.5.2) 
is shown to be safe with respect to all the data within 
the specified tolerance for theoretical accuracy (i.e. 
maximum unsafe error in design prediction would not 
exceed 10% - ref. section 3.9.1). The experimental 
a/a^ values bear no recognisable relationship to the 
elastic theory predictions A^ or A*, and this supports 
the contention that in real soils the elastic concentration 
of distant boundary loading is completely offset by 
frictional losses.
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(ii) Observed values of 3 generally lie within the
theoretical limits for full slippage and no
slippage at the interface. (Note that since
all the pipe-soil systems analysed fall in the
flexible range as defined by Table 3.1, the
theoretical coefficient for full'slippage 3 ^s
is equal to zero throughout, as shown by Fig. 3.6.)
In only one of the tests,of the centrifuge series
F , did bothot/a and 3/3 exceed their design 
1 z ns
maxima of 1 ; but the observed peak hoop thrust
was still only 7% above the corresponding
theoretical prediction, which is again within 
acceptable bounds.
Fig. 4.3 thus validates the use of the proposed theoretical model 
for design prediction of hoop thrust, at least for elastic pipes in
uniform granular soil. Consideration has yet to be given to the likely
additional arching effects associated with inelastic strains in the pipe 
and typical non-uniformities of the surrounding soil.
4.3.5 Extended concept of elastic arching
The uniform thrust coefficient a is a function of the relative
z
radial compression of pipe and soil, as expressed by the elastic inter­
action parameter Z = E^/S^. Any inelastic circumferential strains in
the pipe ring due for example to creep, thermal expansion or seam yield
(ref. section 3.4.3), will alter the apparent pipe compression stiffness
S and hence also Z and a . In general a relative shortening 6 of 
c z zp
the circumference (and hence also of radius) superimposed on the elastic
deflection 6 ^ will alter S^, Z and a. z to apparent values of S^, Z' and
a 1 related via Eqs. (3.3b) and (3.8c) as follows: 
z
S Z ’
c _____
S ’ Z
c
A second equation needed to solve for the modified parameters is provided 
by the radial strain relationships (based on Eq. (3.7) assuming a = a^) :
a (1-a’) 
z_____ z_
a 1 (1-a ) 
z z
(4.8)
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Initial elastic compression 6 . = a p (4.9a)
z 1 z z
2S
c
Final compressive strain 6 ^ = . az^z (4.9b)
(elastic + plastic) 2~s ,~
c
Elastic component of final 6 - 6  = a p (4.9c)
z zp z zcompressive strain r — —
Zu
c
Dividing Eqs. (4.9b and c) by Eq. (4.9a) and combining gives:
a ’ S a ’ 2S 6
z _ _c __z _ c zp
a S 1 * a a p
z c z z z
(4.10)
which on substitution of Eq. (4.8) for (S^/S^) yields:
2S 6 /•. \
a* = a -  C- Zp . (1 az) (4.11)
z z p
z
Finally, invoking Eq. (3.8c) to substitute for (1 - ql^ ) in the ill- 
conditioned second term of Eq. (4.11) leads to the practically useful 
expression:
a I = - ^zp . 2Es (4.12)
Z Z p 2(1 + v*) + Z
*z s
Eq. (4.12) demonstrates the beneficial stress-relieving effect of 
compressive plastic strains (positive ^Zp) ^ue to creep or yield of the 
pipe wall. A more important design application is the estimation of 
increases in hoop thrust due to thermal expansion (negative ^Zp)•
Gaube etal. (1971) have recorded seasonal increases of up to 50% in
the radial pressures acting on buried polyethylene pipe. For the 
limiting case of Z = 0 (relatively incompressible pipe), Eq. (4.12) 
reduces to the familiar pressure-deflection relationship for uniform 
expansion of a cylindrical cavity (ref. Eq. (2.15)):
(a1 -  a ) p  = *-6 • E s = - 6  . E s (4.13)
z z z zp , -;,v zp YTZ 7
(1+V'V (1+v )s s
137
Hoeg (1968) proposed a similar extension to the basic theory to 
account for the effect of a thin annular layer of soft material placed 
around the pipe. His experiments showed that this could bring about a 
dramatic relief of pressure on the pipe wall. Treating the soft layer 
as part of the pipe structure, Hoeg derived a modified compression 
stiffness ratio which in the present notation may be expressed as:
Z" Z + 2K . Ks (4.14)
(R+h) ii*,
where h is the thickness, and E* the modulus of the soft layer.
s 1 ■ J
Watkins (1964) has advocated the deliberate construction of a 
cushion of loose soil around buried pipes to encourage this arching 
effect, although the associated loss of soil restraint to buckling 
(which must be assumed to be governed by E*^) tends to remove any 
advantage of the technique where ring stability is the design criterion. 
Watkins’ suggestion is nevertheless an example of how non-uniformity of 
the soil can be exploited to achieve a redistribution of load away from 
a buried structure. This potential benefit has been the practical 
motivation for most studies of arching to date (e.g. Pawsey & Brown,
1968; Allgood, 1971), but what is not generally recognised is that 
fill construction procedures designed to relieve a pipe of vertical load 
can sometimes adversely affect the lateral loading. It is therefore 
appropriate to consider how some typical non-uniform field embedment 
conditions affect the overall loading on a buried pipe.
4.3.6 Modes of arching in embankment and trench conditions.
All effective stress changes within a soil mass are associated 
with deformation. Deformations of a composite pipe-so.il structure are 
most logically described in terms of sinusoidal components, as illustrated 
in Fig. 2.9. The elastic theory model of Chapter 3 already provides for 
the redistribution of stress due to uniform compression (mode 0 ) and 
elliptical distortion (mode 2) of the pipe-soil structure. The model 
has further been extended to include for inelastic arching effects in 
these two modes. The example in the preceding section of elastic 
arching due to a soft soil layer concentric with the pipe may be classed
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as a mode 0 arching effect .(see Fig. 4.4(a)). Since it reduces the 
stresses in the pipe it may also be .termed "positive" i n .accordance 
with existing convention.
The more traditional way of inducing positive arching over a buried 
pipe is by means of a soft inclusion in the fill above the crown (Fig. 
4.4(b)). The idea was first proposed in 1921 by Marston (Spangler, 1968), 
who used the vertical prism concepts of Fig. 2.4 as.the basis for 
developing his "imperfect ditch" method of construction. Since the 
associated load transfer mechanism involves relative vertical motion of 
pipe and soil, it may be loosely described as a mode 1 arching effect. 
However, the overall pattern of deformation is much more complex, so that 
in general pipe response in modes 0 and 2 is also modified and further 
distortional modes may be introduced. Brown (1967) showed that the 
resulting bending moments in a rigid arch-culvert could be greater than 
with normal backfilling procedures, especially if the soft backpacking 
was some organic material such as baled straw or hay which rotted down 
with. time. From field experience Davis & Bacher (1968) have demonstrated 
that spreading compressible material around the complete periphery of the 
culvert (thereby inducing mode 0 .arching) is a more effective and depend­
able way of reducing interface pressures.
When flexible pipes are laid under embankments, contrary to 
Marston's supposition that deflection of the crown should relieve 
vertical loading (Fig. 2.4(b)), the more likely outcome is that load will 
be attracted to the relatively stiff inclusion formed by the' structural 
pipe zone fill (see Fig. 4.4(c)). Radial earth pressures recorded by 
Spannagel et al. (1974) on a flexible culvert under a 50 m embankment 
indicate that, as a result of this mode 1 negative arching over the pipe- 
soil structure as a whole, the mean interface pressure ap^ can reach a 
value as high as 1.7 times the overburden pressure in the long term.
The usual Marston procedure of comparing deflection of the pipe with the 
settlement of the adjacent columns of structural fill would lead to a 
gross underestimate of overall loading in such a case. From records of 
another field installation reported by Spannagel et al. (1974) it appears 
that this attraction of load can more than offset the benefits of placing 
baled straw above the compacted pipe zone fill.
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These examples demonstrate how the concept of a pipe-soil structure 
can sometimes usefully be extended to include a whole embankment. The 
practical conclusions to be drawn are (i) that the structural fill 
around a flexible culvert should ideally be no stiffer than the general 
embankment fill, and (ii) that compressible inclusions in the fill over- 
lying buried pipes do not necessarily improve the overall load distri­
bution, especially if potentially unstable organic materials are used.
Another common but less obvious case of mode 1 negative arching 
occurs when a pipe is laid directly on to a hard foundation (see. Fig. 
4.4(d)). This might typically be the natural ground under an embankment 
or at the base of an excavation, or alternatively a stiff bedding 
deliberately constructed to maintain specified invert levels. Experi­
ments by Pettibone & Howard (1967) have shown that the introduction of 
a stiff foundation in an otherwise uniform soil field can increase the 
mean radial pressure on a rigid pipe by over 30% (see Fig. 4.5). This 
overall increase in load is due to settlement of the soil causing a net 
frictional down-drag over the top and sides of the. pipe, which is itself 
restrained from moving vertically by the stiff foundation. Evidence 
for this load transfer mechanism is provided by:
(i) the tangential pressure distributions observed by 
Galili et al. (1978) and James & Larsen^ (Fig.
4.2(c)) which show that the length of pipe circum­
ference subject to downward shear stress extends 
below the horizontal axis; and
(ii) the associated peaking of radial pressure at the 
invert (Fig. 4.2(b) and 4.5(b)).
Contrary to the predictions of Marston's settlement ratio theory 
(Fig. 2.4), which wrongly assumed that all shear load transfer takes 
place above crown level, this mode 1 negative arching mechanism applies 
equally to flexible pipes. Fig. 4.6 shows earth pressure
In James & Larsen's (1977) centrifuge tests, the close proximity of 
the rigid base of the testing box to the invert of the pipe (see Fig. 
4.2(a)) produced an effect similar to that of a stiff foundation 
extending up to invert level.
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distributions observed by Gaube et al. (1969) around a 1400 mm poly­
ethylene pipe laid directly on a hard trench bottom, which, exhibit 
similar characteristics to those just described for rigid pipes.
The important principle missed by Marston in Fig. 2.4(b) is that 
pipe ring deflection produces its own mode 2 distribution of interaction 
stresses which are simply superposed on any mode 0 or mode 1 arching 
effects. This mode 2 response does not influence the magnitude of 
uniform interface pressure, nor indeed of the equivalent external loads 
acting on the pipe-soil structure as a whole.
Since, in many practical situations, a hard foundation cannot easily 
be avoided, it would be useful for design purposes to quantify the 
associated arching factors, i.e. the factors by which the equivalent 
uniform and distortional loads acting on the pipe-soil system are 
increased. Only very limited data are available on which to base any 
estimates. However, from the radial pressure distributions in both 
Figs. 4.2(b) (embankment case) and 4.5(b), it would appear that the mean 
interface pressure reaches a value very close to the applied vertical 
pressure, i.e.
ap «  p (4.15)
z v
This relationship happens to correspond to the elastic theory prediction
for distant boundary loading if, in the expression for concentration
factor A , Eq. (3.8b), the value of v* is set equal to K. While this 
z s
correspondence is probably coincidental (bearing in mind the frictional 
losses demonstrated in section 4.3.4 and the considerable discrepancies 
between the observed and theoretical pressure distributions), Eq. (4.15) 
nevertheless provides an initial, empirical guide to the likely effect 
of a hard foundation on the uniform component of load on the pipe.
As regards distortional loading, James & Larsen's thrust data
The tangential pressure distribution in Fig. 4.6(b) was inferred by 
Gaube et al. by means of a static analysis from the measured radial 
pressures and local curvatures of the pipe wall, assuming a membrane 
stress (i.e. zero bending) condition in the flexible pipe ring.
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(Fig. 4.2(f)) yield a value of 3 of about 1.0 which is well within the 
theoretical range for rigid systems allowed for in design (ref. Fig. 
3.11). Once again, therefore, it would not appear necessary to 
incorporate any additional factors on distortional response, although 
of course a great deal more data would be needed to confirm this.
Finally there is the case of fill loads in trenches to consider.
Here again the reinterpretation of experimental data in the light of 
the proposed theoretical model shows up the major shortcomings of the 
classical Marston approach (Fig. 4.1(a)). The results of James & 
Larsen’s tests which compare earth loading in embankment and trench 
conditions (Fig. 4.2(a)) are especially significant. Fig. 4.2(d) 
shows that, while friction of the walls of a narrow trench reduces the 
vertical load appreciably, it also reduces the horizontal load, so that 
the difference or distortional load on the pipe is virtually unchanged 
from the embankment condition. If, as is usually the case for rigid 
pipes, the design criterion is ring bending strength, then Fig. 4.2(e) 
shows that there is no real advantage to be gained from specifying 
narrow trench construction. This also means that overexcavation of 
specified trench widths can hardly be a major cause of rigid pipe 
failures as has been suggested (Krizek et al., 1971, p.118).
In the case of flexible pipes designed for deflection or buckling 
there are two possible advantages in specifying narrow trench 
construction, viz:
(i) the potential reduction in the mean value of ring 
thrust (ref. Fig. 4.2(f)) which governs buckling; 
and
(ii) the enhanced lateral stiffness of the soil resisting 
outward deflection of the pipe springings.
The first of these advantages may prove unreliable in the long-term, 
since there is evidence that trench wall friction breaks down with time 
due to transient load cycles, the action of groundwater and other 
causes (Wetzorke, 1960; Gaube et al., 1971; Howard, 1977; Gehrels & 
Elzink, 1979). The second advantage, which some authors (e.g.
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Jaaskelainen, 1973; Leonhardt, 1979) have attempted to quantify, must 
be set against the practical hazard that voids may be left under the 
pipe haunches during backfilling if insufficient clearance is left 
between the sides of the pipe and the trench walls.
Despite more than half a century of research into the problem, 
there are still insufficient data to enable a complete and rational 
assessment of the benefits or otherwise of narrow trench construction.
At least as regards the relief of load on a buried pipe it would appear 
from the few examples cited that any benefits are likely to be less than 
envisaged hitherto. It would, therefore, seem prudent in design to 
assume that the full overburden pressure will operate in trench and 
embankment conditions alike. This approach further frees the 
contractor from the largely artificial constraint of using a vertical­
sided trench where local site conditions or safety considerations favour 
battered trench construction or some other installation technique.
4.4' Interpretation of buckling data
4.4.1 . A new method of plotting buried pipe buckling data
An important feature of the deflection-buckling charts described 
in section 3.6 is that they enable buried pipe buckling data to be 
plotted in terms of applied loads and deflections at failure, thereby 
eliminating the component of scatter due to uncertainty in the operative 
value of soil modulus (ref. last paragraph of section 2 .6 .3 ).
Fig. 4.7 shows a range of experimental data plotted in this way on
a single deflection-buckling chart. The most reliable points are those
due to Allgood at el. (1968), whose surface overpressure tests on model
thin-wall pipes buried in dry sand included direct measurements of free-
field lateral pressure ratio K. These enable accurate determination of
the parameters Py/S^ and p^/ap^ which are as important for plotting by
this method as values of incremental deflection 6 * deduced from measured
.y
changes of pipe diameter. The basic chart of Fig. 4.7 corresponds to 
the mean value of p^/ap^ = 0.40 obtained in Allgood's tests, although the 
spread of theoretical buckling limits covering the range of experimental 
values 0.34 < p /ap 0.46 is also indicated. The general agreement
y z
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between the proposed buckling design formula (Eq. (3.32)) and the 
experimental points is remarkably good bearing in mind the high degree 
of scatter normally associated with buckling test results (e.g. Luscher, 
1966; Albritton, 1968; Bulson, 1966, 1969).
By way of comparison, a theoretical buckling formula of the type 
currently quoted in the design literature (ref. section 2 .6 .3 ) is also 
shown plotted on Eig. 4.7. The actual formula used is based on 
Meyerhof’s expression for the soil spring constant (Eq. (2.14)) which 
when substituted in the plane strain version of Eq. (2.11) and converted 
to the present notation gives:
8(n2 - 1) +  1-----  (4.16)
2 0 i - 1 )
For high buckling modes in flexible systems (i.e. large Y) this reduces 
to:
D V2
= 4 (Y) (4.17)
f
(ref. Eq. (3.25)):
(4.18)
Allgood’s data clearly support the 2/3 power law of Eq. (4.18) and not 
the square-root law of current design formulae such as Eq. (4.17).
The remaining data points plotted on Fig. 4.7 are from larger-scale 
laboratory tests of somewhat stiffer steel and plastic pipes buried in 
sand (TRRL, 1981; Gaube & Muller, 1981). These data points are less 
reliable than Allgood’s because
(i) horizontal soil stresses were not monitored in either 
test series, so that K-values have had to be estimated;
(ii) pipe cross-sectional shapes departed significantly from 
the assumed elliptical or sinusoidal patterns (ref.
which may be compared with the proposed theory
VPi 3
~  = 0.945p (Y)
bf
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Fig. 3.15) at the large deflections prior to 
buckling.
The points have nevertheless been included on Fig. 4.7 because they are
the best data available in the range of Y-values which is of greatest .
practical interest for design (ref. Fig. 3.8). They also happen to fall
in an estimated range of p /ap values very similar to that of Allgood's
y z
data.
These additional points at least confirm that the buckling formula 
incorporated in the proposed design charts is safe over the full practical 
range of Y-values, whereas the conventional Meyerhof formula appears to be 
unsafe at one end and very conservative at the other. But for a more 
detailed analysis of the comparative accuracy of the two formulae, a 
further plot which eliminates the scatter due to variable p /ap values
y z
may be derived.
4.4.2 Validation of the basic buckling formula
On Fig. 4.8 the experimental data shown on Fig. 4.7 have been re-
plotted in terms of the uniform pressure p,( = (ap ) ) to cause buckling,
b z cr
and the value of Y calculated (or read from the appropriate chart) from
the values of 6 *, p /S., and p /ap at failure. Some further data points 
y y f y z r
for pipes buried in clay (Howard, 1972; Dorris, 1965) have been 
tentatively added, although these are subject to even greater probable 
errors than the TRRL and Gaube data for sand backfill. The derivation 
from published data of all the points plotted on Figs. 4.7 and 4.8 is 
outlined in Appendix E, which also discusses the probable accuracy of the 
method of interpretation employed in each case. A brief appraisal is 
also given of data from various other sources which for one reason or 
another has been considered unsuitable for analysis.
The theoretical curves plotted for comparison on Fig. 4.8 represent 
basic buckling formulae without correction for predicted or observed 
out-of-roundness of the pipe ring. Notwithstanding, the uncertainty 
of some of the data points in the lower range of Y-values, it is clear 
that the proposed theory is a much better fit overall, both qualitatively 
and quantitatively, than the Meyerhof-type formula found in most current
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design literature. Any shortfall in observed buckling pressures may be 
attributed to the effects of out-of-roundness and experimental errors, 
but these would all be safely covered in design by use of the proposed 
theory with a factor of safety of about 1.4.
4.4.3 Empirical check on the out-of-roundness correction
As stated in section 2.6.7, the validity of Slocum’s (1909) semi- 
empirical correction factor p (Eq. 3.22)) has never been checked for the 
case of an elliptically deformed pipe with elastic support. Such a- 
check is desirable not least because in the proposed theory the factor 
is applied to buried pipes with ring deflections of up to 2 0 %, whereas 
the data referred to by Slocum was for unsupported pipes with not more 
than 2 % initial out-of-roundness.
The only available data which are suitable for this purpose are the 
results shown in Fig. 2.18 of Luong’s (1964) non-uniform loading tests 
on model pipes embedded in a synthetic rubber. , For comparison with the 
proposed theory, the experimental points of Fig. 2.18(a) have been-re- 
plotted on Fig. 4.9 using a normalised critical vertical pressure as 
ordinate. The theoretical curves have then been added by noting the 
equivalence of the uniform buckling pressure p^ = (apz) predicted by 
Eq. (3.32a) for an undeformed pipe ring (i.e. for p = 1), and Luong’s 
theoretical prediction of (Pv)cr f°r K = 1. The upper theoretical curve
on Fig. 4.9 simply expresses the relationship between p and p (assuming
+ . v  z 
a = az = 1). The correction factors used to plot the lower theoretical
curve are based on the observed deflection at failure taken from Fig.
2.18(b). The deflection-corrected curve is seen to be a reasonable fit
to the experimental data, erring slightly on the safe side for most of
the range of K-values.
Although Slocum’s correction factor has been incorporated into the 
proposed theory on the strength of this one empirical check, it is by no 
means certain that such an elaborate formula is justified for design,
"^Note: Rubbers have Poisson’.s ratio close to 0.5, or v* = 1, giving
an elastic concentration factor X also equal to 1 (ref. Eqs. (3.2b) 
and (3.8b)). Z
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especially in view of the observation of irregular.(i.e. non-elliptical) 
shapes of soil-surrounded pipes prior to buckling. As commented in the 
previous section, Fig. 4.8 suggests that a simple factor of safety on 
buckling pressure, independent of 6 of Y-values, might serve equally 
well to cover for out-of-roundness effects in practice. This is a 
topic requiring further research; in the meantime, the incorporation of 
Slocum’s formula (Eq. (3.22)) into the deflection-buckling charts in no 
way complicates their use for design, while the factors shown on Figs. 
D1 to D10 provide at least a token rational allowance for the effects of 
initial out-of-roundness and long-term deflection on ring buckling 
resistance.
4.4.4 Extension of the buckling theory to shallow depths of cover
As discussed in section 2.6.8, any modification to the soil spring 
constant governing buckling at shallow cover depths should logically be 
related to the buckling mode. Luscher’s (1966) derivation of a mode 0 
modification factor (Eq. (2.23)), based on the "equivalent soil cylinder" 
concept of Fig. 2.19(a), has accordingly been extended in Appendix C to 
the general case of deformation in mode n > 2. In Fig. 4.10 the 
theoretical reduction factor kg/kg applicable to the mode-dependent 
spring constant given by Eq. (3.18) or (3.19) has been plotted for each 
mode against the cover ratio parameter m defined by Eq. (4.7b). The 
curve for n = 2 shows only minimal sensitivity to the value of v*,
while for higher modes the influence of v* is entirely negligible.
The most significant feature of Fig. 4.10 is that, for any given
cover ratio, the effective soil stiffness for mode .2 buckling is reduced
much more than the corresponding stiffness for higher modes. If the
relationships for Fig. 4.10 are incorporated in the buckling formula, by
applying the appropriate k*/k factor to E* in Eq. (3.32), then it
s s s
transpires that the main effect of reducing soil cover is to extend the 
range of Y values over which the n = 2 buckling mode is critical. 
Furthermore, as is apparent from the modified deflection-buckling chart 
in Fig. 4.11, any reduction in buckling pressure is associated entirely 
•with the change of critical mode to n = 2. Wherever higher modes remain
critical, the associated value of k*/kg is very close to unity.
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Another interesting feature of Fig. 4.11 is that for low values of 
cover ratio H/D, but higher values of Y, the n = 2 buckling limit 
becomes horizontal, indicating that buckling pressure is independent of 
pipe stiffness? In order words, in very flexible systems, buckling 
is governed entirely by the thin arch of soil over the pipe crown, which 
collapses upon reaching a certain value of deflection. The description 
of this phenomenon by Fig. 4.11 should, however, be considered only 
qualitative, since the deflection formula (Eq. 3.31)) used to construct 
the chart is derived from the deep-burial model and would probably not 
apply to crown deflection of shallow-buried pipe.
Since the analysis of Appendix C is only strictly valid for uniform 
loading, any quantitative data derived for design of shallow-buried 
structures should also be based on uniform response. Fig. 4.12 shows 
the theoretical effect of reducing cover ratio on uniform buckling 
pressure. This plot has been converted in Fig. 4.13 to a design chart 
giving factors to aPP^Y to deep-pipe buckling pressure as a 
function of cover ratio H/D and flexural stiffness ratio Y.
The principal features of Fig. 4.13 are as follows:
(i) For any pipe-soil combination giving a value of Y 
in the flexible range, reducing the depth of soil 
cover has no effect on the buckling resistance of 
the pipe until a certain critical depth is reached 
at which the buckling mode changes from a short­
wave mode (i.e. n > 2 ) to large-wave snap-through 
of the crown (i.e. n = 2; see also Fig. 3.9).
Where this crown collapse mechanism operates, the 
buckling pressure becomes very sensitive to the 
depth of soil cover.
(ii) The critical depth of cover at which the change
of buckling mode occurs decreases as the pipe-soil
" E^.g. compare with Fig. 3.12 or D12 where horizontal lines in the flexible 
system range correspond to a constant value of p^/E*.
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system becomes more flexible (i.e. with 
increasing Y)t
Both these phenomena are confirmed by existing experimental data.
Fig. 4.14 compares buckling pressure reduction factors derived from the 
results of model tests by Albritton (1968) with the theoretical prediction 
for the corresponding mean Y-value. Albritton carried out a series of 
overpressure tests on thin-wall aluminium pipes buried in sand which were 
identical in every respect except the depth of cover. As discussed in 
Appendix E, which includes a full analysis of the test results, initial 
out-of-roundness of the pipes was not as well controlled as in, say, 
Allgood’s (1968) tests, and this accounts at least in part for the scatter 
of high-mode buckling pressures at the deeper covers. For the purpose of 
plotting the results on Fig. 4.14, the mean of the observed buckling 
pressures for H/D > 0.75 was taken to correspond to = 1. The results 
exhibit a change of buckling mode to snap-through of the crown at about 
H/D = 0.5, which agrees well with the theoretical prediction. At lower 
cover depths, the theoretical drop in n = 2 buckling pressure follows the 
general trend of the data, though erring slightly on the safe side.
This is possibly because the theory neglects any lateral restraint of 
mode 2 deformation due to soil lying outside the "equivalent cylinder" 
of thickness H around the pipe.
The second feature described above is born out by the collective 
results of many dynamic overpressure tests reported by Bulson (1969).
Model pipes of brass and steel were tested in both clay and sand backfill 
over a range of cover depths. The results were summarised by Bulson as 
shown in Fig. 4.15, indicating the change of mode from "rim buckling"
(high n) to "roof caving" (n = 2) as cover was decreased. The point to 
note is that the cover ratio H/D at which the change of buckling mode 
occurred was lowest for the brass-sand (weaker pipe, stiffer soil) 
combination, and highest for the steel-clay (stiffer pipe, weaker soil)
Note that for Y less than about 6000 the critical depth of cover could 
in theory be greater than one. This is a minor exception to the stated 
limit of H/D = 1 for general validity of the deep-burial assumption 
(ref. section 3.9.4).
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combination. This reflects the qualitative^ relationship between 
critical cover depth and Y-value predicted by the theory of Fig. 4.13.
Although further data would be required for a full quantitative 
validation of the proposed theory, this implied and demonstrated relation­
ship between critical cover depth and flexural stiffness ratio has some 
immediate practical implications. A common design criterion for certain 
classes of shallow-buried structure, such as embankment underpasses or 
underground blast shelters, is to achieve the minimum cover depth 
compatible with the required buckling resistance of the pipe ring. The 
theory suggests that the optimum depth of cover is that which just ensures 
that buckling occurs in a short-wave mode and not by snap-through of the 
crown. Further, if for a given cover depth and initial selection of pipe 
and soil it is found that crown collapse may be critical, the most 
efficient way of improving stability of the structure will be to increase 
the stiffness and strength of the soil above and around the pipe. The 
usual benefits of increasing the stiffness of the pipe (ref. Eq. (3.25)) 
would, in such circumstances, be offset by the detrimental effect (ref. 
Fig. 4.13) of the associated drop in Y-value.
The most serious limitation of the above theory is that it assumes 
applied loads to be uniform, whereas for many shallow-buried pipes the 
critical condition will be produced by concentrated surcharge. Fig.
4.13 nevertheless goes much further than any previous design chart or 
theory in describing the nature and mechanisms of buried pipe buckling 
at shallow cover depths. Any fresh light that this section has thrown 
on the subject is due simply to having followed through a consistent 
analysis of what is still, after all, a highly idealised theoretical 
model.
4.5 Ring deflection due to differential ground movement
As discussed in section 2.8.2, differential ground movement can
Unfortunately a quantitative analysis of Bulson1s extensive data is 
not possible as he does not report any ring deflection measurements 
or relevant soil test results from which the operative Y-value in 
each test series could be estimated.
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cause longitudinal bending of a pipeline, leading in turn to local 
increases in ring deflection. For an initially straight pipe without 
soil support, the ring deflection 6^ due to longitudinal curvature 1 /R^ 
is given by Eq. (2.25). . For a buried pipe, it may be shown by 
reference to Eq. (3.31b) that the effect of elastic soil restraint in 
the plane of the pipe cross-section is to reduce this component of ring 
deflection by a factor 108/(108 + Y), giving:
Further, according to an elastic analysis of the beam behaviour of buried 
pipelines by Crofts et al. (1977), the longitudinal curvature produced by 
a step differential ground movement of magnitude x may be expressed:
So long as radii remain fairly large, it seems reasonable to assume 
that longitudinal shearing action of the soil will not contribute
the pipe ring in an elastic continuum. This is, in effect, the analysis 
carried out by Barnard (ref. section 2.4.4), except that the equivalent 
footing width in his sidewise settlement calculation must be taken as the 
full diameter of the pipe as opposed to the central 100° arc. By 
suitable geometric adjustment of Eq. (2.6), the spring constant may
^See general comments on discrete spring models of soil elasticity 
in secton 2.7.2.
6.L
(4.20)
where k is the soil spring constant restraining lateral beam deflection
and E I is the longitudinal bending stiffness of the pipe. For a
P  E
circular section:
I.
16
(4.21)
L
greatly to the restraint of lateral beam deflection of the pipe? As
a first approximation, therefore, the spring constant k may be derived
JLt
from a two-dimensional analysis of the restraint of rigid body motion of
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be expressed:
k. 1 .0 E- (4.22)
L
s
D
Combination of Eqs. (4.19) to (4.22) then yields a direct relationship 
between ring deflection, differential ground movement and flexural 
stiffness ratio, as follows:
Eq. (4.23) is a conservative formula for design purposes since differ­
ential ground movement is not likely in practice to occur as a step, 
but would develop over some finite length of the pipe, leading to less 
severe bending.
The second bracketed term of Eq. (4.23) expresses the overall 
influence of three-dimensional soil restraint on settlement-induced 
deflection of pipes. The fact that this term increases with increasing 
Y, to reach an asymptotic value of 1 in flexible systems, implies that 
where a flexible pipe is laid in weak ground liable to irregular sub­
sidence (e.g. in mining areas), the use of stiff backfill material 
would tend to promote rather than prevent local ring deflection.
On the other hand, the first bracketed term of Eq. (4.23) implies 
that only small diameter pipes would be affected in this way. The 
absolute ring deflection (5^D) generated by a given differential ground 
movement a: varies in inverse proportion to the pipe diameter D. 
Deflections expressed as a percentage therefore diminish rapidly with 
increasing pipe diameter. As examples of the sensitivity of flexible 
systems, the maximum ring deflection caused by a 40 mm differential 
ground movement would be 4.3% in a 150 mm diameter pipe, 1.0% in a 
300 mm pipe, but only 0.1% in a 1000 mm pipe. These figures apply to 
initially circular pipes. If some ring deflection had already been 
sustained due to distortional loading in the plane of the cross-section, 
the deflection increments due to longitudinal bending would in theory be 
greater; however, the inherent conservatism of Eq. (4.23) would almost 
certainly cover for such non-linearities in practice.
2
108 + Y
Y
(4.23)
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Where the value of 6T predicted by Eq. (4.23) is found to be
±j .
significant, it may be treated as a component of the long-term deflection 
increment 6 and incorporated into the general design procedure as 
indicated in section 3.8.
4.6 Use of the charts for design
4.6.1 Deflection-buckling charts
This section outlines briefly the simple manner in which the set of 
charts in Appendix D may be used for simultaneous deflection and buckling 
design of any buried pipe cross-section subject to known external loads.
In order to demonstrate clearly the basic operation and versatility of 
the charts, it is assumed here that a = = 1 and that 6 ^ is negligible,
as indeed will be the case for the majority of practical systems (ref. 
sections 3.5.2 and 3.5.4). /
As an aid to design, contours of factor of safety F against buckling
have been constructed parallel to the buckling limits (ref. annotated
chart of Fig. D12) on Figs. D1 to D10. In this way whenever a maximum
ring deflection 6 and minimum factor of safety F . are specified for a 
a J m m  r
particular installation, an allowable working zone may be identified on
each chart. Neglecting any initial out-of-roundness or long-term
deflection 6^  i-n the first instance, this allowable working zone will be
bounded by the lines 6 * = 6 and F = F . as shown on Fig. 4.16(a).
y a m m
Then the minimum value of E* or required for both stiffness and
stability of a system subject to known uniform and distortional pressures
p and p may be determined by a single entry on the appropriate chart, 
z y
The method of reading the chart depends on which parameter is unknown, 
and is illustrated for two common design cases on Fig. 4.16(b).
'Design case 1: Where the pipe ring has already been dimensioned for
internal pressure, handling or other requirements and 
it is necessary to design the backfill, the minimum value of Y (and so 
of soil stiffness E*) may be read by entering the value of p /Sf on the
s y t
abscissa of the chart and projecting this upwards to the boundary of the 
allowable working zone.
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Design case 2 : Where fill of known stiffness E* is available and the
pipe cross-section is to be optimised, the maximum 
value of Y (and hence minimum required) may be read by tracing the 
appropriate P /E* line across to the boundary of the allowable working 
zone.
In either case, the boundary intersected may be the line 6 * = 6 ^, 
implying that the deflection is critical, or the line F = E implying
that buckling is critical. Frequently in design it will be necessary 
to consider a range of values of the load distribution parameter p^/ap^, 
because of uncertain horizontal loading (see next chapter). In such 
circumstances, the following simple rules will lead to safe design:
(i) Where deflection is critical, use the chart
corresponding to the maximum probable value
of p /ap . y z
(ii) Where buckling is critical, use the chart
corresponding to the minimum probable value
of p /ap . 
y z
Actual numerical examples of the above design procedures are given 
elsewhere (Gumbel et al., 1982). These serve to reinforce the comments 
made in section 4.2 about the importance of the lateral pressure ratio 
generated by compaction of soil around the pipe.
Finally, the effects of initial out-of-roundness and long-term
deflection 6 0 may be checked. The allowable value of incremental 
y3
deflection becomes 6 * «  6 - ( 6 + 6  _), and the predicted buckling
y a yo y3 .
pressure must be factored by read from the lower charts of Figs. D1 -
D10. Where appropriate, additional factors an(^  bg* read from Figs.
3.10 and 4.13 respectively, may be applied to the buckling pressure in
respect of yield and shallow burial effects. To incorporate these
refinements into the chart-reading procedure of Fig. 4.16, the buckling
boundary of the allowable working zone may be adjusted locally to the
line F = (F- . Jyx jj jj ) .
m m  1 2* i
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4.6.2 Hoop thrust coefficients
Fig. 3.11 used in conjunction with the deflection-buckling charts 
of Appendix D serves to define the complete two-dimensional stress 
state in the buried pipe ring. The various formulae which are needed 
for the design calculation of hoop stress resultants have been collected 
from Chapter 3 and are summarised below for convenience. The sign 
convention used is described in section 3.2.1 and illustrated on Fig. 3.3.
Eq. (3.5b)
Eq. (3.6)
Eqs. (3.9) 
and (3.16)
Eq. (3.5c) 
Eq. (3.17)
The value of 6 ( «  6 * + 6 + 6 „) for use in the above formulae
y y  ^ yo y3 ^
is obtained from the appropriate chart in Appendix D. (If 6 * lies off 
the bottom of the relevant chart, Eq. (3.31b) may be used instead, 
since deflection will then be essentially first-order).
Provided no special negative arching factors apply (ref. section 
4.3.6), it may be assumed that a = read from Fig. 3.11. For 
preliminary design it is sufficient to set a = 1 .
In order to make safe but not unduly conservative allowance for any 
possible interface slippage condition (ref. section 3.5. 1) the following 
rules may be applied when selecting a design value of $•
(i) if pipe material is susceptible to brittle failure, 
make conservative assumption of no slippage, i.e. 
use 3 from Fig. 3.11.
Summary of design formulae .
Hoop thrust N = N + N cos 2$
z y
where Nz = aPzR
( 0.6256 )
and N = N + N = 3p R | 1 + 7 -- 1-^-, f
y yi y2 *y (p,7/ap )y t. )
Bending moment M = M^cos 2$
•i .6 E*I .
where M = p . 6
y ~ D —  ■
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(ii) if pipe material is ductile, it is safe to assume 
full slippage and use 3^s from Fig. 3.11. This 
is because any yield of the pipe wall will tend 
to relieve local interface shear stresses.
4.6.3 Selection of design parameters
The basic parameters used as input or output in the design processes 
just described may be grouped as follows:
(i) Pipe properties: ring stiffness and diameter/
thickness ratio D/t.
(ii) Performance criteria: allowable deflection 6 ,cL
factor of safety against buckling Fm £n » yield 
stress f ■ (or other limiting stress condition).
(iii) External loads: uniform and distortional components 
p^ and p (entailing knowledge of lateral pressure 
ratio K).
(iv) Soil property: equivalent elastic modulus Eg.
Determination of pipe properties (where used as input) is generally
straightforward. The diameter D is first selected from functional or
hydraulic considerations. The initial choice of wall thickness t will
be determined in the case of a pressure pipe from the allowable hoop
tensile stress, and in the case of non-pressure pipes from the minimum
stiffness required for handling (see for example AISI, 1971; Compston
et al., 1978). In either case, an additional thickness may be allowed
for corrosion and abrasion. Finally, the flexural ring stiffness 
3
= E*/12(D/t) may be calculated from the chosen section geometry, and 
^
the short-term elastic properties of the pipe material.
"^Some care is needed in interpreting manufacturer’s data for pipes made of 
non-linear materials such as reinforced plastics. Such pipes are often 
classified according to ring stiffness (e.g. to B.S.5480:Part 1:1977), but 
the two or three-edge bearing test used for quality control fails to take 
account of the possible influence of uniform hoop compression on ring 
bending response in the ground. Tests reported by Howard & Selander (1974) 
demonstrate the irregular behaviour of reinforced plastic pipes compared 
with steel pipes of the same apparent ring stiffness; the particularly high 
deflections observed in multi-layer composite (Reinforced Plastic Matrix) 
pipes are probably due to large shear deformations of the wall. For plastic 
pipes in general, see comment in footnote to section 3.8.1 regarding the 
use of short-term as opposed to "creep modulus" for design.
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Performance criteria are generally self-explanatory. The 
serviceability requirements governing allowable deflection 6 include
Si
maintaining integrity of linings and watertightness of joints, as well
as the more obvious considerations of section shape. As an alternative
to a single factor of safety F . applied to the combined external
m m  rr
loading, it may be appropriate to apply partial load factors to the 
various load components (e.g. see CIRIA, 1971) and then to work to the 
F = 1 buckling limit on the deflection-buckling charts. The limiting 
stress f adopted for design of plastic pipes should take account of the 
possibilities of brittle fracture (Marshall & Williams, 1974) and fatigue 
failure (Gotham & Hitch, 1975; Stapel, 1977).
For deeply buried pipes, the estimation of system external loads 
using the simple concepts of Figs. 3.1 and 3.2 present no particular 
difficulty, and section 4.6.1 has already discussed how to deal with 
uncertainty in the value of K. For relatively shallow burial depths, 
the representation of backfill weight and concentrated surcharge as 
equivalent uniform pressures is not so straightforward, and has yet to 
be considered in detail.
Finally, there remains the soil modulus E*-, probably the most 
important parameter governing flexible pipe response and yet the most 
difficult to quantify.
The estimation of equivalent loads and soil properties is of 
sufficient importance to warrant a chapter of its own.
157
Ground surface
 777SS77SS7/
■Kp'^dhwB.dh
■K ir  dhV + d V
a) Vertical-sliding-surface 
analysis for trench case 
(Marston, 1913)
<s.
W<w s
b) Simple prism load concept 
(after White 5 Layer, 1960)
F i l l  S u r f a c e
P  +  d P
D i f f e r e n t i a !  
S o i l  A r c h
L o c a t i o n  o f  S o i l  
A r c h  S u p p o r t  i s  a t  
L o c a t i o n  o f  M a x i m u m  
S h e a r  S t r e s s  B e f o r e  
S o i l  A r c h  F o r m e d
c) Neilson’s (1967b) soil-arch theory
Fig. 4.1 Some current arching concepts
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Fig. 4.6 Earth pressure on a flexible pipe laid directly 
on a hard bedding (after Gaube et al., 1969)
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CHAPTER 5
ESTIMATION'OF EQUIVALENT LOADS AND SOIL PROPERTIES FOR'DESIGN
5.1 Calculation of equivalent system loads
5.1.1 Definition of equivalent loading
In the theoretical model of Chapter 3, external loads on the pipe-
soil structure are represented by uniform vertical and horizontal
pressures p^ and P^* The simple definition of p^ and p^ given in
section 3.1.4 (see also Fig. 3.1) is only strictly applicable to systems
with large cover ratios H/D in which the free-field soil total stresses
do not vary greatly over the height and breadth of the pipe. For cover
ratios less than about 2.5, the vertical pressure will be significantly
relieved by the weight of soil displaced by the pipe, and furthermore,
surcharge pressures will attenuate rapidly over the height of the pipe.
In such circumstances the equivalent external loads on the system are
defined as those values of p^ and p^ which, when applied to the theoretical
model, lead to correct predictions of mean thrust N and peak thrust
z
Nz + Ny in the pipe ring.
The equivalent values of p^ and p^ (or p^ and p^) for any particular 
loading or cover configuration can be determined most reliably from the 
ring thrust distribution predicted by elastic finite element analysis?
The thrust components Nz and N^ may be deduced from the predicted distri­
bution in the manner described in section 4.3.2, and then converted to 
equivalent pressures pz and p^ by using the theoretical coefficients a 
and 3 in Eqs. (3.6) and (3.9).
Equivalent loading could not be determined so reliably from experimental 
hoop thrust distributions due to the uncertain effects of frictional 
arching and partial interface slippage on the operative values of a and 
3 (ref. section 4.3.4).
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No finite element analysis has been carried out as part of the 
present research programme; but pending the outcome of any future 
comprehensive studies, some approximate load calculation procedures 
have been developed which should be adequate for design of buried pipes 
with cover of one diameter or more. These procedures are described in 
the following sections, and checked against individual finite element 
results already available in the literature. Finally, since the 
theoretical model assumes all loading to be applied through the elastic 
soil medium, the equivalent action of external and internal fluid 
pressure is also briefly considered.
5.1.2 Vertical and horizontal backfill loads
The vertical and horizontal soil stresses at axis level of a pipe 
diameter D due to backfill of mean bulk unit weight y extending to a 
height H above the pipe crown will be:
Pvd = Y(H + D/2) (5.ia)
Phd = Kd * Y(H + D/2) (5.1b)
where K^, defined by Eq. (5.1b), is termed the dead load lateral pressure
ratio. will in general be a function of both backfill properties and
method of construction, the latter including the method and degree of
compaction, the proximity of trench walls and the sequence of removal of
trench supports during backfilling. The estimation of K, values for
d
design will be discussed in later sections of this chapter; for the 
present it will be assumed that is known so that the equivalent back­
fill loading on relatively shallow-buried pipes may first be developed 
from Eqs.(5.1).
As a first approximation, the weight of soil displaced by the upper 
half of the pipe may be represented in the elastic theory model by an 
upward vertical pressure, applied at the pipe-soil interface, and 
uniformly distributed over the width of the pipe. If the weight of the 
pipe itself is neglected, the magnitude of this interface pressure 
decrement will be:
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( A p , ) .  -  f - T D (5.2)
having uniform and distortional components:
(Ap ) . = (Ap ) . = it_ yD (5.3)
7  16
These are equivalent to decreases of the corresponding distant boundary 
pressures:
Ap = i =__%_ (1 + v*) yD (5.4a)
Z A 32 s
and Ap = .
y X 64
^ P y )i •_ % ( 3 - v*) yD (5.4b)
y
so that the vertical and horizontal backfill pressures in Eqs. (5.1) 
will be decreased respectively by:
Ap = 7 7  (5 + v*) yD (5.5a)
v 64 s
and Ap, = -77- (3v}V ~ 1) yD (5.5b)
h 64 s
Subtracting Eqs. (5.5) from Eqs. (5.1), it is found that, over the full
range of probable v* and K, values, the net backfill pressures may be
s d
expressed to a good approximation as:
Pvd = y(H + D/4) (5.6a)
Phd = Kd * Y H^ + (5.6b)
In other words, the appropriate level for calculation of equivalent 
vertical backfill pressure is at D/4 below the pipe crown, while the 
equivalent horizontal pressure remains equal to the free-field soil 
stress at pipe mid-height. This contrasts with current design practice 
which invokes the prism load concept (Fig. 4.1(b)) to compute vertical 
pressure at pipe crown level, and Ring Compression Theory (Fig. 2.1) to 
equate vertical and horizontal soil pressures, giving:
171
Although various investigators have reported finite element analyses 
which simulate gravity loading and even layered construction of the fill 
around a buried pipe, it appears that only Duncan (1979) has published 
predictions of the resultant hoop thrust distribution in a circular pipe 
ring. For the case of a pipe with cover H = D/4, Duncan’s results (Fig. 
3 in his paper) indicate that the traditional design assumption of Eq. 
(5.7) would underestimate the mean hoop thrust by more than a third.
The proposed design formula (Eq. (5.6)) would give a much closer 
prediction, although no detailed check on accuracy is possible because 
the effective value of in Duncan’s non-linear analysis cannot be 
precisely ascertained. However, assuming that for the simulated 
medium dense sand was in the range 0.35 to 0.45^ the mean hoop thrust 
predicted by Eq. (5.6) would have been accurate to within 10%, any error 
being on the safe side.
As discussed in the previous section, the proposed design formulae 
for backfill pressure could be more thoroughly checked and possibly 
refined by a series of simple, linear elastic finite element analyses 
covering a range of H/D values. It is nevertheless clear from the above 
example that to equate pipe loading to the overburden pressure at the 
crown can lead to serious design errors if cover is shallow, and this is 
further evidence of the need to abandon the prism load concept.
5.1.3 Concentrated surcharge
Doderer (1970) has established by finite element analysis that the 
presence of a buried cylinder at a depth of cover greater than one 
diameter does not significantly perturb the stress field generated by 
point loads acting on the surface of a semi-infinite elastic medium.
This justifies the use of the standard. Boussinesq stress distributions 
(Poulos & Davis, 1974) to determine the equivalent surcharge pressures 
Pvt and p acting on a buried pipe, subject to the restriction H/D > 1.
^Duncan's analysis did not simulate compaction stresses (ref. section 
2.5.6), so that the soil would have been in an "at rest" condition.
But because surcharge pressure attenuates in a non-linear fashion with 
depth, the vertical Boussinesq component computed at pipe axis level, 
in accordance with Fig. 3.1, tends to underestimate the true equivalent 
system pressure P Where groups of point loads are involved, this
error becomes more serious as cover is decreased.
The equivalent load calculation may be rendered safe, at least for
H/D ^ 1, by redefining p t as the mean vertical surcharge pressure acting
on a horizontal plane of width D at pipe crown level (see Fig. 5.1).
The definition of p as the horizontal stress at the pipe axis is
unchanged. The advantage of this slightly conservative definition is
that maximum values of p due to standard traffic surcharges applicable
in the U.K. have already been calculated by Clarke and Young (1962) as
described in section 2.8.3. Simple pressure-depth profiles derived from
Clarke & Young’s charts and applicable to large cover ratios are shown on
Fig. 5.2. The reductions in.P t due to lateral attentuation of pressure
at H/D = 1 are too small to be worth considering in design. On the other
hand, since the standard traffic surcharges, especially type HB loading,
consist of a spread of surface point loads, the value of horizontal stress
p, associated with the maximum p  ^ will not in general be zero. Thus 
rht vt
for design it will be necessary to derive plots of p ■ similar to the pvfc 
curves of Fig. 5.2: this has yet to be done.
The validity of the proposed calculation procedure at the limiting
value of H/D = 1 may be demonstrated by reference to the results of
Anand’s finite element analysis shown in Fig. 2.12. Various predictions
of equivalent uniform and distortional pressures, p and p t , due to
surcharges of different widths b (ref. Fig. 2.12(a)) are compared on
Fig. 5.3. On this figure the equivalent system pressures have been
normalised with respect to Q/D (where Q = p.b is the total surcharge
load, and D the pipe diameter), and plotted against the relative load
width b/D. The discrete points shown are derived from Anand's theoretical
, +
hoop thrust distribution (Fig. 2.12(b)). These are compared with three
The hoop thrust distribution for the point load case 4 is not included 
on Fig. 2.12(b), and so for this case only the equivalent system 
pressures have been derived from the interface pressure distributions 
given in Fig. 5 of Anand’s (1974) paper.
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versions of the Boussinesq calculation in.which the vertical pressure 
p has been computed at crown level (as indicated on Fig. 5.1), and
also at depths H + 0.1D and H + 0.2D below the ground surface. It may
be seen.that the optimum depth at which to calculate p by the 
Boussinesq method (i.e. to achieve the best agreement with the finite 
element results) is between H + 0.1D and H + 0.2D; the proposed
calculation at depth H (crown level) errs slightly on the safe side but
is. nowhere unduly conservative.
5.1.4 External and internal fluid pressure
If the groundwater table rises above pipe crown level, the associated
reduction in soil effective stresses will tend to produce a slightly more
uniform distribution of system loading. But since any increase in
horizontal total stress indicated by a full effective stress analysis is
likely to be of the same order as the uncertainty in the value of K^, the
simpler use of Eqs. (5.1) or (5.6) will remain adequate for design
provided the mean bulk unit weight y is adjusted to include for the effect
of saturation. An exception is the case of underwater installations,
for which the submerged unit weight y 1 may be used in Eqs. (5.1) or (5.6)
to determine the vertical and horizontal soil effective stresses. The
hydrostatic pressure p at pipe axis level may then be considered
w
directly as a component of uniform system pressure p^.
Partial vacuum conditions inside the pipe will increase the net
external fluid pressure on the system, so that any reduction in internal
pressure below atmospheric, p , should be added to p^ in the same way as
p . Other design literature (e.g. Compston et'al., 1978) recommends 
w
treating p as a pressure applied by the atmosphere at the ground 
9
surface, which then generates distortional as well as uniform system 
loading; but this hypothesis can be refuted on two counts.
First, there is experimental evidence that reducing the pressure 
inside a circular buried cylinder produces no distortion. Atkinson 
et al. (1975) have reported model tests in which lined tunnels in clay 
were loaded first by reducing the internal tunnel pressure., and 
subsequently by increasing the surface pressure. Results of a typical 
test illustrated in Fig. 5.4 show that ring deflection occurred only
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during the latter surface loading stage, while no detectable diameter 
change was caused by the reduction of internal pressure.
Secondly, the equivalent overpressure hypothesis implies a real 
increase in the soil effective stresses between the pipe crown and the 
ground surface, whereas the more probable result of vacuum loading will 
be a decrease in effective interface stresses.
Finally, if the soil effective stresses are sufficiently reduced 
due to net external fluid pressure (i.e. groundwater plus internal 
vacuum), then the critical buckling mode may change from multi-wave to 
single-wave, as discussed in section 2.6.5. Although the empirical 
factor of 1/4 on the soil spring constant (Eq. (3.19)) in the proposed 
formula for multi-wave buckling pressure (Eq. (3.32)) should safely 
cover for this eventuality (ref. Fig. 2.16)  ^ it may be appropriate to 
make some additional reduction in the E* value assumed for design. 
Further, if very flexible (high Y) systems are subject to large external 
fluid pressures, the single-wave buckling pressure may approach the 
asymptote dictated by the compression stiffness of the pipe. In such 
circumstances, and in order to allow for imperfection sensitivity, it 
is suggested that the initial choice of pipe wall thickness should be 
such as to provide a safety factor of at least 4 on the limiting hydro­
static pressure indicated by Eq. (2.20).
5.2 Estimation of equivalent elastic properties of backfill soil
5.2.1 Definition of equivalent backfill modulus E*
The theoretical model of Chapter 3 uses a single parameter E* - an
elastic plane strain modulus - to characterise the structural properties
of the backfill soil. As discussed in section 2.7.1, the properties of
real soils are far removed from the linear elastic idealisation of the
theory, and so for design purposes it is necessary to represent backfill
response by an equivalent elastic modulus. This equivalent modulus is
defined as the value of E* which when entered in the theoretical.design
s
charts leads to a correct prediction of pipe ring deflection under a 
given set of loads.
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It is important to appreciate that the modulus E* defined in this 
way is a measure of the bulk response of the backfill soil. It cannot 
be measured directly in any compressibility test performed on a small 
soil sample. This is because the deformation characteristics of soils 
are sensitive to stress path and stress history (see, for example. Ladd 
et al., 1977), both of which vary from point to point in the zone of 
interaction stress around a buried pipe. Thus the only sure way to 
obtain the appropriate E* values for design is by back-analysis of load- 
deflection data obtained from field installations or large-scale model 
tests of buried flexible pipe.
5.2.2 Data requirements for the rational back-analysis of equivalent
E* values 
s
Equivalent E* values may be read from the deflection-buckling charts 
(Figs. D1 to D10) provided the parameters 6 *, S^, p^ and apz are known.
In interpreting deflection data, 6 may generally be taken as the
mean of measured vertical and horizontal diameter changes, i.e.
6 = 2 (6 ” 6,), as defined in Fig. 3.4. This of course assumes that
y v h
the pipe ring deforms in the usual elliptical (mode 2 ) pattern, which may
not be the case if loading is essentially hydrostatic, as in saturated
clay fill (e.g. see Tammirinne & Jaaskelainen, 1977). Where mode 2
deflections are large and the observed section shape is obviously not
symmetrical about the horizontal axis (ref. section 3.9.2), a more
reliable indication of 6^ will be given simply by 6^, subject to
correction for geometric non-linearity (ref. Fig. 3.15(b)) and also
where appropriate for uniform deflection (ref. Fig. 3.4). The
incremental deflection 6 * «  6 - ( 6 + 6 „) may be obtained as the short-
y y yo y3
term value of 6 referred to some datum which eliminates the effects of
y
initial out-of-roundness (e.g. section shape on completion of backfilling 
to pipe crown level).
The evaluation of pipe ring stiffness is straightforward enough, 
and if required the uniform interface pressure ap^ may be accurately 
determined by measuring the mean hoop thrust in the pipe ring (ref. 
section 4.3.2). But due.to the difficulty of measuring or assessing 
the free-field horizontal soil stress p^, it is not always possible to
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obtain a reliable estimate of the distortional pressure p .
Where the backfill is a uniform, normally consolidated, granular 
material, as in most of the laboratory experiments analysed in Appendix 
E, it is possible to estimate the "at rest" earth pressure coefficient 
from the frictional properties of the soil, for example using JakyTs 
(1944) formula:
K = 1 - sin , c p r . (5.8)
o
In many prototype installations, however, some compaction is applied to 
the backfill, and as a result the dead load lateral pressure ratio is 
more dependent on the compactive effort and degree of confinement than 
on the intrinsic properties of the soil (Sowers et al., 1957). Field 
measurement of the residual lateral stress in soil due to compaction is 
not easy because the introduction of pressure sensing devices tends to 
interfere with the normal fill placement and compaction procedures.
In trench situations this difficulty could be avoided by placing cells 
to measure horizontal earth pressure flush with the trench walls; but 
unless the trench was more than three diameters wide, cells placed at 
pipe axis level would lie x^ithin the interaction zone of stress. One 
way round this, suggested by the definition of Fig. 3.1, would be to 
measure the free-field horizontal soil stress in a special trench back­
filling trial with the pipe absent; but now the potential influence on 
compaction stresses of the shape and flexibility of the pipe wall would 
not be represented. Furthermore, it is not obvious how such a technique 
could be used to detect the likely relief of compaction stresses due to 
the withdrawal of trench supports during backfilling.
The direct measurement of free-field lateral stresses in pipe backfill 
is clearly a topic requiring further research. In the meantime some 
indirect means of assessing operative K-values must be sought. Methods 
already developed for estimating the pressure of compacted fill on 
retaining walls (e.g. Ingold, 1979) could provide a preliminary indication 
of the levels of lateral stress to be expected; but it is by no means 
certain that such methods would remain valid in the special conditions 
applicable to pipe backfill. For the present, therefore, it is necessary 
to treat K like E* as an equivalent design parameter which must be deduced
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in the first instance from measurements.of buried pipe performance.
5.2.3 Method of plotting load-deflection'data to extract values
of both E* and K 
s
In most large-scale loading tests of buried flexible pipe, such as
those reviewed by Howard (1977), the only data acquired or known with
any certainty are the vertical pressure p , pipe stiffness and ring
deflection 6 ^. Measured deflections are generally small enough to be
considered essentially first-order, i.e. 6 «  6 <, so that combination
y y 1
of Eqs. (3.31b) and (4.1) yields the following simple governing relation­
ship:
2(1 - K)p
6y = 108S + E* (5-9a)
J ' f s
or rearranging: .
E* (1 - K) p
Sf + 108 = 54 ’ 6“  (5.9b)
y
The form of Eq. (5.9b) suggests a method of solving for the two unknowns
E* and K from the results of a series of load-deflection tests.on pipes
of different ring stiffness buried in identical conditions (i.e. same
soil type and construction procedure). A plot of pipe ring stiffness
against the apparent vertical stiffness P /-6 of the pipe-soil system
should yield a straight line having slope (1 - K)/54 and intercept on the
Sr; axis of -E*/108. 
f s
Two examples of such plots, using load-deflection data from Galili 
et al.'s (1978) soil-box tests of asbestos cement pipe, are shown on 
Fig. 5.5(a). The soil used was a uniform fine sand compacted to two 
different densities, giving angles of internal friction cp' of 31° and 
34° respectively in the loose (85% Proctor) and dense (97% Proctor) 
states. Because of anticipated non-linearity of the soil stress-strain 
response, the points plotted on Fig. 5.5(a) all correspond to the same 
value of applied surface pressure p . Both sets of points exhibit some 
scatter, which may be attributed to slight variations of K-value from 
test to test: accordingly, the scatter is greater for the more highly
compacted (97% Proctor) material. Despite this scatter, the intercepts
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of least squares regression lines drawn through each set of points
yield E* values of the order expected. Due to the effects of compaction, 
s
the K-values derived from the slopes of the regression lines might have • 
been expected to be greater than those predicted by Eq. (5.9) for a normally 
consolidated deposit; but bearing in mind the approximate nature of 
Jaky's formula (Ladd et al.,1977, p.433), and general experimental 
uncertainties, the values shown on Fig. 5.5(a) appear quite reasonable 
even if a little on the low side.
By repeating the graphical analysis of Fig. 5.5(a) for different 
values of p^, it has been possible in Fig. 5.5(b) to construct plots of 
secant E* and K values as functions of applied overpressure. In the
case of the looser sand backfill neither E* or K changes appreciably with 
applied load, but the corresponding curves for the more densely compacted 
material exhibit the expected non-linear features. The equivalent 
modulus E* of the dense sand backfill virtually doubles as the vertical 
pressure increases from 50 to 200 kN/m* (corresponding to fill heights 
of about 3 to 12 metres in the field). The initial decrease and subse­
quent levelling out of the apparent K-value is evidence of some locked- 
in lateral stress due to compaction.
In a comparable series of laboratory box-tests of steel pipe in 
compacted clay, Howard (1972) observed an apparent "seating pressure" 
which had to be overcome before an approximately linear load-deflection 
response developed (see Fig..5.6 (a)). This again could be construed 
as evidence of locked-in compaction stresses: the seating pressure in
1 0 0 % density clay was found to be twice that in clay compacted to 90% 
density. The admittedly idealised shapes of the curves in Fig. 5.6(a) 
suggest that horizontal loading on buried pipes could be considered as 
the sum of two components:
(i) a locked-in stress p, = (1 - K )p due to
ho o rvo
compaction,where p^Q is the apparent vertical 
seating pressure; plus
(ii) an incremental stress p* = K p due to applied
h o v
vertical pressure.
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In this way, there is ho net distortional loading until p^ exceeds PVQ *
The coefficient K is here taken to be the ratio of an increment of 
o
horizontal stress to the corresponding increment of vertical pressure, 
as defined by Andrawes & El-Sohby (1973).
In Fig. 5.6(b), Howard's test results for 90% clay backfill have
been plotted as Sr versus (p - p ) / 6  , and the slope of the regression 
f v vo y
line then yields a value of incremental Kq, in this case equal to 0.61. 
This may be compared with the range of Kq from 0.38 to 0.72 which was 
indicated in the tests by direct measurements of horizontal earth 
pressure acting on the walls of the soil container (Howard, 1970, p.15). 
The wide variation of lateral pressure ratio observed in these tests 
explains the considerable scatter of the points plotted on Fig. 5.6(b). 
Despite this scatter, the E* value of 1.2 MN/m2 derived from the intercept 
of the regression line is close to the average of equivalent soil modulus 
back-calculated from individual test data using the measured value of K 
in each case.
The plotting technique used in Fig. 5.5(a) and 5.6(b) would appear 
to have considerable potential as a method of deriving secant or tangent 
E* and K values for buried pipe design. Although the examples given so 
far have made use of data from controlled laboratory tests, the real 
advantage of the method is that the instrumentation requirements are 
simple enough (basically only vertical and horizontal diameter changes 
need be monitored, assuming the free-field.vertical pressure p^ can be 
reliably estimated) for data to be collected in the field. Two basic 
conditions must, however, be fulfilled in order to obtain a well 
conditioned set of points for plotting, viz:
(i) The method of backfilling must be sufficiently 
repeatable to ensure that each pipe section is 
subject to the same loading (both vertical and 
horizontal) and that variations of soil stiffness 
are minimised. Because of the sensitivity of 
both E* and K to stress history of the soil, it 
would be necessary to exercise control over the 
precise fill placement and compaction procedure 
as well as the resulting density. This could
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best be achieved by laying sections of pipe 
of different stiffnesses consecutively in 
the same trial trench, or side by side (but 
at least two diameters apart) in an embankment.
A single backfilling and compaction operation 
covering all the pipes would then ensure 
reasonable consistency.
(ii) The range of pipe values selected for testing 
should be such as to produce pipe-soil systems 
with a good spread of stiffness ratios through 
the intermediate range, i.e. 10 Y < 1000.
Sets of data for predominantly flexible systems
(i.e. with Y > 1000) are unsuitable for this
method of analysis since deflection is then 
insensitive to the value of S^.
A careful search of existing field deflection records has brought
to light only two further sets of data which satisfy the above criteria,
and these have been plotted up on Fig. 5.7. Braune et al.’s (1929)
data yield secant values of E* and K for embankment loading in a slightly
compacted sand (see Fig. 5.7(a)). Trott & Gaunt (1976) recorded cyclic
deflections of shallow-buried pipe under a road due.to the passage of
construction traffic, from which in Fig. 5.7(b) the associated tangent
values of E* and K have been extracted. In the latter case the derived 
s
value of K = 0.67 is probably as much a reflection of the form of con­
centrated surcharge as of the properties of the well-compacted gravel fill 
(ref. section 5.1.3).
In neither of the plots in Fig..5.7 is there an ideal spread of 
points, since in each case the slope of the regression line is effectively 
fixed by a single deflection reading from the stiffest pipe tested. In 
any future field experiment planned with this method of analysis in mind, 
a greater proportion of measurements from near-rigid systems would 
obviously increase confidence in the derived backfill and loading para­
meters. While it may be necessary with the stiffer pipes to use more 
sensitive instruments to monitor diameter change than are currently used 
for very flexible pipes (e.g. de Putter & Elzink, 1981; Tammarinne &
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Soini, 1981), the deflection data acquired should be more reliable 
because stiffer pipes are less susceptible to irregular (non-elliptical) 
deformation.
5.2.4 Reinterpretation of existing empirical data
To carry out an exhaustive series of buried pipe loading tests in 
order to establish design values of E* and K for a wide range of soil 
types and backfill construction methods would be a major, long-term 
research undertaking. In the meantime it is necessary to make the 
best possible use of existing empirical backfill data, notwithstanding 
any shortcomings or omissions which prevent a rigorous analysis. The 
majority of such data accumulated over the past forty years or so is 
in the form of values of Spangler’s "Modulus of Soil Reaction", E T, 
for use in the Iowa deflection formula (Eq. (2.3)). Various theoretical 
and experimental methods which have been developed to evaluate E ’ are 
reviewed briefly here, so as to establish how and under what circumstances 
published E 1 values may be converted to corresponding values of rational 
backfill parameters. Extreme caution must in general be exercised, 
because several different definitions of E' are employed in the literature.
The original definition of E ’ based on Spangler’s concept of a 
"modulus of passive resistance" e (ref. Eq. (2.2) and Fig. 2.3) may be 
expressed:
E' = (5.10)
Ax/D
where a is the peak lateral earth pressure (i.e. radial pressure at the
springings), and Ax/D (= ”6^) is the relative increase of horizontal
diameter. As discussed in section 2.4.3, a is usually interpreted
x
as the net pipe-soil contact pressure at equilibrium. Some investigators 
(e.g. Gaunt et al., 1976; Trott & Stevens, 1979; Tammarinne & Soini,
1981) have applied the definition of Eq. (5.10) directly and obtained 
experimental E ’ values as the ratio of measured contact pressure to 
deflection of the pipe springings. Such E' values are a very poor 
index of backfill soil stiffness, being strongly dependent on the 
distribution of applied load and the overall structural properties of 
the pipe-soil system. This may be shown by reference to the expressions 
for radial interface pressure (Eq. (4.5)) and ring deflection (Eq. (3.10))
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derived from elastic continuum analysis. The influence on E' of pipe 
stiffness, originally brought to light by Parmelee & Corotis (1974), 
proves to be relatively minor and only significant in rigid or inter­
mediate (i.e. low Y) systems. For flexible (high Y) systems, the 
theoretical expression for E ’ based on the definition of Eq. (5.1.0), 
and assuming no interface slippage, reduces to:
(3 + v*> - 2 ( 1 - K )  ; EA (5.11a)
2(1 + v*)(1 - K)
s
or assuming full interface slippage:
s
E ’ Es . (5.11b)
2(1 - K)
Since in most experiments neither K nor v* nor the degree of interface 
slippage are known, no reliable interpretation of E' values obtained b> 
direct application'of Eq. (5.10) is usually possible.
Eqs. (5.11a) and (5.11b) contrast sharply with the corresponding 
approximate expressions derived from Burns & Richard’s (1964) analysis 
by Nielson (1967a) and Nielson & Statish (1972) respectively, viz:
No slippage: E ’ = 1«5Mg (5.12a)
Full slippage: E' = 0 ‘7Mg (5.12b)
where the constrained modulus M of the backfill soil is related to
s
the Young’s and plane strain moduli via elastic theory as:
M  = Es (1 ' V  = Es (5.13) .
(1 + v g ) ( 1 - 2 vs) _ vft2
s
Eq. (5.12a) is quoted widely in the literature (e.g. Molin, 1971;
Krizek et al., 1971; Jaaskelainen, 1973) as evidence that a simple 
relationship exists between E ’ and true soil properties, but comparison 
with Eq. (5.11a) shows it to be a misleading oversimplification which, 
can be seriously in error for values of K approaching 1. It seems 
that Nielson (1967a) arrived at Eq. (5.12a) by considering only a 
limited range of soil Poisson's ratio, and hence also of lateral
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pressure ratio K, given that the special boundary conditions of Burns
& Richard’s analysis entail the constraints K = v* (ref. section 2.5.2).
s
An alternative interpretation of the term in Eq. (5.10) is as 
that component of lateral pressure due only to the outward deflection 
of the pipe springings, i.e. excluding the free-field lateral pressure. 
This is the tacit interpretation made in some of the European literature 
(ref. section 2.4.5), and its main effect is that Spangler’s "modulus 
of passive pressure", e, becomes the true soil spring constant for 
mode 2 deformation. Setting n = 2 in Eq. (3.18) yields an exact 
expression for this spring constant:
~ E*
k = ___ i— ;—  —  (5.14)
s (5 - v*) * R V ;
s
which confirms that the approximation for kg used in the German 
literature (Eq. (2.8)) is a fairly good one.
The "Modpares" device developed by Watkins and Nielson (1964) to 
measure E' directly from a small soil sample in the laboratory actually 
measures a soil spring constant. In the apparatus, which is illustrated 
in Fig. 5.8(a), a rubber membrane covering an 80° arc of a circular 
cylinder is expanded laterally into a box of soil, and a value of E ’ 
obtained from the slope of the pressure-deflection response curve 
(Fig. 5.8(b)). The resulting mode of deformation of the soil is 
arguably somewhere between mode 2 and mode 0. Now, the mode 0 spring 
constant, given by Eq. (2.15) may be written in plane strain parameters 
as:
kB = Tt4v*I • ^  . (5-15)
s
which becomes identical to the mode 2 spring constant of Eq. (5.14)
if v* is assigned its median value of 0.5. Thus E ’ values obtained s
in the "modpares" device might be tentatively converted to equivalent 
E* values using the relationship:
E' = k R ~  0.67 E* (5.16)
s s
Note that this is a very different relationship to that based on
Eqs.(5.12a) and (5.13), viz. E ’ = 2.0 E*, which Nielson (1967a, 1969)
s
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used to interpret "modpares" test results.
By far the simplest definition of E 1 is as a purely empirical 
quantity obtained by back-analysis of pipe load-deflection data via 
the Iowa formula. This is the definition which Howard (1977) adopted 
when compiling his table of E ’ values for design. Incorporating Howard's 
assumed values of = 0.1 and W /D-='p in Eq. (2.3) gives:
6 = Pv (5.17)
. 0.61 E'
as the horizontal deflection of a flexible system (i.e. one in which 
the influence of pipe ring stiffness is negligible). This may be 
compared with the corresponding version of the proposed deflection 
formula, Eq. (5.9), viz:
6 = 2 (1 - K)pv (5.18)
7  P ----S
Then assuming 6 ^ = 6 , Eqs. (5.17) and (5.18) combine to yield the • 
following relationship:
E? = 1.22(1 - K) (5.19)
The application of Eq. (5.19) to Howard’s (1977) E ’ data provides a 
means of converting the backfill parameters currently recommended for 
flexible pipe design into an equivalent form for use with the proposed 
design theory.
To complete the historical record, one further definition of E ’ 
to be found in the literature merits brief mention here. In order 
to convert the results of confined compression tests on backfill soil 
samples to equivalent E ’ values for pipe design, Jaaskelainen (1973) 
compared his generalised version of the Iowa deflection formula (Eq. 
(2.5)) to that adapted from elastic continuum analysis by Korhonen 
(1969), the latter being identical to Eq. (5.9). By equating the 
soil stiffness factors in the denominator of each formula (ref. Eq. 
(2.4)), and using Spangler’s value of 0.061 for the coefficient 
in Eq. (2.5), he obtained the following relationship:
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E f = Es (5.20)
0.183(5 - v*) s
To sum up, the fact that there exist at least four different
definitions of E' (Eqs. (5.11), (5.16), (5.19) and '(5.20)), some
of which are employed in only approximate versions (e.g. Eqs. (2.8)
and (5.12)), is a measure of the confusion that has arisen over the
years from attempts to use Spangler’s concepts as a basis for assessing
pipe backfill performance. While it is possible, with due care and a
proper understanding of the principles involved, to convert E ’ values
from certain sources to corresponding pairs of values of E* and K,
s
such reinterpretations of existing empirical data can never be wholly 
satisfactory, and should only be used as an interim measure pending 
the outcome of future experimental research.
5.2.5 Use of laboratory or field tests as indices of soil backfill 
response
As already pointed out in section 5.2.1, the bulk response parameter
E* cannot be measured directly in any test performed on a small sample
of backfill soil. On the other hand, there is no reason why E* values
back-calculated from buried pipe deflection data should not, in turn,
be correlated to the results of some field or laboratory test which
provides an index of soil compressibility. This is possible because
E*, unlike Spangler’s E ’, is defined in the elastic theory model as a 
s
genuine, independent property of the soil.
There are two practical reasons for seeking to correlate equivalent
E* values to the results of one or more standard soil tests: 
s
(i) at the design stage, to provide a method of assessing 
the suitability and/or performance rating of available 
materials as pipe backfill, ideally from simple tests 
on remoulded soil samples obtained as part of a normal 
site investigation;
(ii) to provide a simple means of controlling backfill 
construction, i.e. of checking that the relevant, 
specified soil properties have been achieved.
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The two most common laboratory tests of soil compressibility are 
the constant lateral stress test in the triaxial apparatus, which 
yields a value of Young's modulus E , and the constant lateral strain 
(confined compression) test in the oedometer, which yields a value of 
constrained modulus M . There is lengthy debate in the literature as
to which is more representative of the conditions in the soil around a
buried pipe. Most authors hitherto have opted for the oedometer test, 
for a wide range of different reasons, including:
(i) because the constrained modulus of soil fill appears
to be an almost unique function of compacted dry
density and applied vertical stress, irrespective of 
soil type (Krizek et al., 1971; Watkins & Smith,
1973; Salazar Espinosa et al., 1975), and so is 
easy to specify at the design stage and to control 
during construction.
(ii) because the constrained modulus has direct physical 
significance in design methods such as that due to 
Watkins (ref. section 2.5.5) which express pipe 
deflection in terms of the relative settlement e
of the adjacent embankment fill, since by definition:
M = Pv (5.21)
s —
e
(iii) because typical curves of applied vertical pressure 
versus ring deflection observed in buried pipe 
loading tests have shapes more closely resembling
the strain-hardening response of soil in the oedometer 
than the strain-softening response which is 
characteristic of the triaxial test (Jaaskelainen, 1973).
The first two of these reasons do not actually justify the use of 
the constrained modulus as an index of pipe backfill compressibility, 
since they assume a priori that Mg is a direct measure of the relevant, 
soil property. Unfortunately this assumption is wrong. The error 
may be demonstrated from the results of Allgood et al.’s (1968) surface 
overpressure tests of model pipes buried in various sand backfills, in
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which ring deflection 6 .^, lateral pressure ratio K and free-field 
vertical soil strain e were all measured. In Fig. 5.9, values of 
E* back-analysed from pipe deflection measurements (using the method
described in section 5.2.2) are plotted against E* values derived via
t SEqs. (5.21) and (5.13) from the corresponding measurements of soil
strain. Each line of data in the figure represents the spread of
secant modulus values in a single test over the associated range of
applied surface pressure.
What Fig. 5.9 shows is that the value of E* implied by the soil 
strain e (i.e. by the measured M g) remains roughly proportional under 
load to the equivalent E* value governing pipe deflection, but that the 
coefficient of proportion varies considerably from test to test. A 
further pattern emerges if, as shown in Fig. 5.10, the plot is repeated 
using individual results corresponding to the same value of applied 
pressure in each test. The data points shown on Fig. 5.10 are 
distinguished according to soil type (low or high friction sand) and 
one of three density states as defined by Allgood. While these limited 
data do not exhibit any statistically significant trends it would 
nevertheless appear that the constrained modulus tends increasingly to 
overestimate the equivalent bulk modulus governing pipe deflection as 
the sand density and stiffness increase. Furthermore the modulus 
correlations for the low and high cp sands are noticeably different at 
the medium and high densities: in the case of the low cp sand, larger
variations of pipe deflection occur than would be expected from the 
associated range of M g values, while in the case of the high cp sand, 
the opposite is true.
According to Fig. 5.10, a maximum error factor of about 2 would 
arise in any prediction of buried pipe deflection based directly on a 
measured value of Mg. Some designers may not find this excessive, 
bearing in mind the general uncertainty in assigning soil parameter 
values, and would be content to absorb the potential error in an 
additional factor of safety, e.g. by setting E* equal to half that 
implied by an oedometer test. However, in view of the demonstrated
^ Where needed in the analysis, the value of v* has been set equal to the 
measured value of K. See Appendix E for further analytical details.
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influence of soil density and friction angle on the correlation between 
constrained modulus and equivalent E* value for pipe design^ it is 
reasonable to suppose that other variables, such as the more general 
soil composition (particle size distribution, plasticity of fines, etc.) 
and moisture content would also be involved, leading to much greater 
errors if neglected. The important principle here, which cannot be 
overstated, is that the constrained modulus of soil is only an index of 
compressibility associated with a particular method of laboratory testing, 
and that very extensive research would be required to correlate it 
reliably to a true measure of the bulk response of soil as pipe backfill.
Before embarking on any such research programme, it would be worth 
considering in more detail what test or tests are most likely to provide 
reliable indices of pipe backfill performance. A balance must be struck 
between the practical need for a single test using widely available 
equipment and the desirability of simulating relevant aspects of the 
stress and strain conditions in the prototype. As regards the latter, 
efforts to simulate the stress path at a single point in the pipe backfill 
- Barnard (1957), for example, visualised a triaxial test specimen'lying 
horizontally within his "equivalent earth column" (ref. Fig. 2.5(a)) - 
may be discounted for the reasons discussed in section 5.2.1. A more 
general consideration of the overall degree of confinement in the test 
specimen is, however, valid. As discussed by Krizek & Kay (1972), the 
choice of oedometer or triaxial test then depends on whether it is 
considered that the stress regime in pipe backfill is predominantly 
dilational (i.e. producing volumetric strain) or deviatoric (i.e. 
producing shear strain).
The actual confinement conditions in pipe backfill are close to 
plane strain which allows a range of possible stress paths having both 
dilational and deviatoric components. A significant feature of the 
plane strain response of soils as shown in Fig. 5.11 by Cornforth’s 
(1964) test results, is that shear failure occurs at much lower values 
of deviatoric strain than is the case in triaxial tests. This brings 
the possibility of a strain-softening type of non-linear response well
Jaribu (1963, Fig. 5) found a similar dependence on density in the
correlation between oedometer and triaxial moduli.
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within the range of strains encountered in pipe backfill, and may 
account in part for the apparent drop in equivalent soil stiffness in 
the vicinity of a short-wave buckle, as discussed in sections 2.6.4 and 
3.4.1. The fact that the oedometer test provides no indication at all 
of soil performance in shear could therefore be a major obstacle to its 
successful use as a universal index of pipe backfill response?
The only way to find the best laboratory index for estimating E* 
would be to accumulate an adequate statistical base of data by performing 
a complete set of candidate tests on the backfill soil in all cases where 
buried pipe deflections were measured. This would be a major research 
undertaking which could easily be the subject of several further theses.
The important conclusion for the present is that until such time as 
reliable correlations become available, it would be inappropriate to 
give the designer the option of determining E* values directly from any 
sort of soil test. For the present, tables of E* values back-analysed 
from pipe deflection data for a number of broadly defined soil groups 
and compacted densities will have to suffice, even if in many cases 
leading to conservative design.
The use of field tests for site control of backfill stiffness is 
a somewhat different proposition to laboratory testing at the design 
stage. Since a simple accept/reject criterion is applied and no 
attempt is made to extrapolate E* values, almost any of the tests 
summarised by Mitchell & Gardner (1975) which reflect the volume change 
characteristics of soils could be used. The necessary correlation 
with pipe deflection response could be achieved in a simple trial at 
the start of construction involving the first one or two sections of 
pipe laid. In many cases it might be simpler to continue monitoring 
deflections rather than introduce an independent test of the backfill 
soil, but where buckling was the design criterion the advantage of 
such a test would be that it enabled separate control of E* and K values.
^The observed stiffening of pipe deflection response with increasing load 
on which Jaaskelainen (1973), as well as Allgood et al. (1968) based 
their arguments in favour of the oedometer test appears, upon study of a 
wider range of pipe test data, to be a "bedding in" phenomenon associated 
with the first 2 or 3% of ring deflection. Most of Howard's (1972, 1974) 
test results show the beginnings of a strain-softening response at 
deflection over about 5%, especially with sand backfills.
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For general purposes some form -of penetrometer or probe might be the ideal 
tool as it would have the additional.capacity of detecting soft-spots 
or voids left under the pipe haunches, which are the major hazard in 
flexible pipe construction. Another instrument with even greater 
potential, at least as a research tool, is the Cambridge self-boring 
pressuremeter or "Camkometer" (Wroth & Hughes, 1973). Although at 
present limited in application to relatively fine-grained soils, the 
Camkometer can measure insitu lateral soil stress as well as stiffness, 
and so could provide a truly independent measure of the two main backfill 
design parameters, E* and K.
The insitu measurement of the properties of pipe backfill is clearly 
another fertile field for future practical research; any further 
discussion of the detailed possibilities would go beyond the intended 
scope of this section, which is no more than a first attempt to clarify 
the principles involved.
5.3 Summary of design recommendations
5.3.1 Load calculations
Fig. 5.12 summarises for design purposes the calculation of the 
various components of equivalent system loading, as already described 
in detail in section 5.1. Soil total stresses are used except for 
underwater installations where soil effective stresses, and hydrostatic 
pressure, are calculated.
Note that the calculation of backfill loading shown in Fig. 5.12 
assumes the soil above pipe invert level to be uniform. Where different 
zones of fill are used around and above the pipe, it may be necessary to 
make additional allowance for any associated negative arching effects 
(ref. section 4.3.6).
For a pipe-soil structure under a given-set of loads the constituent
values of p and p,. are first summed and then converted into uniform and 
v h
distortional components using the equations on Fig. 3.2. Any hydro­
static or vacuum loads, p^ or p^, are added directly to the uniform 
pressure p .
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5.3.2 Soil classification and provisional E* values
In Table 5.1, backfill materials have been divided into four groups 
and Table 5.2 gives ranges of provisional E* values for these groups 
related to the state of compaction of the backfill. These provisional 
E* values are based largely on the back-analysis of existing pipe 
deflection data by the methods described in sections 5.2.2 and 5.2.3.
Any gaps have been filled by converting corresponding values of E' 
tabulated by Howard (1977) with the aid of Eq. (5.19) and with the 
exercise of due caution as prescribed in section 5.2.4.
TABLE 5.1 BACKFILL SOIL GROUPS
Soil
Group Description
Fines* 
per cent ..Comments
I GRAVEL Less than 5 Clean to slightly clayey/ 
silty GRAVELS
II SAND Less than 5 Clean to slightly clayey/ 
silty SANDS
III GRANULAR-WITH-FINE S 5 - 3 5 Clayey/silty or very clayey/ 
silty GRAVELS or SANDS
IV COHESIVE (Liquid 
limit less than 50)
More than 35 Inorganic CLAYS/SILTS of 
low.to medium plasticity.
NOT SUITABLE
AS STRUCTURAL FILL UrSanic soils, high plasticity soils, chalk.
Fines are particles passing the 63 pm sieve.
In Table 5.2, two values of E* appear in each position to 
account in part for the inherent scatter in soil stiffness values.
The lower value corresponds to the worst probable design value of Eg 
likely to apply at shallow depths of cover (of the order of one metre) 
and with minimum supervision of.construction; this value is recommended 
for general design use. The higher figure indicates an average value of 
Eg, again at shallow depths of burial but applicable only where the 
construction and particularly backfilling is strictly controlled. These 
values do not take into account the increase of Eg with confining pressure 
and so will be conservative for deeper buried pipes.
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TABLE 5.2 PROVISIONAL E* VALUES FOR DESIGN
s
Worst probable/Average values of E* (MN/m2) 
for assumed backfill density
Soil Group
Loose 
Less than 85% 
B.S. max.
Medium 
85 - 95% 
B.S. max.
Dense 
More than 95% 
B .S. max.
I
GRAVELS 
(Less than 5% fines) 15
30
40
II
SANDS
(Less.than.5%.fines)
III
GRANUL AR-WITH-FINE S 
.. (5 - 35% fines)
10
IV
COHESIVE 
(More than 35% fines) 
Liquid limit less than 
50.
0.5
NOTES
B.S. max. is the maximum dry density achieved in 2.5 kg rammer compaction 
test (Test No. 12 to B.S. 1377)
Fines are particles passing the 63jjm sieve.
The most common methods of placing backfill are (i) dumping to no 
particular pattern and (ii) spreading in horizontal layers which may then 
be compacted. With good soil sampling and testing facilities and a good 
standard of supervision any soil from'Groups I, II, III and IV may be 
used. With low levels of control, a soil in Group I or II should 
normally be selected so that the backfill can readily fill the voids 
under the pipe haunch even where only minimal compaction is applied.
5.3.3 Suggested ranges of values
As already mentioned in sections 5.1.2, the dead load lateral 
pressure ratio is a function of backfill soil properties, method of 
construction, degree of compaction and proximity of the trench walls.
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At present there are insufficient data to establish the relative 
importance of these factors, although as implied in section 5.2.2, a 
significant consideration for design will be whether or not the backfill 
receives any compaction.
Provisional values of for design are presented in Table 5.3.
For uncompacted (loose) backfill, values could range from a fully 
active, K^, value to an at rest, Kq , value. In the cases of uncompacted 
soils from Groups III and IV, the lowest probably values have been 
Selected to allow for the possible presence of voids. For compacted 
(medium/dense) backfill, the lowest probable value corresponds to the at 
rest, Ko , value. The highest probable value is unlikely to exceed 1.0, 
although locked-in horizontal soil stresses might cause higher values at 
shallow depths.
TABLE 5.3 PROVISIONAL K J VALUES FOR DESIGN
d
Soil Group 
(from Table 5.1)
Assumed state of backfill
Uncompacted ..Compacted
I 0.2 - 0.4 0.3 - 1.0
II 0.3 - 0.5 0.4 - 1.0
III 0 . 2  - 0.7 0.5 - 1.0
IV . 0 . 1  - 0 . 8  , 0 . 6  - 1 . 0
The ranges of shown in Table 5.3 are quite wide and could probably 
be narrowed in specific cases by the exercise of informed engineering 
judgement. Generally the design of a buried pipe should be checked for 
at least two, extreme, values of K^. If, however, the performance 
criterion has been identified, the following simple rules, adapted from 
those already given in section 4.6.1, may be safely applied.
(i) where deflection is critical, assume the lowest 
probable value of
(ii) where buckling is critical, assume the highest
probable value of K,.
d
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5.3.4 The need for further experimental data
The design theory developed in Chapters 3 and 4 has already been 
refined to a point well beyond that strictly warranted by the available, 
numerical data presented in this Chapter. The shortage of reliable data 
on backfill soil properties has been given particular emphasis. The 
experimental evidence used to substantiate the provisional E* values in 
Table 5.2, for example, is extremely limited, so that no entry in the 
Table is supported by more than one data point.
If the research described so far in this thesis is to have a long­
term practical application, it is clear that the next step must be the 
acquisition of further experimental data, both to verify the proposed 
theoretical concepts and to provide the numerical input for design.
The remaining chapters are therefore devoted to the development of 
suitable experimental techniques in both field and laboratory.
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Backfill load
7 = mean unit weight of soil 
For H/p > 2.5 :
Pvd=7(H + D/2)
Phd = ^ d Pvd
For 1< H/p < 2.5, allowance is made 
for the weight of soil displaced by the pipe:
Pvd = 7(H + D/4)
Phd= Kd7(H + D/2)
Where pipe is laid directly on 
a hard foundation, compute uniform 
pressure component as:
z^d ~ v^d
■ H 1 1 ’
0/2 f
Concentrated surcharge
Use standard elastic stress 
distributions (Poulos & Davis, 
1974) to determine vertical and 
horizontal free-field pressures 
due. to surcharge.
For H/p > 2.5 :
Pvt- Pht evaluated at pipe axis
For 1 < H/p < 2.5 :
Pvt calculated as mean vertical 
pressure on plane of width 
D at pipe crown.
Pht evaluated at pipe axis
T
Underwater installation
7W = unit weight of water
7' = submerged unit weight 
of soil (=7 — 7w)
Soil effective stress components:
p;d=y  (h + °/2)
Phd = ^ d Pvd
Hydrostatic pressure contributing 
directly to Pz-‘
Pw = ^ w (h + H + © 2)
Ps ' ( D ©  © ©
Internal vacuum
Treat vacuum pressure Pq 
(reduction in pressure below 
atmosphere) as external fluid 
pressure contributing directly 
to P2.
o
Uniformly distributed surcharge 
For surcharge pressure Ps 
Pvs = Ps 
Phs = Pvs
oTraffic wheel loads
Calculate as combinations of 
concentrated surcharges.
Values of Pvt due to 
standard UK traffic are shown 
on Fig. 5.2.
Fig. 5.12 Summary of loading calculations
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CHAPTER 6
PROGRAMME OF EXPERIMENTAL STUDIES
6.1 General aims and scope
In parallel with the development of the theoretical concepts 
described in the foregoing chapters, a fairly wide-ranging programme 
of experimental work was initiated with the following general aims:
(i) to seek more detailed verification or otherwise of the
qualitative and quantitative accuarcy of the proposed 
theoretical model;
(ii) to measure hoop thrust distributions in full-scale 
installations of buried flexible pipe so as to 
determine arching factors associated with different 
soils and construction methods;
(iii) to generate comprehensive data on the performance of 
various soils as pipe backfill, to include both 
equivalent moduli back-analysed from measured pipe 
deflections and corresponding stiffness indices 
obtained in selected laboratory tests;
(iv) to develop the experimental techniques necessary 
to achieve the first three objectives.
This chapter describes the background and principal features 
of the various field and laboratory equipments undertaken, both at 
the University and in collaboration with other organisations. A 
selection of individual test results are analysed in Chapter 8 .
6.2 Elastic model tests
The accuracy with which the proposed design theory can predict
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buried pipe response to a given set of loads depends on two distinct 
factors:
(i) the accuracy of the theoretical analysis in describing
• the behaviour o f the idealised elastic pipe—soil
system;
(ii) the accuracy with which equivalent elastic properties 
can be assigned to the backfill soil.
As commented in the previous chapter, uncertainty in the equivalent 
soil properties is the governing factor in most practical situations, 
but it was nevertheless considered desirable to check the accuracy of 
the elastic analysis. In particular, the semi-intuitive elements of 
the theoretical model dealing with large ring deformations (section 
3.2.5) and buckling under distortional loading (section 3.4.2) 
warranted detailed experimental verification. In order to achieve 
this, it was decided that the best approach would be to build and 
test a physical model which exactly represented the assumptions of 
the theory as defined in section 3.1. This involved finding true 
linear elastic materials of high strain capacity and suitable 
stiffness to represent pipe and soil, building a two-dimensional 
model, and devising some means of loading and monitoring the model 
under conditions of plane strain compression.
A full report on this experimental project is given in Chapter 7. 
Despite difficulties in developing apparatus which faithfully 
reproduced all the assumptions of the theoretical model, the results 
obtained were of sufficiently high quality to fulfil the main 
objectives. As will be shown, the project provided fresh insight 
into the mechanism of buckling of elastically-embedded rings under 
distortional loading, as well as conclusive evidence of the correct­
ness of the two-thirds power relationship between ring buckling 
pressure and elastic soil stiffness.
6.3 Static load tests on buried steel pipe in the TRRL test pit
When initial theoretical studies revealed the inadequacy of data
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recorded in many previous buried pipe experiments, the Transport and 
Road. Research Laboratory (TRRL) provided facilities for large-scale 
proof-testing of the more comprehensive methods of monitoring 
equivalent pipe loading and backfill performance discussed in 
sections 4.3.2 and 5.2.2. The basic TRRL facility, which has been 
described by Gaunt et al. (1976) consists of a 5 m long by 3 m wide 
by 3 m deep concrete-lined pit, with an adjacent inspection pit, 
surface loading jacks, and provision for comprehensive instrumentation 
of both pipe and soil.
Three simple static load tests were carried out, using the same 
4.5 m length of 300 mm diameter, 1.22 mm wall thickness steel pipe 
buried with 2 . 2  m cover in uniform deposits of medium-dense dry sand, 
lightly compacted brickearth, and well compacted brickearth 
respectively. Details of the soils used and densities achieved are 
shown in Table 6.1.
TABLE 6.1 DETAILS OF BACKFILL SOILS USED 
IN TRRL PIT TESTS
Test
No, Soil Description
Soil
Group*
Moisture
Content
Method of 
.Compaction
Mean dry density
Mg / m 3 % B.S.max.
Fine to medium Light
1 uniform SAND II treading 1.60 91%
(Redhill sand) only
2 20.4% 1 pass of 1.69 92%
52 kg
Sandy clayey vibro-
SILT IV < tamper
(Harmond swor th
3 Brickearth) 18.2% 3-4 passes 1.78 97%
\ of vibro-
tamper
* Backfill soil groups defined in Table 5.1
The layout and instrumentation of the pit tests is illustrated 
schematically in Fig. 6.1.
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The test pipe was fabricated from 18 s.w.g. mild steel plate 
in five separate 900 mm lengths. Each of these short pipe segments, 
labelled A to E, was instrumented as required at its central cross- 
section before being welded to the adjacent segment. Pipes A to D 
were each fitted with two electrical displacement transducers to 
monitor vertical and horizontal diameter changes, as well as a 
vertical scale read by optical level from the inspection pit which 
enabled settlement of the pipe invert to be recorded. Pipes B and
D (and also pipe C in test no. 3 only) were each fitted with eight 
symmetrically disposed pairs of electrical resistance strain gauges 
to measure circumferential distributions of hoop thrust and bending 
moment.
Vertical and horizontal stresses within the backfill were monitored 
by up to 15 soil pressure cells of the electrical transducer type 
supplied by Kulite Sensors Limited of Basingstoke, Hampshire. The 
55 mm diameter by 12 mm thick cells were used primarily to measure the 
free-field vertical.and horizontal soil stresses at the level of the 
pipe axis. Pairs of cells were positioned for this purpose mid-way 
between the pipe springings and the walls of the pit. In addition, 
a row of five cells was laid across the width of the pit just above 
the pipe to detect any non-uniformity of the free-field vertical soil 
pressure distribution. All cells were placed at least one diameter 
(i.e. 300 mm) from the pipe wall so as to lie outside the interaction 
zone of stress.
The test geometry as illustrated in Fig. 6.1 was designed to 
achieve conditions close to uniform embankment loading. In addition 
to providing 4.5 diameters of soil cover either side of the pipe, the 
walls of the pit were lined with a double layer of polythene sheeting 
to minimise any frictional restraint of backfill settlement. A 
substantial proportion of the test load was provided by the 2 .2 m 
soil overburden, which was placed and compacted in 150 mm layers to 
achieve a high degree of uniformity. All electrical instruments were 
re-zeroed when filling reached 300 mm (i.e. one diameter) above the . 
pipe crown, which was taken as the datum for measurement of response 
of the composite pipe-soil structure.
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In the first test using dry sand backfill, additional loading 
was applied to the soil surface using a system of nine hydraulic 
jacks positioned centrally along the length of the pit and reacting 
against a grillage of beams anchored to the laboratory floor. As 
shown in Fig. 6.1, a row of 0.4 m high concrete blocks was used to 
spread the jack load at the soil surface over one third of the width 
of the pit. According to simple Boussinesq theory, this should have 
produced a uniform distribution of vertical soil pressure at pipe 
axis level. The total capacity of the jacking system was 210 tonnes,
corresponding to a nominal uniform surcharge on the pit of 140 kN/m2 .
In the tests using brickearth backfill, the hydraulic jacks were 
replaced by a deadweight surcharge comprising 5 layers of concrete 
blocks covering the complete plan area of the pit. The concrete 
kentledge, weighing about 10 kN/m2 per layer, was built up in stages, 
allowing time for consolidation settlement of the soil between load 
increments.
The specific aims of the pit tests were as follows:
(i) to assess the effectiveness of soil pressure cells
for measuring the free-field soil pressures acting 
on a buried pipe (as opposed to the pipe-soil 
interaction pressures commonly monitored in the 
past);
(ii) to determine the lateral pressure ratios obtained 
under embankment conditions in examples of 
uncompacted, lightly compacted and well compacted 
pipe backfill;
(iii) to determine arching factors from the measured 
hoop thrust distributions for comparison with 
those obtained previously in much smaller
)
laboratory models, as summarised in Fig. 4.3;
(iv) to derive E* values for the typical Group II and 
Group IV soils tested, both as a contribution to 
the provisional design data given in Table 5.2, 
and for the purposes of calibrating various 
indirect measures of backfill soil stiffness. •
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None of the tests proceeded entirely as planned. In the first 
test using sand, the surface loading jacks did not produce the 
intended uniform pressure distribution at pipe axis level. In the 
second test, compaction of the brickearth fill was inadequately 
controlled, so that several of the soil pressure cells were 
disturbed and ended up in the wrong orientation, while localised 
distortions of the pipe interfered with hoop strain measurements.
In the final test using brickearth, these particular problems were 
overcome, but during compaction of the side fill the pipe ring 
developed a 20 mm vertical elongation (i.e. an initial out-of-rOundness 
6 ' = -7%), and under subsequent loading deformed in a non-elliptical
mode, thus precluding the derivation of an equivalent E* value.
Despite these difficulties - and, indeed, to some extent as a 
result of them - the pit tests provided some valuable lessons in the 
practicalities of monitoring buried pipe performance by the techniques 
suggested in Chapters 4 and 5. The tests generated a large amount 
of numerical data (TRRL, 1982), some of which has yet to be analysed 
in detail, but a preliminary assessment of the results, covering the 
four main topics listed above, is given in Chapter 8 .
6.4 'Field monitoring of a large diameter thin-wall pipeline
During the course of the experimental programme, the opportunity 
arose to monitor the field installation of a 2.89 m diameter, 10 mm 
wall thickness, buried steel pipeline forming part of the Kielder 
water scheme in the north of England. Fig. 6.2 shows a cross-section 
of the pipeline which was laid in 1 0 m lengths on a pre-shaped 
granular bed at the base of a trench excavation in. stiff boulder clay. 
The primary structural fill was a 20 mm down crushed limestone gravel 
compacted to near 100% B.S.max. density. This high quality ’Type A ’ 
material was brought up to just below pipe crown level where a 
cushioning layer of sandy gravel (Type B selected fill) was added 
before completion of backfilling to original ground level using the 
arisings from the trench excavation.
The central cross-sections of three adjacent lengths of pipe 
were monitored at a location where the trench walls were battered
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back to a slope of about 1 in 1 , and the mean depth of soil cover to 
the crown was 3.45 m. So as to avoid interfering with the 
ContractorTs backfilling operations, all instrumentation had to be 
installed on the inside of the pipe, and this prevented direct 
measurement of the lateral pressure ratio in the surrounding soil. 
Efforts were concentrated instead on the careful measurement of ring 
deflections and hoop strain in the pipe wall. A novel type of double 
vibrating-wire strain gauge, mounted on the inside pipe wall only, was 
used to record circumferential distributions of hoop thrust and bending 
moment. The principle of the operation of the gauge, described by 
Tyler (1974), is that by measuring the strains in wires at two 
different offsets from the surface of a structural member, it is 
possible to extrapolate the local strain distribution across the 
thickness of the member. As in the pit tests, the gauges were mounted 
at a total of eight positions around the circumference of each section 
of pipe to be monitored.
With a diameter/thickness ratio of 289, the Kielder pipeline had 
a ring stiffness comparable to that of the steel pipe used in the 
TRRL pit tests (D/t = 246). Despite a ten-fold difference in scale', 
both pipes presented similar problems of shape control during 
compaction of fill alongside. At Kielder the Contractor’s solution 
was to leave in place internal props which were originally introduced 
to maintain pipe circularity during welding of adjacent sections.
As the deflection measurements were later to show, the props were not 
particularly effective in preventing development of out-of-roundness 
once the full soil overburden was in place; instead, they tended to 
produce local stress concentrations in the pipe wall, and probably 
encouraged modes of deformation which would not otherwise have 
occurred. Because of these and other uncertainties, it was not 
possible to draw any detailed conclusions from the accumulated data, 
but certain broad behavioural trends did nevertheless emerge, and 
one possible interpretation is offered in Chapter 8 .
A fuller account of the Kielder project with an independent 
analysis of the instrument readings is due to be published elsewhere 
(Berry et al., 1983).
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6.5 Laboratory tests on backfill soils
The properties of the backfill soils used in the TRRL pit tests 
and at Kielder were investigated further in a subsidiary research 
project carried out at a commercial soils testing laboratory. The 
aim of the project was to explore the possibility of correlating E* 
values derived from buried pipe deflection measurements to some index 
of soil stiffness obtained in a standard laboratory test. For 
reasons discussed in section 5.2.2, the stiffness index first chosen 
for study was the secant modulus obtained in a constant lateral stress 
test in the triaxial apparatus.
Samples of the test pit sand and brickearth were prepared at 
different densities and moisture contents and loaded to failure in a 
38 mm diameter triaxial machine at cell pressures ranging from 
20-100 kN/m2 . With the lowest cell pressure used, corresponding to 
the confining pressure in pipe backfill under 1 to 2 metres of soil 
cover, the apparatus was close to its limit of sensitivity. One 
aspect of the study was therefore simply to assess the repeatability 
of soil stress-strain response under each set of test conditions 
applied.
Because of its large grain size, the crushed limestone gravel 
from Kielder could not be tested even in a 100 mm triaxial cell.
The only commercially available apparatus capable of producing a 
stress-strain curve for this material was a 254 mm diameter Rowe 
consolidation cell (Rowe & Barden, 1966). A few Rowe cell tests 
were carried out on both the Kielder gravel and the sand from the 
TRRL pit, but the apparatus was eventually abandoned when it proved 
to have a stiffness comparable to that of the soils being tested.
At the low stress levels which were of chief interest, the response 
of the gravel was additionally obscured by unpredictable ’bedding-in’ 
effects as the loading platen established full contact with the top 
of the sample.
Notwithstanding the grain size limitation of standard 38 mm or 
1 0 0  mm'apparatus, the triaxial test appeared to perform reliably at
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the low confining pressures applicable to pipe backfill. Since the 
TRRL pit tests yielded only one Eg value for each of the backfill
soils used, it has not yet been possible to establish any correlation
with triaxial secant modulus. Summaries of the relevant triaxial 
test results are nevertheless included in the discussion of the pit 
tests in Chapter 8 , so that simple order-of-magnitude comparisons 
with the experimental Eg values can be made.
6 .6 ' Trial trench excavation in London Clay
A further field experiment carried out at the University involved 
measuring ground movements around a 4 m deep trench excavated in a 
local outcrop of the London Clay. As discussed in the Introduction, 
this experiment formed part of a separate research programme concerned 
with the disturbance of existing buried pipelines when new trenched 
services are installed alongside. The work was written up as a 
conference paper (Gumbel & Wilson, 1980) which is reproduced in 
Appendix F.
. One of the findings of the trench trial was that the initially 
stiff trench walls softened rapidly on exposure. This observation 
has relevance to the design of flexible pipes installed in relatively 
narrow trenches. The stiffness of the trench walls which is assumed 
to contribute to the lateral support of the pipe should clearly take 
account of any softening due to temporary stress relief and weathering 
effects. As will be demonstrated in a later chapter, the observed 
performance of the pipeline at Kielder was almost certainly influenced 
by the effects of stress relief in the boulder clay subgrade.
6.7 The role of pilot studies to establish experimental techniques
All the projects described in this chapter were as much concerned 
with developing experimental techniques as with achieving any 
definite results. Although major research undertakings such as the 
TRRL pit tests obviously require a degree of advance planning, there 
is also much to be said for conducting simple pilot studies as a way 
of gaining a feel for a particular problem and, in the process,
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discovering an efficient method of solution. The value of such an 
approach is amply demonstrated by the account of the elastic model 
tests given in the next chapter. In these particular tests it was 
possible to follow through several steps of trial-and-error to an 
eventual successful outcome.
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CHAPTER 7
DESIGN AND EXECUTION OF ELASTIC'MODEL'TESTS
7.1 Selection of materials
7.1.1 General requirements
The aim of this experimental project, as discussed in section 6.2, 
was to construct and test a physical model which reproduced as closely 
as possible the assumptions of the theoretical analysis of Chapter 3. 
The selection of suitable materials from which to model the pipe and 
soil occupied a major part of the time and effort devoted to the 
project, and was governed by the following constraints:
(i) both pipe and soil materials had to be linear 
elastic and of large strain capacity;
(ii) the soil. medium .had to be soft enough to permit
buckling of intermediate pip.e-soil systems at 
reasonable levels of applied load;
(iii) the ratio of pipe to soil material stiffness
had to be such as to produce a realistic
correspondence between pipe diameter/thickness 
ratio and system flexural stiffness ratio.
In order to test the theory adequately, it was hoped to generate
2 6
buckling data over a range of system Y-values from about 10 to 10 . 
Reproducing buckling phenomena in very flexible (high Y) systems was 
not expected to place any critical demands on the modelling materials, 
apart from the need to fabricate sufficiently thin pipes. It was in 
intermediate systems, at the lower extreme of Y-values, that the
largest strains, the highest buckling pressures and possibly over­
thick pipes would occur.
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A target material specification was established by assuming an 
extreme case in which a system with flexural stiffness ratio Y = 100 
and pipe diameter/thickness ratio of 20 was subject to 30% ring 
deflection prior to buckling in mode n ■= 2. This implied the 
following:
(i) the required linear elastic strain capacity would 
be about 5% in bending for the pipe material, and 
about 30% in plane compression for the soil medium;
(ii) the uniform pressure to cause ring buckling would 
be related to the soil mediun} stiffness as
• ■ ' ■ Pfc ~  .0*5 E*. This was found by substituting
values of Y = 100, n= 2 and v* = 1 in the basic
s
buckling formula for an ideal elastic system
(Eq. (2.11) combined with Eq. (3.18)). Thus in
order to limit the maximum test pressure to, say,
2
500 kN/m , the modulus of the soil medium would
2
have to be no more than about 1 MN/m ; .
(iii) the required pipe/soil modulus ratio would be of
3
the order E*/E* ~  10 . 
p s
The first two of these requirements constituted a very demanding 
specification for a material to represent the soil, but when 
initiating a search it was fortunately possible to draw on some 
experience at the University of the use of soft elastomers for photo- 
elastic analysis. This in turn suggested the possible use of photo­
elasticity as a method of monitoring the stresses in the eventual 
pipe/soil model. As will be seen later, this possiblity proved, 
for quite unexpected reasons, to be of great value.
7.1.2 Elastic medium to represent soil
The only known material likely to meet the specification for the 
soil medium was urethane rubber. Washbourne (1969) has reported the 
use of factory supplied urethane rubber sheet for photoelastic 
analysis of soil mechanics problems. This material is quoted as
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having elastic modulus in the range 0.7 to 3.5 MN/m , Poisson’s ratio 
0.48, and linear mechanical and optical properties up to about 20% 
strain. The nature of the material is, however, such that it is 
difficult to machine to an accurate and smooth finish. For the 
present tests it was necessary to form a rubber sheet with a clean, 
square-edged circular hole into which a model pipe ring could be 
inserted as a precise fit. The only satisfactory method of achieving 
this was to cast the material directly to the desired shape in a 
purpose-built mould.
Selecting a suitable soft urethane casting rubber from 
manufacturers’ literature proved to be no easy task, because the 
material is marketed primarily as an encapsulant for electronic 
components and mechanical properties such as stiffness, linearity or 
creep characteristics are not generally quoted. Thus, for example, 
it took trial and error to establish that only the polyether based 
urethanes had the desired linear elastic properties; those based on 
polyester resins proved to be highly viscoelastic. The softest 
linear elastic material which could be found on the British market 
was a two-component system called CASTOMER DP 9414 produced by the
Baxenden Chemical Co. Ltd. of Accrington, Lancashire. Preliminary
. . . . 2
castings of this material had an elastic modulus of around 1.6 MN/m ,
which was still rather stiffer than desired, although the apparent 
sensitivity of the system to exact mix proportions and curing 
schedule suggested that this modulus might be capable of controlled 
reduction.
In the event,, considerable trial and error was needed to produce
a satisfactory casting of CASTOMER DP 9414, for a quite different
reason. The combination of::a viscous mix of short pot life with a
narrow, awkwardly shaped mould made it difficult to avoid trapping
unwanted air in the casting, so that it became necessary to experiment
with different mixing and degassing procedures and lower mould
temperatures to increase the time to initial set. By a stroke of
good fortune, the first bubble-free casting eventually produced
2
was found to have a modulus of just 1.1 MN/m , which proved almost 
ideal for the elastic model tests.
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The development of the casting procedure which finally proved 
successful is described in detail in a later section.
7.1.3 Model pipe material
The high elastic bending strain requirement restricted the choice 
of materials from which to model the pipe, but selection was neverthe­
less straightforward since an epoxy resin used in previous buckling 
tests (Ellinas, 1977) proved to have properties close to those desired.
The epoxy resin casting system chosen was ARALDITE 219 manufactured 
by the Ciba.-Geigy Plastics and Additives Company of Duxford, Cambridge. 
Relevant properties of cured castings quoted by the manufacturers were:
Flexural Strength 90 - 100 MN/m^
Modulus of Elasticity 2.0 - 2.3 GN/m^
(flexure)
Since tests by Ellinas (1977) had shown the material to be reasonably 
linear up to failure, this implied an elastic bending strain capacity 
of the order of 4-5%.
The actual properties of the material were found to be sensitive 
to the exact mix proportions and curing schedule and further varied 
somewhat with ambient temperature and humidity. These difficulties 
were overcome quite easily, however, by adopting suitable mixing, 
curing and testing procedures which will be fully described in due 
course. The majority of model pipes tested were machined from a
2
single Araldite casting having flexural stiffness of around 3.0 GN/m , 
and which exhibited complete elastic recovery from bending strains in 
excess of 5%. This almost ideal performance enabled many of the 
tests to be followed beyond initial buckling and through the various 
stages of post-buckling response.
7.2 Exploratory tests using gelatine
The development of materials and equipment suitable for 
quantitative elastic model tests took several months, and in order 
to maintain interest during this period some simple tests of a
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qualitative nature were performed using thin plastic tubes embedded 
in a block of gelatine.
Fig. 7.1 illustrates the simple apparatus assembled for this 
purpose using an old aluminium mould box and other oddments found 
in the laboratory. The box, of internal dimensions 225 mm by .
133 mm on plan and 89 mm high, was first used to cast a model soil 
medium from a hot 13% aqueous solution of ordinary cooking grade 
gelatine. A metal cylinder placed upright in the mould formed a 
hole in the jelly block for subsequent insertion of a model pipe.
For testing, the complete model was turned through 90 degrees to 
bring the pipe horizontal. Support in the plane of the pipe cross- 
section was provided by three sides of the original mould box, while 
glass plates clamped over the two remaining vertical faces confined 
the model longitudinally. All interfaces between the gelatine, 
metal and glass walls, and model pipe were smeared with vaseline to 
reduce friction. Finally, the top of the model, representing the 
ground surface in the prototype, was subjected to uniform pressure 
by applying hand pressure through a load-spreading plate bearing*on 
a water-filled rubber bag. The rubber bag was made from a standard 
1 0 0  mm triaxial membrane sealed with rubber solution.
When set at room temperature, the gelatine had a modulus of just 
2
0.02 MN/m . As a first stab at finding a compatible pipe material, 
tubes were made up from two different thicknesses of acetate overhead- 
project film, and these proved sufficiently flexible to give systems 
with flexural stiffness ratio (Y) values of around 1400 and 8000 
respectively when inserted into the jelly block.
Both pipes exhibited some elliptical distortion under the action 
of gelatine self-weight and light surface loading.. The amount of 
ring deflection occurring before the onset of buckling was somewhat 
erratic, however, and was found to depend on the degree of slack in 
the model, caused by shrinkage of the gelatine block, before all 
faces came fully into contact with the rigid boundaries. Three 
similar models were made and tested, and in the one case where 
reasonably good plane strain conditions were achieved there was 
virtually no pipe deflection unless point loads were applied, at the
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surface. This indicated that the gelatine had a very low volume 
compressibility, and highlighted a potential difficulty in modelling 
buried pipe deflections in an elastic soil medium with Poisson’s 
ratio close to 0.5.
Any ellipsing of the pipes under load tended to reduce the 
surface pressure required to cause buckling, but did not greatly 
influence the observed mode of failure. Fig. 7.2 illustrates 
typical buckled configurations of each thickness of pipe. When 
viewed end on, the thinner pipe (Fig. 7.2(a)) had a cross-sectional 
shape closely resembling the multi-wave n = 5 mode predicted by plane 
strain theory. The overall buckled shape was not, however, purely 
two-dimensional: there was evidence of longitudindal bending and
even some torsion, as indicated by the fact that the crests and 
troughs at each end did not line up. This three-dimensional 
response was attributable partly to the overall dimensions of the 
model, which resulted in a length of pipe of the same order of 
magnitude as the pipe diameter, and partly to friction between the 
jelly and the glass plates. The effect of friction could be 
appreciated best when loading the jelly block with no pipe present: 
the urilined hole tended to contract more at the centre than at the 
edges abutting the glass, causing a longitudinal bow.
The buckled shape of the thicker pipe (Fig. 7.2(b)) was also 
clearly influenced by longitudinal bending. Here the first sign 
of buckling was a flattening of about one third of the pipe circum­
ference as seen in the cross-section, but snap-through occurred by 
way of a longitudinal kink. Another feature of the tests on the 
thicker pipes was that buckling invariably initiated at the point 
on the pipe circumference where the glued seam in the acetate sheet 
was positioned.
Despite the obvious departures of the test conditions from the 
assumptions of two-dimensional buckling theory, some encouragement 
was derived from the fact that buried pipe buckling phenomena could 
be reproduced at all in such a crude elastic model, and at least the 
qualitative decrease in ring buckling mode (i.e. increase in wave­
length) observed when changing from thinner to thicker pipe was in
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line with expectations. The poor dimensional and mechanical 
stability of gelatine, coupled with a short life, made it an 
impractical material for quantitative work, but the simple tests 
just described were nevertheless instructive. The main lessons 
relevant to the subsequent development of a urethane rubber model 
were as follows:
(i) that in order to minimise the influence on ring 
buckling of variations of stress and strain in 
the third dimension, a plane model should be 
made as thin as practicable;
(ii) that in order to induce distortional loading in 
a plane strain model having Poisson's ratio 
approaching 0.5, it would be necessary to apply 
vertical and horizontal loads separately, or 
else provide non-rigid lateral supports;
(iii) that model pipe rings should be cast or machined
to shape rather than made up from sheet material,
so as to avoid any possible interference by a 
longitudinal seam;
(iv) that the effects of friction between the model 
and the platens confining it to plane strain 
would need to be carefully considered.
7.3 Design of rubber model and loading frame
7.3.1 General description
The basic concept of the loading frame used to test a two- 
dimensional rubber model is illustrated diagrammatically in Fig. 7.3. 
A 6.5 mm thick rubber sheet containing a model pipe ring was sand­
wiched between two sheets of 1 0 mm float glass in an aluminium frame,
and subjected to in-plane compression along the top edge.
Plate 1 shows photographs of the fully assembled frame before 
and during loading. The views of the partially assembled frame in 
Plates 2 and 3 display more clearly the sandwich construction of the
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aluminium edge members.
Two characteristic features of the model as seen in Plate 1 
should be explained here:
(i) the square grid around the pipe which serves to 
highlight deformation of the model under load 
was marked directly on the rubber sheet with a 
fine felt-tip pen;
(ii) some of the light silicone oil used to lubricate 
the glass/rubber interface tended to collect in 
the bottom of the pipe ring, and it is the 
meniscus on the surface of this oil which appears 
as a thick black horizontal line across the pipe 
invert.
Further details of the loading frame construction are given below.
7.3.2 Choice of dimensions '
The model pipe diameter of 50 mm was chosen so as to be visible 
together with at least one diameter of the surrounding rubber in the 
150 mm diameter light field of a standard polariscope.
The rubber thickness of 6.5 mm corresponded to a standard size 
of aluminium bar .used in the construction of the frame, and was the 
minimum which could be cast without too great difficulty.
The width of the frame was determined such that the bolt-holes 
through the aluminium side members matched those of existing 
supports on the polariscope. This resulted in an overall dimension 
of the rubber sheet of 225 mm, giving 1.75 diameters of cover either 
side of the pipe; similar cover was provided above and below the 
pipe. For various reasons which became apparent during the course 
of the tests and will be described later in this chapter, it would 
have been advantageous to provide somewhat greater cover at the sides 
of the pipe. At the'design stage, however, the only cover criterion 
applied was that there should be no discontinuity of the elastic
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medium within the interaction zone as defined in sections 2.5.3 and 
3.9.4., i.e. within about one diameter from the pipe wall.
7.3.3 Method of applying surface loading
A uniformly distributed load was applied along the top edge of 
the rubber model by a pressurised rubber water bag reacting against 
the top member of the frame (see Fig. 7.3). The 20 mm diameter, 
purpose-made latex rubber bag was folded double in the manner shown 
in Fig. 7.4(a) when inserted into the loading frame at the start of 
a test. In this way the top of the model could be compressed about 
10 mm without having to stretch the rubber bag (Fig. 7.4(b)), thereby 
ensuring that the full applied water pressure acted bn the model 
without loss.
2
Assuming the modulus of latex rubber to be 0.7 N/mm (Menzies 
& Phillips, 1972) and contact between the water bag and the surfaces 
confining it to be frictionless, it was calculated that for each
millimetre of compression of the model in excess of 1 0 mm the pressure
2
absorbed in stretching the water bag would be about 2 kN/m . Although 
amounting to about 10-15% of the pressure required to compress the 
model, this loss was of no practical consequence, because the method 
used to interpret loading test results was based entirely on response 
of the rubber sheet without reference to the value of applied pressure.
7.3.4 Provision for varying in-plane lateral support
Urethane rubber has a Poisson's ratio close to 0.5, and, as 
already experienced with the gelatine model, such a material becomes 
effectively rigid when loaded in confined compression. So with the 
simple loading and support arrangement illustrated in Fig. 7.3, in 
which a two-dimensional rubber model was confined laterally in both 
out-of-plane and in-plane directions, no appreciable distortion of the 
model was expected to occur. This set-up was adequate for studying 
buried pipe buckling under uniform, K = 1, load conditions; but 
since one of the main aims of the experimental project was to determine 
the influence on buckling of ring deflection caused by distortional 
loading, some means was sought to enable the lateral pressure ratio
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on the model to be varied.
The most satisfactory way of achieving this would have been to 
incorporate a second hydraulic system in the test frame for loading 
the sides of the model independently from the top. In order to 
avoid undue complication of the apparatus, however, the simpler 
solution adopted in the first instance was to provide the facility 
for displacing the lateral supports (see Plate 2). The plan then 
was to preset the width of the loading frame to something greater 
than the initial width of the model, so that at first the model would 
be unsupported at the sides and would distort rapidly under an 
effective K = 0 load condition. As soon as the sides of the 
deflecting model engaged the displaced lateral supports, the 
effective applied load distribution would revert to a uniform, K = 1, 
conditon. At this point the buckling t^st proper would begin, but 
on a model pipe which had some initial out-of-roundness. This 
procedure, while not simulating the combined uniform and distortional 
loading of K values between 0 and 1, would at least, it was felt, 
provide a means of checking the theoretical out-of-roundness correction 
factor defined in section 3.4.2.
In the event, due to difficulties in achieving true plane strain 
conditions, the model did not respond in the manner expected, and the 
facility for fine adjustment of the lateral support spacing proved 
redundant. Some tests were nevertheless performed with the sides of 
the frame fully opened, as shown in Plate 2, and these raised the 
practical problem of how to prevent the pressurised water bag from 
ballooning down the gaps between the sides of the model and the 
displaced lateral supports. After some trial and error it was found 
that a short strip of 0.025 mm steel shim bridging each gap was 
capable of retaining the water pressure, while having sufficient 
flexibility to avoid interfering with the deflection of the top of 
the model.
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7.4 Fabrication and testing of synthetic components
7.4.1 Urethane rubber sheet
The casting system CASTOMER DP 9414 referred to in section 7.1.2 
consisted of two liquid components, namely: DP 9414 ISO, an organic
di-isocya.nate/polyether prepolymer based on toluene di-isocyanate 
(T.D.I.); and DP 9414 RES, a blend of polyether diol resins and 
organo metal catalysts.
Initially castings were made in accordance with the manufacturer’s 
instructions. The two components were separately pre-heated to 
25-30°C, then thoroughly mixed in the ratio 2 parts RES : 1 part ISO 
in a large open container. The mixture was degassed under vacuum 
(5 torr) to remove entrained air before pouring into a mould pre-heated 
to 80°C. The mould was stripped after one hour, and the casting post­
cured at 70°C overnight. All stages of the operation were carried 
out under air extraction hoods to avoid inhaling toxic T.D.I. vapour.
It was found with this procedure that mixing and degassing took
up to 15 minutes to complete, and since the pot life of the mix was
only 25 minutes, this left just 10 minutes for casting. This was
barely enough time, since the mixture was quite viscous 
2
( 4 - 6  N.s/m at 25°C) and flowed only slowly into the narrow mould.
The viscosity of the mix could be decreased by applying more heat, 
but any advantage so gained was offset by a corresponding decrease 
in pot life. The chief hazard during pouring was air trapped near 
the bottom of the mould which failed to rise to the surface before 
the rubber set.
Initially an all aluminium mould was used, but this had the 
disadvantage that any air bubbles trapped during pouring could not 
be seen. A fresh mould was therefore made using two sheets of 
Perspex separated by aluminium spacers, as illustrated in Plate 4(a). 
The main features of the mould may be summarised as follows:
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(i) The aluminium spacers used to form the sides and 
bottom of the rubber sheet were the corresponding 
support members taken from the loading frame. This 
was the simplest way to ensure that the dimensions 
of the rubber casting (especially the thickness) 
would exactly fit the loading frame.
(ii) Provision was made in the mould for casting a 
250 mm long by 25 mm wide by 6.5 mm thick test 
strip at the same time as each rubber sheet.
(iii) The two sheets of Perspex, respectively 6.5 mm and 
1 0 mm thick, were bevelled along their top edge so 
as to create wider, V-shaped openings for pouring 
into the mould. To further facilitate pouring, 
the mould was tilted through 45° so that the liquid 
rubber flowed initially down one perspex face only, 
leaving a gap through which displaced air could 
escape.
(iv) The circular perspex plug forming the hole in the 
rubber sheet was sealed to the mould faces with
0-rings set into the rim on each side. This was 
to prevent air trapped in the bolt-hole through 
the centre of the circular plug from finding its 
way into the casting, as actually occurred on the 
first few occasions.
As already pointed out in section 7.1.2, several attempts were 
needed before a successful, bubble-free casting was produced. The 
introduction of Perspex meant that the mould temperature had to be 
carefully controlled to avoid reaching the material's softening point 
at around 85-90°C, and some structural modifications were needed to 
mitigate the effects of thermal expansion. Timing nevertheless 
remained the critical factor, and since the rate of pouring was 
effectively limited by mould geometry and viscosity of the mix, 
efforts were concentrated on improving the efficiency of mixing and 
degassing operations. The overall casting procedure which finally 
proved successful was as follows:
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1. The mould was prepared by soaking all components in a 
proprietary silicone release agent (Hopkin & Williams'
RELEASIL 7) and baking for a few hours in an oven at 70°C. 
Excess release agent was wiped off and the components 
allowed to cool before assembly. The bottom and sides
of the mould were smeared with a silicone putty sealant, 
and then the whole assembly was clamped in a tilted 
position ready for pouring.
2. Generous quantities of the RES and ISO mix components were 
preheated separately to 30°C and then dispensed in a 2 : 1 
ratio into a polythene bag. After expelling excess air 
the bag was heat-sealed, and the contents mixed by kneading 
with the hands. In this way entrainment of air into the 
mix was kept to a minimum.
3. The mixing bag was then cut open and the contents sucked 
through a 6.5 mm diameter polythene tube into a vacuum 
chamber. As the thin stream of liquid fell freely 
through the vacuum it was quite efficiently degassed, so
that only a few small bubbles appeared in the second polythene 
bag used to collect it. Without waiting for this light 
surface froth to disperse, the collecting bag was removed 
from the vacuum chamber and heat-sealed at the top. The 
combined mixing and degassing operation was thus completed 
in no more than 5 minutes.
.4. Taking care to keep the second polythene bag upright so that 
any bubbles remained at the top, the mix was then squeezed 
into the mould through a small slit cut in the bottom of the 
bag. Since a full 20 minutes was available for pouring it 
was possible to reduce the rate of flow sufficiently to 
ensure that no air became trapped in the mould. During the 
course of pouring the mould temperature was maintained at 
about 30°C with the aid of an electric blow-heater.
5. Once full, the mould was placed upright in an oven and the 
temperature increased over a period of an hour up to 70°C,
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where it was then held for a further 15 hours before 
stripping. Any expansion of the Perspex mould before, 
the rubber had fully set was to a large degree offset by 
a tendency of the casting to shrink during subsequent 
curing. Some trial and error was needed to strike the 
appropriate balance between this expansion and shrinkage, 
and the end result was probably worse than would have 
been achieved with a truly rigid mould. Nevertheless 
the tolerances achieved of ± 0 . 5  mm on the edge dimension 
of the rubber sheet and ± 0 . 1 mm on the thickness proved 
: adequate in practice.
The test strip cast at the same time as the rubber sheet was used 
to determine the elastic modulus of the material in tension, and also 
the model fringe value for photoelastic work.
Fig. 7.5 shows a typical load-extension curve for the strip
recorded automatically by a testing machine. For a loading-unloading
cycle taken up to 25% strain it may be seen that"elastic recovery is
complete and hysteresis is minimal. When converted to a true stress-
strain plot (i.e. stress based on instantaneous cross-sectional area
as opposed to initial area), the loading curve in Fig. 7.5 becomes an
almost perfect straight line. Since there was a tendency for the
rubber specimen to slip in the chucks of the test machine as the
cross-section contracted under tensile load, computations of Young's
Modulus E were based on manual measurements of strain over a 100 mm 
s
gauge length marked in the centre of the test strip. The changing
cross-sectional dimensions at the centre of the strip were also
measured to enable the Poisson's ratio v of the rubber to be assessed.
s
For the rubber casting finally used in the model tests, the 
elastic properties thus determined were:
E =1.11 MN/m2 
s
and v =0.52 
s
These properties did not vary appreciably within the range of ambient 
temperatures (18-21°C) recorded in the laboratory where model testing 
took place. The value of Poisson's ratio was a little suspect and
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was probably influenced by an inevitable slight compression of the 
very soft rubber when gauging the breadth or thickness of the test 
strip with a micrometer or vernier caliper. The result was taken 
to be indicative of a true Poisson’s ratio of 0.5, i.e. of constant 
volume deformation.
With some of the earlier castings for which, as commented in
2
section 7.1.2, an Eg value of around 1.6 MN/m was recorded, it was 
also noted that the rubber stiffened over a period of time. According 
to the manufacturer, this was due to excess isocyanate in the casting 
combining with moisture in the air to form urea. As a precaution 
against this stiffening, the rubber model finally used was kept 
soaked in the silicone oil which served to lubricate the loading 
frame. The associated test strip treated in the same way was found 
to have unchanged modulus at the end of the month-long model test
series. After a further period of a month during which it was
■ . 2 + 
exposed to air, the rubber stiffened to an E value of about 1.2 MN/m .
s
This was a slower rate of stiffening than had been recorded with some 
earlier castings, and a possible reason why the modulus was also lower 
was that the method of processing resulted in less isocyanate 
remaining uncombined.
At the beginning and end of the model test series the test strip
was also loaded with dead weights in the polariscope to determine the
model.fringe value. On both occasions the principal stress difference
needed to produce a first-order fringe in monochromatic light was
2
found to be 63 kN/m .
Finally, when all other testing had been completed, the strip 
was loaded to failure in the tensile testing machine. The stress- 
strain curve remained linear up to 34% strain when failure occurred 
suddenly by tearing at one of the machine jaws. Since the low tear 
strength of the material could not affect its performance in 
compression, this was taken as confirmation that the rubber model
+ Note that it was on this last occasion that the load-extension curve 
shown in Fig. 7.5 was obtained. Previously the maximum strain had 
been limited to 2 0 % so as not to risk breaking the test strip.
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comfortably fulfilled, the strain capacity requirements set out in 
section 7.1.1."*"
7.4.2. Latex rubber water bag
The rubber bag used to contain hydraulic pressure in the loading 
frame was made in exact accordance with the procedure described by 
Menzies and Phillips (1972).
A former was built up from lengths of 2 0  mm and 1 0 mm diameter 
glass tubing to the well-rounded shape illustrated in Plate 4(b).
(In the photograph the former is shown covered by an unstripped rubber 
membrane, with another stripped membrane below.) The glass former 
was rubbed with fine emery cloth to produce a distinct surface 
texture, and then thoroughly cleaned and degreased in preparation 
for dipping.
The coagulant used was a 70% solution of calcium nitrate in 
methanol, resulting in a rubber membrane thickness of about 0 . 2  mm. 
Briefly, the procedure was to wet the former evenly with coagulant 
and leave it to dry before dipping into a latex rubber solution for 
a ’dwell time’ of two minutes. After curing in an oven at 70°C for 
3 hours, the rubber membrane was stripped off the former, soaked for 
a further 3 hours in warm water to remove any latent ammonia, and 
then hung up to air dry.
The method of mounting the rubber bag into the loading frame is 
partially illustrated by Plate 2. The neck of the bag was sealed 
into the water pressure line by stretching it over the male cone of 
a standard screw connector between the loading frame and the isolating 
valve visible in the top left-hand corner of the photograph.
7.4.3 Epoxy resin pipe rings
A range of model pipe rings dimensioned to fit the 50 mm diameter
+ Test strips from some of the earlier castings reached extensions of 
over 1 0 0 % before failure.
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hole in the urethane rubber sheet were machined from hollow 
cylindrical castings of ARALDITE 219. The cylindrical castings of 
outside diameter 50.8 mm, length 250 mm and thickness of between 4 
and 5 mm were formed in a simple aluminium mould comprising a tube 
with a solid mandrel machined to a slight taper for ease of extraction.
The ARALDITE 219 casting system consists of three liquid 
components which were mixed initially in the following proportions,
as recommended for the type of mould and thickness of casting in
question:
Resin CY 219 + Hardener HY 219 + Accelerator DY 219
100 parts 50 parts 5 parts by weight
The mix was cured for 12 hours at room temperature followed by 4 hours 
at 100°C, which was the method suggested by the manufacturer for 
raising the deflection temperature (softening point) of the material 
from a normal 40-50°C to around 65-70°C, A reasonably high 
deflection temperature was considered essential, bearing in mind the 
heat likely to be generated by machining.
The pipe rings referenced 'series A' which were machined from 
this first casting proved somewhat brittle, and so a second cylinder 
was cast by a slightly modified procedure. With the aim of achieving 
a more complete resin-hardener reaction before raising the curing 
temperature, the proportion of accelerator in the mix was increased 
to 8 parts per 1 0 0  parts resin, and the curing time lengthened to 
24 hours at 20°C + 22 hours at 100°C. This had the desired effect 
of rendering the material more ductile while maintaining an adequate 
deflection temperature. The series B pipe rings machined from this 
second casting formed the majority of those used in the model buckling 
tests.
Plate 5 shows a collective view of all the model pipe rings after 
testing, from which the greater brittleness of the series A material 
is apparent. The photograph also illustrates the range of ring 
thicknesses employed"*", giving diameter/thickness ratios from 16.6 to
f Note: when laying out the rings for photography, the labels
indicating 0.330 mm and 0.503 mm wall thicknesses were accidently 
transposed.
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almost 400. Considerable skill was needed to machine the thinner 
rings, as it was necessary to compensate manually for the elastic 
deflection of the casting caused by even the slightest cutting tool 
force. Some idea of the problem may be gauged from the fact that 
an early attempt to cut a nominal 0.3 mm thick ring with the tool 
set on automatic feed produced a taper in the wall thickness of 
almost- 0.1 mm. Notwithstanding this complication, a uniformity of 
wall thickness within ± 0 . 0 1  mm was generally achieved, with the one 
exception that the thinnest ring of the B series had local variation 
of wall thickness of up to ± 0 . 0 2  mm from the mean of 0.126 mm.
Since the manufacturer quoted different elastic moduli for the 
material in tension and flexure, no tensile test specimens were 
prepared from the castings. The intention instead was to determine 
the required Young's modulus applicable to flexure by compressing 
some of the thicker rings across their diameter in a testing machine. 
According to elastic theory, the.deflection A of a ring due to a 
concentrated diametral load W is given by the formula (Spangler, 1941; 
Roark, 1965):
3
A = 0.149 (7.1)
h L 
p
Only rings thicker than 0.6 mm could be tested in this way, due to 
the limited sensitivity of the machine. The inferred modulus values 
for the rings from each casting were surprisingly varied, as 
indicated in Table 7.1.
TABLE 7.1 ARALDITE MODULUS VALUES DERIVED 
FROM RING BENDING TESTS
No. of Flexural modulus E (GN/m^)
Casting rings
tested Min. Max. Mean
A 4 2.84 3.01 2.92
B 9 2.79 . 3.29 3.02
It was known that the material properties of Araldite were . 
sensitive to temperature and humidity (Ellinas, 1977), and repeat
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tests on.individual rings suggested that this could account for 
about 5% variation in modulus. The additional variation between 
rings derived from the same casting was thought to be due to 
differences in the heating cycle undergone by each ring during 
machining.
In order to avoid errors due to these variations of modulus, 
the stiffness of each ring was measured or remeasured immediately 
before use in a buckling test. Eq. (7.1) was adapted to provide 
an expression for the flexural' ring stiffness used in the analysis 
of the buckling test results, viz:
S = ^ p 1 = -0.149.W- (7.2)
d3 8 b A
where b = 6.5 mm was the width of the ring. In contrast to the 
plane strain definition of given in Chapter 3. Eq. (7.2) assumes 
plane stress. This was considered appropriate because the glass 
plates confining the urethane rubber sheet offered no resistance to 
anticlastic curvature of the ring;
The rings with wall-thickness less than 0.6 mm which were too 
flexible for the testing machine were loaded with dead weights in 
the manner illustrated in Plate 6 . Hanging the ring over a round 
bar and using roller bearings as weights as shown assured true point 
loading across the vertical diameter. The weights of the rollers 
used ranged from 0.55 g to 82 g. Each ring was loaded in turn by
2 - 4  weights of appropriate size to produce a range of deflections 
up to about 5% of the diameter, after which the load-deflection 
response became non-linear. Only a single loading was possible, 
however, with the ex;tremely flexible 0.126 mm thick ring which 
deflected just over 5% under 0.55 g.
To facilitate the monitoring of ring deflections, the jig 
illustrated in Plate 6 was mounted on the polariscope and a 
silhouette of the ring projected on to a screen. At about 5 times 
enlargement on the screen, changes in ring diameter could be easily 
measured.
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It was possible to test the rings with thicknesses between 0.6 
and 1 . 0  mm both with dead weights and in the compression machine, 
and the results of the two methods were in good agreement.
Individual values obtained by either method are tabulated as part 
of a general results summary at the end of the chaper.
7.5''Lubrication of the glass/rubber interface
7.5.1 . Nature of the problem
The success of the loading frame design shown in Fig. 7.3 was 
initially thought to depend on achieving a very low coefficient of 
friction between the rubber sheet and the glass plates confining it 
to plane strain. A simple analysis showed that in order to limit 
friction losses to a nominal 10%, i.e. to ensure that 90% of the 
pressure applied along the top edge of the rubber sheet reached the 
level of the model pipe, a coefficient of friction of the order of 
0.005 would be required. . In the search for a suitable lubricant, 
the point of departure could hardly have been less advantageous: 
the urethane rubber casting had a slightly tacky surface which when 
pressed into contact with a sheet of clean glass gave a friction 
coefficient in excess of 1 .
Several different methods of lubrication were tried, as 
discussed below, but the lowest coefficients of friction achieved 
were in the range 0.03 - 0.07, a whole order of magnitude higher 
than the original target, and giving rise to friction losses in the 
model of between 40 - 70%. Fortunately the problems created by 
losses of this order were not insuperable, as was at one stage 
feared. With the aid of photoelasticity and other techniques yet 
to be described, it proved possible to monitor the external loads 
actually reaching the model buried pipe and so to quantify the 
friction losses in each individual test. In these circumstances, 
the chief consideration when selecting a suitable lubricant was 
that any residual friction should act uniformly over the whole 
model and be free of any stick-slip effects.
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7.5.2 Selection of lubricant
The first lubricants to be tried were a range of silicone oils 
and greases of different viscosities. These all worked well so 
long as contact pressures were light and an adequate thickness of 
lubricant was maintained. Difficulties arose, however, when the 
contact pressure between rubber and glass was raised to the level 
expected in the loading frame, and the lubricant was squeezed out 
into a thinner layer. The heavier oils and grease became too 
viscous in shear, while the lighter oils flowed away too readily 
leaving a thin film which acted as a surface tension seal, 
encouraging adhesion instead of lubricating.
To avoid this tendency for the glass/rubber interface to seize
up under increasing pressure, a number of dry lubricants were then
tried, including talcum powder, graphite and ’Teflon’ PTFE spray.
All of these were more prone to stick-slip behaviour than a liquid 
lubricant, and further suffered the common disadvantage of being 
opaque and so partially obscuring the model and photoelastic fringe 
pattern.
An acceptable solution was finally found after it was observed, 
that ink-1 ines marked on the rubber sheet tended to diffuse into 
the material and become less distinct with time. This indicated 
that the surface of the rubber was slightly porous, and after soaking 
for a few hours in a special penetrating grade of silicone oil it was 
found to lose its tackiness and become quite slippery.
The oil used was DOW CORNING DC 550/50cs, described as a clear
2
phenylmethylpolysiloxane fluid with viscosity of 0.05 Ns/m . Some 
trial and error was needed to determine the optimum initial thickness 
of lubricant to allow for at the glass/rubber interface. The 
sandwich construction of the loading frame was packed with strips of 
acetate sheet placed either side of the central aluminium layer in 
order to increase the clearance between the glass plates as required. 
In the majority of tests, initial gaps of about 0.2 mm were provided 
on each side of the rubber sheet: these proved sufficiently narrow 
to retain the oil when the loading frame was turned upright, and yet
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thick enough to ensure uniform lubrication over a reasonable range 
of strains in the model. At a certain point in each test the 
coefficient of friction did begin to increase as the oil was 
gradually squeezed out, but the modification of the surface properties 
of the rubber prevented any sudden seizures.
To further reduce the risk of adhesion under high contact 
pressures, the glass plates were treated with a proprietary silicone 
water repellent (Hopkins & Williams’ REPELCOTE). Although effective 
in, reducing the surface energy of the glass, it is not known whether 
this treatment was 'a.major contributory factor towards the overall 
degree of lubrication achieved.
Finally, it was also necessary to ensure a low coefficient of 
friction between the edges of the rubber sheet and the side support 
members of the loading frame. This was achieved by wrapping the 
aluminium supports (labelled 2 in Plate 2) with a layer of 0.025 mm 
thick ’Teflon’ PTFE film, thereby obviating the need to leave oil . 
gaps here.
7.6 General test procedure
7.6.1 Assembly of loading frame
It was only necessary to dismantle.the loading frame to the 
extent shown in Plates 2 and 3 in order to make major adjustments 
to the positions of the lateral supports. During the main series 
of tests the lateral support condition was not changed, and so it 
was sufficient to remove the top member of the frame and slide out 
one of the glass plates in order to gain access to the model.
While the rubber sheet was. removed for insertion of a new pipe ring, 
the oil on the glass plates was topped up to replace any squeezed 
out during the previous test.
During reassembly of the frame, the water was temporarily 
sucked out of the latex rubber loading bag to make it easier to fold 
the bag in the manner illustrated in Fig. 7.4. Finally, after the 
top frame member had been replaced and all bolts tightened, the
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edges of the frame were sealed with silicone putty to prevent 
leakages of lubricant.. From time to time the oil within the frame 
became contaminated by traces of putty, in which case the whole frame 
was stripped down and cleaned before reassembling and re-charging 
witti fircsl? oil.
7.6.2 Mounting on photoelastic bench
All testing was carried out with the loading frame mounted 
upright in a standard circular polariscope. Fig. 7.6(a) shows a 
diagram of the optical system used, comprising 150 mm diameter 
’Polaroid* filters for polariser and analyser, and quarter-wave 
plates made of mica. The quarter-wave plates were set with their 
axes either parallel or crossed, as shown in Fig. 7.6(b), to produce 
light or dark viewing fields as required? An image of the model 
was projected at 3 times magnification on to a translucent screen 
from which all observations were made. The screen consisted simply 
of a sheet of glass overlain with opaque plastic draughting film.
For quantitative photoelastic work, a mercury vapour lamp was 
used in conjunction with a green filter to produce monochromatic 
light of wavelength 0.5461 pm. . For general viewing it was more 
convenient to use white light from a tungsten filament lamp, not 
least because the resulting coloured fringe pattern proved a 
sensitive indicator of the onset of ring buckling in the model.
Plate 7 shows a general view of the test rig assembly as seen 
from the operating position. Since only part of the model could be 
viewed at once within the circular light field of the polariscope, 
the loading frame was clamped to existing supports on the bench 
which had the facility for vertical and horizontal travel. In this 
way, as the rubber sheet was compressed during each test by up to 
40 mm relative to the loading frame, the position of the model could 
be adjusted to keep the image of the pipe ring in the centre of the 
screen where there was least optical distortion.
t For details of standard techniques of photoelastic analysis see, 
for example, Frocht (1941) or Hendry (1966).
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7.6.3 Application gf pressure to model
The primary source of pressure used to load the model was a 
bottle of compressed air. The simple circuit diagram of Fig. 7.7 
shows how the air pressure was converted in a special cylinder to 
water pressure, which in turn fed the rubber bag in the top of the 
loading frame. The various items of hardware are identified where 
they appear in Plate 7.
The pressure was controlled in the air circuit using a sensitive
. . 2
regulator capable of applying increments of less than 1 kN/m
without overshoot. Smooth changes of pressure were essential to
enable ring buckling to be followed through its various stages
without premature failure. The applied pressure was monitored in
the water circuit with an electrical pressure transducer coupled to
a digital voltmeter. The voltmeter output was calibrated to read 
2
directly in kN/m , and the calibration was checked at regular 
intervals against a head of water generated by dead weights. In 
order to minimise thermal drift, the pressure transducer was 
insulated by a block of expanded polystyrene, and the electrical 
system was left switched on throughout the month-long period of 
testing.
7.6.4 Measurement of ring deformation
At each increment of applied pressure the deflection of the 
model pipe ring (or unlined hole) was measured by direct scaling of 
the vertical and horizontal diameters of the projected image on the 
screen. In addition, a comprehensive set of photographs was taken 
of each test for later analysis. To this end, a label bearing the 
test reference number and a scale length was stuck on the centre of 
the screen, as may be seen in Plate 7. The writing on the label 
appears upside down because the image on the screen was also inverted, 
As a further aid to identification of the photographs taken, the 
digital voltmeter was mounted on top of the screen (again upside down 
see Plate 7) so that the value of applied pressure shown on the Light 
Emitting Diode display was also recorded on each camera frame.
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The chief value of the photographs was that they permitted 
detailed study of initial ring buckling modes which in some cases 
remained stable for pnly a matter of seconds.
7.6.5 Photography
Both black-and-white and colour photographs were taken on a 
35 mm single lens reflex camera mounted about one metre from the 
projection screen. Most were taken in circularly polarised light, 
so that in addition to recording the deformed shape of the model pipe 
ring they show the isochromatic fringe pattern in the surrounding 
rubber sheet.
Black-and-white photographs were adequate for most record 
purposes and were taken on Kodak Tri-X Pan 400 ASA film. The 
exposure required in monochromatic (green) light was 1 second at f2 .8 ; 
in white light a faster shutter speed of 1/15th second could be used 
at the same lens aperture. •
Colour photographs, such as those in the Frontispiece, were 
taken in white light on Kodak Ektachrome ET 160 Tungsten film.
Apart from their aesthetic appeal, the colour images offered certain 
technical advantages in the analysis of very high ring buckling modes, 
as will be explained below.
7.7 Control tests on rubber sheet with unlined circular hole
7.7.1 Purpose of control tests
In the first few tests carried out the rubber sheet was loaded 
on its own, without any model pipe ring inserted in the central hole. 
Since the stresses, deformations and photoelastic fringe patterns 
around circular holes in large plates are well documented in the 
literature, this enabled both qualitative and quantitative checks 
to be made on the performance of the loading frame, with particular 
reference , to the following:
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(i) uniformity and magnitude of friction losses at the 
glass/rubber interface;
(ii) effective confinement of the model for different 
positions of the lateral supports.
7.7.2 General observations
The rubber model was loaded first with the lateral frame 
supports in the fully open position (see Plate 2), giving a nominal 
K = 0 condition. The resulting light- and dark-field isochromatic 
fringe patterns, illustrated in Plate 8 (a), were compared with those 
recorded by Dally & Riley (1965, p.312) around a circular hole in a 
relatively much larger plate, also subject to uniaxial compression, 
but under conditions of plane stress. Dally & Riley found that, 
with the hole positioned 1.5 diameters from the loaded edge, the 
resulting fringe pattern in their model corresponded closely to the 
theoretical stress distribution around a hole in an infinite plate.
Similarly ideal conditions were hoped for in the rubber model, as
the hole was slightly further from the loaded edge, but in the event 
the following two discrepancies were noted:
(i) The fringepattern was not symmetrical about the 
horizontal axis of the hole. This was apparently 
due to friction at the glass/rubber interface, 
causing a gradual attenuation of stress from top 
to bottom of the model. The reasonable symmetry 
about the vertical axis and the lack of any obvious 
discontinuities in the fringe pattern suggested 
that the friction was, at least, fairly uniform.
(ii) The variation of fringe order around the periphery 
of the hole was not quite as expected. The ratio
of the fringe order at the springings.to the mean
of that at the crown and invert (fringe orders are 
marked on the right-hand photographs of Plate 8 ) 
was found to be about 2.5 as against a theoretical 
value of 3. After some research it was established 
that this was due to the close proximity of the hole
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to the unsupported sides of the rubber sheet. In 
other words, the model was not wide enough to 
simulate a "deep-buried" K = 0 condition by simply 
leaving the edges free. Reference to previous 
experimental studies by Frocht (1951, p.57) revealed 
that at least 10-15 diameters of cover would have 
had to be provided either side of the hole in order 
to reduce the influence of the free edges to an 
acceptable level. This width requirement fortunately 
did not apply if the sides of the model were held 
straight, as when fully confined, but it effectively 
invalidated the intended method of generating initial 
distortions of the pipe ring (ref. section 7.3.4).
The latter finding did not prove too serious a setback because 
when the rubber sheet came to be tested with the in-plane lateral 
supports fully closed (ref. Plate 3), it was. found, contrary to 
expectations, that some distortion did occur (see Plate 8 (b)). From 
experiences with the gelatine model described in section 7.2, this 
could be attributed to a failure of. the loading frame to confine the 
model to a true state of plane strain as intended. Due to squeezing 
out of the oil film and small deflections of the glass plates under 
load, the actual out-of-plane confinement conditions were somewhere 
between plane strain and plane stress. This did not, however, 
influence the overall qualitative response of the model (see comments 
in section 2 .6 .2 ): the only effects were that the apparent in-plane
lateral pressure ratio K was less than its theoretical plane strain 
value of 1, and the apparent E* value of the rubber was somewhere
s 2
between the Young’s Modulus of 1.11 MN/m and the true plane strain
2
value (given Poisson’s ratio of 0.5) of 1.48 MN/m . In much the 
same way, the net effect of friction in the loading frame was that 
the external vertical pressure p^ actually felt at the centre of the 
model was only a proportion of the pressure pg applied along the top 
edge, as defined by a load factor:
From these initial observations it was concluded that the 
apparatus could be used to perform a valid series of pipe deflection 
and buckling tests on the following basis:
(i) loading frame to be used only with the side supports
fully closed, thereby preventing in-plane lateral 
displacements of the edges of the model;
(ii) effective values of K, E* and A applicable to the 
model pipe-soil system in this condition to be
determined from the response of the hole in the
rubber sheet when unlined, using the techniques 
now to be described.
7.7.3 Methods of measuring effective loading and confinement 
of the model
The radial displacement u and tangential stress oat) at the
R  v R
boundary of an unlined hole in a two-dimensional elastic medium are 
given by Pender (1980), and may be expressed in the current notation 
as:
. 1
= 6 = TTT (2p - 4p cos2$) (7.4)
K L'' z y
s ■
= 2pz + 4 Pycos2^ (7.5)
where p^ and p are the uniform and distortional pressures applied 
at a distant boundary, and are related to p^ and K by the definitions 
shown on Fig. 3.2.
Both 6 and a.-, were simple to measure on the model. The relative 
changes of horizontal and vertical diameter, 6^ and 6^, corresponding 
to the values of 6 at % = 0° and ±90° respectively, were scaled from 
the image of the hole on the projection screen, as already described. 
The tangential stress aar) could be equated at any point on the
v K
boundary of the hole to the isochromatic fringe order n^ times the
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2 +
model fringe value of 63 kN/m . The value of at the sprmgxngs 
of the hole could be interpolated with sufficient accuracy from 
photographs of the half- and whole-order fringe patterns, such as 
those shown in Plate 8 . For the fully confined case (Plate 8 (b)), 
the tangential stresses at crown and invert were of much lower 
magnitude, so that some method of optical compensation was needed to 
measure fractional fringe-orders at these locations. The method
employed, in selected tests only, was that due to Senarmont (Hendry, 
1966, p.72), using the quarter-wave plates and analyser already 
fitted to the polariscope.
Using the symbols cr.., and cr. to represent the values of oa_.vn vv uK
at d = 0° and ±90° respectively, i.e. on the horizontal and vertical 
axes of the hole, the following expressions for K, E* and X were 
derived from Eqs. (7.3), (7.4) and (7.5):
K = 1 + 3 (6 h/6v ) (7.6a)
3 + < w
or K =  ^ 3 (7.6b)
3 + (<v /cW
E* = O 
s . $h (7.7)
6
v
E* 6 f i Q  \s . v (7.8a)
3-K p
s
, 1 °8 bor A -5— 77. — rr (7.8b)
3-K p
s
t In a photoelastic model of uniform thickness, the isochromatic fringe 
order n^ is proportional to the principal stress difference at any 
point; the coefficient of proportion, measured in a simple calibration 
test (ref. section 7.4.1), is termed the model fringe value (Hendry, 
1966, p.46). At. the free boundary of a hole, the radial stress is 
a principal stress which is equal to zero. The tangential boundary 
stress is therefore also^a principal stress, which may be positive 
(compressive) or negative (tensile), but is always numerically equal 
to the principal stress difference.
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Further expressions for E* and X were possible in terms of 6^ and
, but were not used because 6. and a , being of smaller magnitude 
dv’ h $v
than b and onl , were also less easy to measure reliably. As will
v •dh .
be shown, the alternative formulae contained within Eqs. (7.6) and 
(7.8) provided an adequate check on the experimental values of K and 
X, while the equivalent E* value derived from Eq. (7.7) could be 
checked against the known elastic properties of the rubber.
7.7.4 Analysis of test results
A total of four control tests were carried out in which the 
deflections and tangential boundary stresses on the vertical and 
horizontal axes of the hole in the rubber sheet were recorded over 
a range of applied edge pressures. Figs. 7.8 and 7.9 show plots 
of deflections and stresses respectively obtained in two of the tests, 
nos. U1/5 and U1/32.
Since the formulae of Eqs. (7.6). to (7.8) were derived from
small-deflection elastic theory, the analysis of effective loading
and confinement of the model was based on its initial, small-deflection
response. In each of the tests for which the results are plotted
on Figs. 7.8 and 7.9, it may be seen that the various response
components, all remained linear with respect to applied pressure until
a vertical deflection 6 of about 20% had been reached. The same
v
was true in the other tests, nos. U1/28 and U1/29, which are not
shown plotted. The slopes of least squares regression lines fitted
to the relevant initial range of each set of data points are summarised
in Table 7.2. The values of K, E* and X deduced from these slopes
s
(as opposed to individual readings of deflection and stress) are 
given in Table 7.3.
Table 7.3 shows that the operative value of lateral pressure 
ratio K, whether determined from deflection or stress^ measurements,
f The value of cf was recorded systematically in only two of the tests, 
nos. U1/28 and U1/32, because the experimental procedure used to 
measure fractional fringe orders was somewhat slow and laborious. In 
the case of test no. U1/5, the fringe orders at crown and invert of 
the hole were tentatively estimated at one value of applied pressure 
only from the photographs shown in Plate 8 (b). a^ . was arbitrarily 
equated to the arithmetic mean of the tangential stresses at crown 
and invert.
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TABLE 7.2 CONTROL TEST DATA SUMMARY -
SLOPES OF PLOTS OF HOLE DEFLECTION 
AND TANGENTIAL STRESS AGAINST
Ap p l i e d p r e s s u r e
Test No. P / 6  rs V
(kN/m2)
P /s, s h
(kN/m2)
aSh/ps % v /ps
U1/5 1334 5400 0.95 0 .2 1 *
U1/28 1005 4484 1.26 0.32
.U1/29 1261 4933 0.98 . -
U1/32 965 3924 1.33 0.30
. based on a single experimental point only
TABLE 7.3 EFFECTIVE LOADING AND CONFINEMENT OF 
MODEL DEDUCED FROM CONTROL TEST DATA
Test No.
K
E*
s
/MN.m 2 
(Eq.7.7)
A
from 6 / 6  
•h v
(Eq.7.6a)
fr0m °9v/0 9h 
(Eq.7.6b)
from 6
V
(Eq.7.8a)
from
dh
(Eq.7.8 b)
U1/5 0.54 0.52 1.26 0.38 0.38
U1/28 0.52 0.54 1.27 0.51 0.51
U1/29 0.54 - 1.24 0.40 0.41
U1/32,. 0.53 0.52 1.28 0.54 . 0.53
Mean: 0.53 . 1,26
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was in all cases close to a mean of 0.53. The apparent plane strain 
modulus E* of the rubber, as given by the product of 6^ and was
similarly invariable from test to test. The mean E*-value of
2 . . S
1.26 MN/m was furthermore entirely consistent with the apparent
K-value of 0.53 and the measured Young:s Modulus E of the rubber of
2 . . s
1.11 MN/m (ref. section 7.4.1). This could be shown by reference
to the elastic theory definitions of Eq. (3.2). Since for plane
strain loading with full lateral confinement K = v* = v /1-v , an
s s s
alternative expression for equivalent E* value of the model was:
E* = V  = 1 . 1 1 = 1.26 MN/m2
S r\ n (7.9)
1-(K/1+K) 1-(0.346)
In contrast to the near-constant values of E* and K, Table 7.3
s
shows marked variations in the value of load factor A from test to
test. In view of the high implied friction losses in the apparatus
- ranging from 46% to 62% of the applied pressure - it was remarkable
to find that response in each individual test was so linear, and that
the values of A determined from measurements of 6 and cr, were in
v £h
such close agreement. This finding greatly increased confidence in 
the use of the loading frame for quantitative model tests. It 
suggested that the coefficient of friction between rubber and glass, 
although sensitive to the initial oil gap provided, did not vary 
greatly during loading of the model. The initial oil gap was known 
to vary slightly from test to test because, as a result of using 
strips of relatively compressible plastic to pack up the aluminium 
frame members (ref. section 7.5.2.), the exact spacing between the 
glass plates depended on how tightly the frame was bolted up on 
assembly. Although efforts were made to be reasonably consistent, 
the bolt-tightening operation could not be controlled very precisely. 
It was therefore recognised that the operative value of A in any 
particular test could not be predicted in advance.
7.7.5 Effective confinement at high model strains
The results for test U1/32 plotted in Figs. 7.8 and 7.9 show 
non-linearities of response at high levels of model strain which 
were typical of those observed in the other control tests. The
247
directions of curvature of the plots of 6, , cra, and a were all
n  vii v V
consistent with geometric non-linearity of the highly deformed hole, 
but this did not explain the sudden drop in slope of the vertical 
deflection plot at 6^ ~  0.2. At least half of this change of
« 1 ____ 1 J  1__________ ______________ ~ J 4- ~  * - U  ~  1 *U ~  ^  ~ ~  ^
b i u p e  t U U  1 U  U C  d i l l  1 U U I C U  L. U  U J.1C J_ Ct L. C2S. 1 U U U C I  w a  L C 1  u a g  U C L U l U l i l g
fully unfolded and beginning to absorb pressure in stretching (ref. 
Fig. 7.4 and section 7.4.2). The remainder could have been due to 
the increased normal pressure between rubber model and glass plates 
having one or both of the following effects:
(i) squeezing out some of the lubricating oil and so
increasing friction in the frame;
(ii) creating out-of-plane confinement conditions
closer to true plane strain, and so increasing
the effective values of E* and K.
s
A tentative analysis of effective confinement of the model over the 
range 0.20 < 6^ 0.35, using the small-deflection formulae of
Eqs. (7.6) and 7.7), indicated a gradual increase in apparent E*-
2 ' . s 
value to around 1.4 MN/m , but instead of a corresponding increase
in lateral pressure ratio, the value of K dropped slightly to about
0.49. The evidence for an increasing degree of out-of-plane
confinement was thus inconclusive, but the analysis did at least
suggest that the magnitude of any change in conditions at high model
strains was relatively small. For the main series of ring buckling
tests, it was therefore assumed that the effective values of E* and
s
K remained constant over the entire range of strains in the rubber 
model, and any non-linearities of response not due to geometric 
effects were attributed to changes in the value of load factor A.
7.7.6 Implications of variable friction loss
The uncertainty in the initial value of A, and the possibility 
of it changing during the course of a test, detracted only marginally 
from the capability of the apparatus to fulfil its intended purpose. 
Suitable precautions had, however, to be taken in the interpretation 
of ring deflection and buckling data and their comparison with
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theoretical predictions. Here the versatile deflection-buckling
charts of Appendix D once again came into their own. In order to
check the theoretical buckling limit, it was possible to plot
experimental data on the appropriate chart from the known E*-value
of the rubber and the observed value of ring deflection, 6 ^, at the
onset of buckling. Direct reference to the value of applied
pressure was thereby avoided. The technique was similar to that
used in the case of soil-surrounded pipes, when the value of E* was
s
unknown, but buckling data could be plotted in terms of 6 * and p^/S^ 
at failure (ref. section 4.4).
. In some of the ring buckling tests it was possible to determine
the value of X at failure from measurements of 6 and a^ , for the
v %h
unlined hole after the ring had collapsed. As will be shown in 
Chapter 8 , this provided a useful check on the principal method of 
interpreting the model test data.
7.8' Ring deflection and buckling tests
7.8.1 Numbering and sequence of tests
The reference numbers which were used to identify the various 
tests and which appear in the model photographs, e.g.:
UO/3, A1/7,. B1/36 
may be explained as follows.
The initial letter identifies the pipe material: A and B refer
to the two Araldite castings from which the pipe rings were machined 
(ref. section 7.4.3); U indicates that the hole was unlined. In 
all the tests with a pipe ring inserted the diameter/thickness (D/t) 
ratio was also marked on the label on the projection screen.
The number immediately after the letter indicates the degree of 
in-plane lateral confinement: 0  means that the lateral frame
supports were fully open, 1 that they were fully closed. For 
reasons already discussed, all the ring tests were performed with 
the supports fully closed.
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The final numbers simply indicate the order in which the tests
were carried out. All the pipe rings shown in Plate 5 were tested
at least once. The sequence of testing was generally random, except
that the thickest rings to be taken to buckling failure were tested.
last due to the limited load capacity of the apparatus. On the first
attempt to buckle a pipe forming an intermediate system (test no.
A1 /11 with D/t = 33 giving Y = 174), one glass plate cracked when the
2
applied pressure reached just over 450 kN/m . The broken glass plate
2
was replaced, and in all subsequent tests taken to more than 400 kN/m
the frame was reinforced by clamping strips of plywood over the tops
of the glass plates where the transverse pressure was greatest. In
the final test carried out, a pipe with D/t = 42 giving Y = 360 had
2
just been buckled under an applied pressure of 546 kN/m when the 
rig ceremoniously exploded. It is this last test, no. B1/36, which 
is the first to be discussed below.
7.8.2 Development of ring deflections in intermediate and
flexible systems
The sequence of photographs in Plate 9 shows the development of
mode 2 ring deformation observed in test no. B1/36. Under applied
2
pressures p g from 0 to 400 kN/m (frames (a) to (c) of Plate 9) the
ring remained essentially elliptical, but thereafter deformation
became increasingly unsymmetrical about the horizontal axis. At a
2
pressure of 490 kN/m (frame (d)) the crown of the model pipe became 
completely flat and began to develop reverse curvature. This was 
taken to be the point of buckling, as defined in section 3.1.3.
After reversal, the ring continued to support increasing pressure 
(frame (e)) until at pg = 546 kN/m (frame (f)) the crown separated 
from the rubber surround and deformation became unstable. In this 
particular test it was possible to observe the development of 
collapse, because due to creep in the relatively thick pipe wall, 
the growth of the inward-moving lobe took several seconds. The 
final intact shape of the ring, before it failed by brittle fracture 
at the crown, was captured in the colour photograph included in the
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Frontispiece!
The vertical and horizontal ring deflections measured during the 
course of the test were plotted against applied pressure in Fig. 7.10. 
The theoretical curves also shown are intended purely for comparison 
of the observed non-linearity Of deflection response with the proposed 
formula for second-order distortion, Eq. (3.31a). The curves have 
been constructed by taking a straight line drawn through the initial 
experimental points (up to pg = 175 kN/m ) to represent the relation­
ship between first-order deflection 6  ^ and p^. The separation of 
the theoretical 6^ and 6^ components has been based on the elliptical 
assumption shown in Fig. 3.15.
In order to apply Eq. (3.31a) it was necessary to determine the
relevant value of load distribution parameter p^/apz * The value of
arching factor a for a true elastic medium loaded at a distant
boundary is given by Eq. (3.8), and since for plane strain loading
with full lateral confinement K = v*, this combines with Eq. (4.2)
for p /p in terms of K to give: 
y z
^y , = ■ 1 ~ K (7.10)
ap 2 a
z z
For the assumed value of K = 0.53, and a calculated a value of
z
0.994 for the system in question, Eq. (7.10) yielded a value of 
Py/apz - 0.236 for use in plotting the theoretical curves in Fig. 7.10
Further experimental ring deflection plots for a selection of 
the elastic models tested are shown in Figs. 7.11 and 7.12. Those 
models with system flexural stiffness ratio in the upper intermediate/
^ When the broken ring was later removed from the loading frame it was 
found that the left-hand springing had suffered some permanent 
deformation, but the right-hand springing, which was bent slightly less 
severely during the test, completely recovered its original shape 
(see 1.19 mm thick series B ring in Plate 5). The maximum bending 
strain to which each springing had been subject was determined by 
measuring the local radii of curvature from the Frontispiece photo­
graph, and comparing with the initial radius of the ring. In this 
way it was established that the series B Araldite casting had an 
elastic bending strain capacity of just over 5%, as stated in section
7.1.3.
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lower flexible range 100 Y <: 3000 (Figs. 7.11(a) to (f)) exhibited 
appreciable non-linearity of response. A detailed appraisal of the 
theoretical formula for second-order distortion in the light of these 
test results will be given in Chapter 8 . In test no. B1/17 (Fig. 
7.11(g)) with Y = 4000, any second-order elliptical distortion was 
masked by the early development of higher mode ring deformation, and 
the same applied to more flexible systems up to Y ~  10,000. In 
systems with Y > 10,000 the ring deflections reached before buckling 
were less than 1 0 %, and any departures from linearity of the observed 
response were within the bounds of experimental error. Fig. 7.11(h) 
shows a fairly typical scatter of readings as obtained in test no.
A1/7 (Y = 20,200).
At the opposite extreme, the excellent linearity of.the deflection 
response of near-rigid systems (Fig. 7.12) confirmed that friction
losses in the apparatus remained reasonably constant during the course
.  2
of each test, at least until the applied pressure reached 300 kN/m .
As predicted by theory, in all tests with Y < 100 the ring deflection 
was less than the vertical strain in the adjacent rubber. The 
different qualitative response of systems with Y-values either side 
of 1 0 0 ^ may be appreciated by comparing the top two photographs in the 
Frontispiece, showing test nos. B1/25 (Y = 75.4) and A1-/11 (Y =174) 
at similar levels of applied pressure.
7.8.3 Multi-wave buckling and post-buckling behaviour
In all the tests on flexible systems, ring deflection developed 
at first in an elliptical (mode 2 ) pattern until at a certain point 
higher mode deformation appeared. With the thinnest rings the change 
of equilibrium was quite sudden and immediately constituted buckling; 
but as ring stiffness increased the transformation became more gradual, 
so that after the first appearance of multi-wave shape it was necessary 
to apply additional pressure to cause reversal of curvature at one or 
more points on the circumference.
Strictly in accordance with Eq. (3.31b) the change-over occurs at
Y = 108. For practical consideration, however, it is convenient 
to divide intermediate system behaviour as defined by Table 3.1 
into a lower.range of Y = 10 to 100, and an upper range from
Y = 100 to 1000.
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Most rings remained stable for a period after reversal, depending 
again on the system flexural stiffness ratio and also to some extent 
on the orientation of the buckled shape relative to the vertical and 
horizontal axes of the model. Eventually one of the points of 
reverse curvature became unstable, leading to rapid single-wave 
collapse, as illustrated in Plate 10 for the. case of test no. B1/17.
This observed post-buckling behaviour confirmed the qualitative 
predictions of Falter’s (1980) theory as described in section 2.6.5.
Photographs showing the buckled configurations just prior to 
collapse of the majority of rings taken to failure are included iii 
Plates 11 and 12 and the Frontispiece. The observed multi-wave 
buckling modes n which are marked on the photographs were in most 
cases read by simply counting the number of waves around the circum­
ference. Where only part of the ring was buckled, the buckling mode . 
was determined as the number of complete waves divided by the proportion 
of circumference affected: this led in some cases to non-integral
values of n. The various buckling modes shown merit some individual 
comment as follows.
Starting at the top of Plate 11, test no. A1/35 (Y = 600) 
proceeded to mode 2 buckling in much the same way as test no. B1/36 
shown in Plate 9, but the slightly thinner ring in test no. B1/31 
(Y = 840) collapsed more suddenly with some last-minute signs of 
flattening at the haunches as well as the crown. This was taken to 
indicate a buckling mode on the borderline between n = 2 and n = 3.
The transition to flexible system behaviour, i.e. Y greater than 
1 0 0 0 , was marked by a more radical change in buckle configuration.
The next three tests on Plate 11 and test no. B1/22 on the Frontispiece, 
with Y values in the range 1480 to 4000 giving buckling modes between 
4 and 5, all exhibited the surprising feature of a peak at the crown.
In test no. B1/21 (Y = 4810), depicted at the bottom of Plate 11, the 
increase in critical mode to n = 6 allowed the ellipsed ring to 
buckle in a more predictable orientation with peaking at the springings 
and flattening at the crown. This particular multi-wave mode proved 
exceptionally stable, with reversal developing at four points (crown,
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left-hand shoulder and both haunches) before collapse.
In the first frame of Plate 12, the orientation of the mode 7 
shape observed in test no. B1/9 was similarly consistent with the 
elliptical distortion prior to buckling, but in all the remaining 
tests with Y ^ 16,000, flattening and first reversal occurred 
unexpectedly at the springings. This observation ran counter to 
the intuitive treatment of deflection-buckling interaction incorporated 
in the design theory (ref. section 3.4.2), which reasoned that the 
most critical point for initiation of buckling would be where the 
pipe wall was already partially flattened by elliptical distortion,
i.e. at crown or invert. An adjustment of the theory to bring it 
more in line with the experimental evidence is discussed in the next 
chapter. In the meantime, setting aside any consideration of 
deflection-buckling interaction, the most probable cause of buckle 
initiation at the springings was a local concentration of hoop thrust 
due to some residual friction between the ring and the rubber sheet 
(ref. section 3.2.4).
The range of applied pressure over which the multi-wave buckling 
modes remained stable narrowed considerably as the rings became more 
flexible. With the thinnest rings tests it was necessary to apply 
pressure in very small increments as buckling was approached, and 
once multi-wave deformation appeared a slight creep in the apparatus 
(probably due to viscous shear at the glass/rubber interface) was 
sufficient to precipitate collapse within a matter of seconds. The 
first sign of impending buckling was a movement in the photoelastic 
fringe pattern in the rubber surrounding the ring. In the case of 
the most flexible model tested, the fringe pattern was also used to 
determine the buckling mode, because short wave-length deformation 
of the ring itself was barely perceptible. The particular value of 
colour photography in this instance may be appreciated from the record 
of test no. B1/27 in the Frontispiece: the additional definition of
shear stress fluctuations in the rubber provided by the violet fringe
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• • • "t"would have been missed m  black-and-white.
7.8.4 Initial and collapse load factors
The photoelastic technique used to determine friction losses
in the control tests (ref. section 7.7.3) could not be used when the
hole in the rubber sheet was lined with a ring. An initial load
factor A^ could nevertheless be defined for the ring tests by comparing
the initial slope (Pg / 6 )^ of the observed deflection response (where
6 = 1 ( 6  S.)) with that predicted by the first-order elastic theory
y v h
formula, Eq. (3.31b), giving:
108S.p + . E* ■ /,
A . f s (7.11)
1 . 2(1-K). (p /& ),
s y i
The use of Eq. (3.31b) entailed the assumption of full slippage at the 
pipe-rubber interface, which was not unreasonable bearing in mind that 
the inside of the hole in the rubber sheet was well soaked with oil 
before insertion of the model pipe. If a degree of pipe-rubber 
friction did nevertheless develop, as suspected from the pattern of 
buckle initiation discussed in the previous section, then reference 
to Fig. 3.7 showed that it would have accounted for only a small 
proportion of the apparent load loss (1 - A_^ ) compared with that due 
to friction at the glass/rubber interface.
Table 7.4 lists the experimental values of S^, ^ s ^ y ^ i  anc^
hence A^ obtained in each of the tests on rubber-surrounded rings.
The S.. values were measured as described in section 7.4.3; (p / 6  ) . 
f s y l
was determined by linear regression analysis of those initial points
on each pressure-deflection plot which approximated to a straight line
2
(generally up to p = 200 kN/m or 6 = 6 %); finally, to compute A.
s y o ^
from Eq. (7.11), values of E* = 1.26 MN/m and K = 0.53 were assumed.
^ Note: The.last two black-and-white photographs in Plate 12 were
taken with the analyser quarter-wave plate removed, as the multi­
wave deformation at the pipe springings would otherwise have been 
obscured by a dark isochromatic■fringe in the rubber sheet. The 
residual fringe patterns visible in these two frames (test nos.
B1/15 and B1/18) are of no particular significance. The same 
applies to the photographs of Plate 10, which were taken in similar 
lighting conditions.
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TABLE 7.4 RING STIFFNESS AND LOAD FACTOR DATA
Ring Properties Initial Response Collapse Load Factor, 
..... X
c
Test
No.
D/t
sf
(N/m2)
< W i
(kN/m2 )
X.
l
from
6
V
from mean
A1/6 16.6 62,200 13,400 0.63 0.63* - -
B1/26 2 0 . 1 33,900 12,500 0.42 0.38* - -
BI/12 22.3 25,700 7,400 0.59 0.61* -
A1/10 22.5 24,900 5,800 0.74 0.75* - -
B1/25 25.1 16,700 9,220 0.35
>'c
0.29 - -
B1/13 27.8 12,800 4,990 0.57 0.57* - -
A1./11 33.1 7,230 3,650 0.60 - - -■
B1/36 42.0 3,500 3,180 0.55
A1/35 49.5 2 , 1 0 0 3,520 0.45 - - -
.BI/3.1 ' 55.6 1,500 2,990 0.51 0.44 0.58 0.51
BI/23 67.2 850 2,690 0.54 0.41 0.50 0.46
B1/30 73.2 680 3,130 0.45 - - -
B1/22 78.0 540 2,780 0.50 0.40 0.44 0.42
A1/8 85.2 435 2,570 0.54 0.48 . 0.50 0.49
BI/17 96.0 315 2,150 0.64 - 0.49 0.49
BI/21 99.4 262 3,960 0.35 - 0.30 0.30
BI/16 115 185 2,970 0.46 - 0.38 0.38
B1/9 1 2 2 158 2,430 0.56 0.45 0.48 0.47
BI/14 152 78.6 2,770 0.49 - 0.38 0.38
A1/7 157 62.3 2,570 0.52 - - • -
BI/20 171 52.4 3,210 0.42 0.33 0.37 0.35
B1/15 193 40.7 3,130 0.43 - 0.36 0.36
B1/34 193 40.7. 2,430 0.55 0.50 0.48 0.49
B1/18 264 15.2 4,050 . 0.33 - - -
B1/19 264 15.2 3,770 0.36 0.34 0.35 0.35
B1/27 397 • 4.4 4,800 0.28 0.27 - 0.27
B1/33 397 4.4 .3,000 0.45 0.46 - 0.46
* •from ring deflection at max. applied pressure
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The spread of X^ values demonstrates once more the wide and
apparently random variation of friction loss in the apparatus from
test to test. Further load factors entered in Table 7.4 are
intended to show the extent to which friction increased during the
course of individual tests. For the six stiffest'rings, which
were free from the influence of geometric non-linearity, load
factors at the maximum applied pressure were estimated from Eq.
(7.11) using the appropriate secant values of p / 6 . These suggest
s y
that a significant drop in load factor at high rubber strains 
occurred only when the value of X^ was already low.
In the case of more flexible systems subject to uncertain 
geometric non-linearities, the only way to estimate the value of A 
at maximum load was from the response of the unlined hole in the 
rubber sheet after the ring had collapsed. Values of collapse load 
factor X derived from the vertical hole deflection and tangential 
stress at the springings, via Eqs. (7.8a) and (7.8b) respectively, 
are shown in Table 7.4 for the majority of tests taken to failure. 
These imply somewhat larger increases in friction loss in tests on 
flexible systems than occurred in tests on near-rigid systems (ref. 
Fig. 7.12), due possibly to one or both of the following reasons:
(i) larger shear displacements at the glass/rubber
interface, combined with high normal pressures 
in the vicinity of the ring, causing more
lubricating oil to be squeezed out into the
hole at the centre of the model;
(ii) some residual pressure exerted on the inside
edge of the hole by the broken or folded
remains of the collapsed ring.
The latter effect was only thought to be important with the thickest
rings taken to failure, such as in test nos. B1/31 and B1/23, where
a slight distortion of the hole due to the broken remains of the '
ring caused an apparent deviation of the X values derived from 6
c v
and measurements. Inevitably some uncertainty remains about
the degree of friction loss in the flexible ring tests, but overall
the mean X values shown in the final column of Table 7.4 are
c
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considered the best available guide to the operative load factor in 
each test at the point of buckling.
7.8.5 Summary of ring buckling data
Setting aside any further consideration of the quirks of the 
test apparatus, the end result of this experimental project which 
is of greatest practical interest is the summary of ring buckling 
data presented in Table 7.5. Briefly, the various columns of 
figures shown were derived as follows.
The system properties of Y and a were computed via the formulae
* z £
of Eqs. (3.3a), (3.8c) and (3.29), assuming E* = 1.26 MN/m ,
vg = 0.53, and using the measured values of D/t and from Table 7.4.
The buckling pressure (Pg)^ was defined as the applied pressure 
to cause first reversal of the pipe wall (as opposed to first 
appearance of multi-wave deformation); the collapse pressure (p )
S G
is self-explanatory.
The critical deflection ( 6 ), was the arithmetic mean of
y b
measured ring deflections 6 and 6, at p = (p ). . Finally, the
V h s s b J 9
buckling mode n was read from the model photographs as already 
described in section 7.8.3.
These elastic model buckling test results are the first to be 
evaluated in the next chapter.
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TABLE 7.5 SUMMARY OF RING BUCKLING DATA
Test
No.
System properties
Applied pressure 
/kN.m ^ Ring 
deflection 
at buckling
... . < V b
Observed
buckling
mode
nY az
at
buckling
<Ps b
at
collapse
(P ) s c
BI/36- 360 0.994 490 546 0.275 2
A1/35 600 0.993 465 499 0.247 2
B1/31 840 0.993 420 440 0.240 2/3
B1/23 1480 0.991 410 430 0 . 2 2 0 4
B1/30 1850 0.991 500
JL.
c-r 0.175 4
B1/22 2330 0.989 370 390 0.186 5
A1/8 2900 0.989 326 346 0.159 4.7
BI/17 4000 0.988 300 326 0.146 5.2
BI/21 481° 0.987 410 435 0.127 6
B1/16 6810 0.986 297 311 0.107 7
B1/9 7970 0.985 245 248 0 . 1 0 0 7
B1/14 16,000 0.981 234 244 0.084 8
A1/7 2 0 , 2 0 0 0.978 2 0 0 205 0.078 9
B1/20 24,000 0.978 2 0 0 205 0.062 1 0
BI/15 31,000 0.977 2 0 0 205 0.066 10.5
B1/34 31,000 0.977 158 158 0.065 (-)f
B1/18 82,900 0.968 153 153 0.0410 14
B1/19 82,900 0.968 2 0 0 205 0.0405 14
B1/27 286,000 0.952 1 2 0 1 2 0 0.0265 . 2 0
B1/33 286,000 0.952 85 85 0.0285 2 1
•k
Notes: Not taken to failure
^ Simultaneous buckling and collapse, 
mode not seen
259
Dimensions in mm
Sealed, water-filled 
rubber membrane
3 sides of
aluminium
box
Loaded by hand 
pressure or 
light weights
7]
x Spreader plate
Gelatine
Model pipe 
inserted into 
pre-formed hole
225
21
ELEVATION 
(glass plates omitted)
Glass face: plates 
(clamped to box) .
89
X - X
Fig. 7.1 Diagram of gelatine model
b) Thicker pipe
Y = 1400, n = 3  
cr
a) Thinner pipe
Y = 8000, n = 5 
cr
Fig. 7.2 Typical buckled shapes of pipes in. gelatine model
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Supply of wafer 
at controlled 
pressure
,Wafer filled latex rubber 
/ loading bag.
in
Valve
Urethane rubber sheet
/Model pipe 
ring
in
Smooth
rigid
frame
225
schematic view of in-plane loading system
Loading^* 
bag (see 
detail in 
Fig. 7-4).
Glass-
Bolted
assembly
Aluminium
frame
members
hatched.
■Glass
•Rubber
£dge strip 
3/ retaining 
glass.
section through 
actual frame'
Fig. 7.3 Diagram of urethane rubber model
a) Folded bag at 
start of test
b) Bag fully unfolded 
but not yet stretched
.£= QJ
e e
=> TO
o
om
a.
c) Some pressure lost 
in stretching bag 
if model deflects 
more than 10 mm
Fig. 7.4 Method of folding water bag in loading frame 
to reduce pressure loss
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L
o
a
d
j.U.
30
Test -strip dimensions 
X-section: 25mm:x 6.5mm 
175mmLength
0 10 20 30
Extension /mm
4 0 50
Fig. 7.5 Typical load-extension curve for 
urethane rubber test strip
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sL Light source Q 1 , Q 2
Quarter-wave plates
B Focussing lens M Model
C 1 , C 2
Condenser lenses D Projection lens
P Polariser F- Colour filter
A Analyser S Translucent screen
a) Optical system of polariscope used
\
\
\
\
Light field Dark field
b) Orientation of quarter-wave plates to produce
light or dark viewing fields in crossed polariscope
Fig. 7.6 The circular polariscope
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waferair
KEY
1. Compressed air supply
2. Air pressure gauge
3. Air pressure regulator
4. Air/water cylinder
5. Manual screw pump
6. Electrical pressure transducer
7. Digital voltmeter
8. Loading frame
Fig. 7.7 Diagram of air/water pressure circuit
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t
e
r
KEY
0 , 0  Test no. Ul/32
•,■ Test no. Ul/5
  Least squares regression
line for points up to
0-3 _
«o
0-2
' 4002 0 0 5001 0 0 300
- 2Applied edge pressure pg /kN.m
Fig. 7.8 Deflection response of unlined hole in confined 
rubber sheet subject to edge pressure
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KEY
o,n Test no. Ul/32 
• , ■ Test no. Ul/5
' T  p o o f  o m i o r * o c j  r o r r r ^ Q Q  
u  lJHwu,k ^ w w
line for points up to 
p = 300 kN/m2
600
dh
• H
c+
•rH
1 0 0
o^.n— " "■
dv
0 1 0 0 2 0 0 300 500
Applied edge pressure pc /kN.m- 2
Fig. 7.9 Plots of tangential boundary stress against 
applied pressure derived from fringe pattern 
around unlined hole in rubber sheet.
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T T T T " T”
0.4 .
0.3 .
to
0 , 2  _
0 . 1  H
0
0
KEY TO EXPERIMENTAL POINTS AND 
THEORETICAL CURVES
Observed Predicted
Vert ical 
diameter 
change, 6v
O
Horizontal 
diameter 
change,-6^
X -- ---
o
n
O
O
8
o
o
signifies point of buckling 
(first reversal of wall 
curvature)
Initial response slope 
(Pg/S )i = 3180 kN/m2
1 0 0 200 300
L____
400
Applied edge pressure p /kN.m
500
- 2
600
Fig. 7.10 Annotated plots of vertical and horizontal 
ring deflection versus applied pressure for 
test no. B1/36 (Y = 360)
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0 . 0 8
KEY
Symbol Test n o . Y X  .l
X Bl/13 98.4 0.57
+ Bl/25 75.4 0.35
0 Bl/12 49.0 0.59
□ Bl/26 37.2 0.42
X /
/
a) 0. 04
100 200
Applied edge pressure p /kN .m
-2
Fig. 7.12 Deflection response of near-rigid systems
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a) M o de l  u n loa ded  at start o f  test
b) M o de l loaded by pressurising w a te r  bag along to p  edge
P L A T E  1 VIEWS OF LOADING FRAME SHOWING IN-PLANE 
COMPRESSION OF MODEL
pripii|impm[iiii|iiii|»n[Mii[Hii|iii|iMi|im|rii]iiii]iiii|{iii|iiii)iiiip | iiii[ 
0 1 J 3 < . S 6 ? e 9 1 0  cm
K E Y
1. T o p  f ra m e  m e m b e r  showing sandwich co ns tru c t io n
2 . Side m em b ers  in plane o f  m ode l in fu l ly  open posit ion
3 .  Screws fo r  ad justing posit ion o f  lateral su pp ort
4 .  L a te x  rubb er  w a te r  bag
5 .  Steel shim strips fo r  re ta in ing  pressurised w a te r  bag over
gaps be tw ee n  m ode l  and displaced lateral supports.
P L A T E  2 PARTIALLY ASSEMBLED LOADING FRAME SHOWING 
GENERAL CONSTRUCTION AND FACILITY FOR 
DISPLACING LATERAL SUPPORTS
P L A T E  3 LOADING FRAME ADJUSTED FOR FULL 
LATERAL CONFINEMENT OF MODEL
§f- J•
1 $ I I  • 9 1
a) Perspex m o u ld  fo r  casting ure than e  rubb er  sheet and test strip
H;:rpiipin|i»f|Krip>|nitpmpmpi')iTH[mtp'iij»i;|i)iijiiinmi|niHim|i»i|
O i i J * 5 6 7 e « t O  cm
b) Glass fo rm e r  fo r  d ipp in g  la tex  rubb er  w a te r  bag 
PLATE 4 FABRICATION OF RUBBER COMPONENTS
PLATE 5 VIEW OF MODEL PIPE RINGS AFTER TESTING
Labels indica te  wal l  
thicknesses in m mS E R I E S  A  P I P E  R I N G S
S E R I E S  B  P I P E  R I N G S
m r i "
PLATE 6 METHOD OF LOADING RINGS FOR MEASUREMENT 
OF FLEXURAL STIFFNESS
K E Y
1. Compressed air supply 6 . E lectr ical pressure transducer
2. A i r  supply  pressure gauge 7. Dig ita l  vo l tm e te r
3. A i r  pressure regulator 8 . Lo ad ing  fra m e  m o u n te d  on
4. A i r /w a te r  cy l ind er photoe las t ic  bench
5. M anual  screw p u m p 9. P ro jec t ion  screen
PLATE 7 G E N E R A L  VIEW OF TEST RIG A S S E M B L Y
Light field, half order fringes
a) Model w ith  zero lateral support
Dark field, whole order fringes
Light field Dark field
b) Model w ith  fu ll lateral confinement
P L A T E  8  I S O C H R O M A T I C  F R I N G E  P A T T E R N S  IN  C O N T R O L  T E S T S  
O N  R U B B E R  S H E E T  W I T H  U N L I N E D  C I R C U L A R  H O L E
P L A T E  9  D E V E L O P M E N T  O F  M O D E  2  D E F O R M A T I O N  A N D  
B U C K L I N G  O F  A N  I N T E R M E D I A T E  S Y S T E M
b) U nstab le  snap-through
P L A T E  10 MULTI-WAVE BUCKLING AND SINGLE-WAVE 
COLLAPSE OF A THIN RING
Y = 1 4 8 0 ,  n = 4 Y = 2 9 0 0 ,  n
Y = 4 0 0 0 ,  n = 5 . 2 Y = 4 810
PLATE 11 OBSERVED MULTI-WAVE BUCKLING MODES
Y = 7970
T E S T  B 1/9 
D/t = 122.
T E S T  A  1 / 7  
D / t -  1 5 7 5
TEST Bl/20 
D/t * 170-6
PLATE 12 OBSERVED MULTI-WAVE BUCKLING MODES
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CHAPTER 8
EVALUATION OF RESULTS OF THE EXPERIMENTAL PROGRAMME
8.1 Elastic model tests
8.1.1 Comparison of buckling data with theoretical predictions
As discussed in section 7.7.6, th,e most reliable way to compare
the elastic model buckling data with theoretical predictions was to.
plot the data on a deflection-buckling chart from the known Y-values
and measured deflections (6 ^)^ at the onset of buckling. The
operative values of p^/apz in the various tests, derived by
applying Eq. (7.10) to the a,. values listed in Table 7.5, ranged
from 0.236 to 0.247 with a mean of 0.240. The deflection-buckling
chart chosen for plotting the data in Fig. 8.1 therefore corresponds
to p /ap =0.24. 
y z
The version of the proposed buckling theory plotted for 
comparison does not include the empirical factor of 1/4 applied to 
the soil stiffness in section 3.4.1, because the rubber surround to 
the model pipe ring was a true elastic continuum. The relevant 
basic buckling formula is a combination of Eqs. (2.11) and (3.18), 
with v* set equal to 0.53, giving:
"l£ = 8(n2-') + Taskw (8-°
When corrected for out-of-roundness in the manner proposed in 
section 3.4.2, the basic formula becomes:
P
b = 8 (n2 - 1 )p3 + Y (8'2)
Sf ' 'p (2n+0.47)
where p is the correction factor defined by Eq. (3.22)
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In Fig. 8.1 it may be seen that the experimental data follow 
the trend of the basic buckling formula of Eq. (8.1), but plot 
slightly below it. This discrepancy might reasonably be 
attributed to the effects of out-of-roundness, but whether or not 
this is so, a simple factor of safety of 1.4 applied to Eq. (8.1) 
gives a better lower bound envelope to the data points than the 
intuitively corrected formula of Eq. (8.2). That the intuitive 
out-of-roundness correction appears to be numerically in error is 
not altogether surprising, since, as commented in section 7.8.3, 
the implicit assumption that buckling initiates at the point of 
minimum instantaneous curvature on the ring was not borne out by 
the experimental evidence.
Also added for comparison on Fig. 8.1 is a buckling limit 
based on Meyerhof’s formula, as defined by Eq. (4.16) and previously 
plotted on Fig. 4.7. This formula, which is representative of the 
type in use in current design practice, bears even less relationship 
to the elastic model data than it does to data from soil-surrounded 
pipes.
An alternative plot of the elastic model data is shown in 
Fig. 8.2(a), based on measurements of equivalent loading on the 
pipe-rubber system at buckling. The value of critical uniform 
interface pressure (apz)cr in each test was derived from the data 
compiled in Tables 7.4 and 7.5 by way of the formula:
(clpz)cr = V c (ps)b. (8-3)
Only those tests in which it was possible to measure the collapse
load factor have been included in Fig. 8.2(a); in all cases the
mean value of A shown in the last column of Table 7.4 has been used, 
c
Despite greater uncertainty in their derivation, the experimental 
points plotted on Fig. 8.2(a) confirm the general relationship shown 
on Fig. 8.1 between the elastic model data and the various buckling 
theories. The test results clearly support the continuum theory 
prediction of a two-thirds power relationship between an<^  Y
(ref. Eq. (4.18)) as against the square-root law predicted by 
Meyerhof (Eq. (4.17)).
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If further evidence is needed to demonstrate the inadequacy 
of the Meyerhof-type soif-spring approach to the analysis of buried 
ring buckling, then it is provided in Fig. 8.2(b), by a comparison 
of observed and predicted buckling modes. The experimental data 
generally follow the continuum theory prediction of Eq. (8.1), but 
with a-slight tendency to exceed the theoretical mode number over an 
intermediate range of Y-values. This discrepancy may possibly have 
been due to the influence on the eventual multi-wave configuration of 
elliptical distortion prior to buckling, although the extent of such 
influence was nowhere near as great as implied by the intuitive out- 
of-roundness correction in Eq. (8.2).
In conclusion, the elastic model test results appear to confirm 
the main elements of the buckling theory proposed for use in buried 
a pipe design. The only exception is the intuitive correction for 
out-of-roundness due to distortional loading, which proves to be 
based on a false premise and which leads to excessive adjustments of 
the predicted buckling pressure and multi-wave mode number. A simple 
factor of safety of 1.4 applied to the basic formula for uniform 
buckling pressure gives a better overall prediction of the observed 
response of the elastic model.
8.1.2 Second-order deflection response
The theoretical curves included on Figs. 7.10 and 7.11(a) to (f) 
give only a fair representation of the development of non-linear ring 
deflection observed in the model tests. The treatment of second- 
order distortion in the proposed design theory is probably adequate 
for practical purposes, however, since it appears to err on the side 
of over-prediction in the working range of deflections up to 15% or 
20% of the diameter. An improved formulation of the observed non- 
lin.earity is nevertheless suggested if, as will now be shown, the 
deflection data are plotted in a different way.
8.1.3 Analysis of test data by the Southwell plot method
Southwell (1932) showed how the buckling load of a strut with 
initial lack-of-straightness could be estimated by measuring its
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lateral deflection during a test. The measured central deflection 
Ac as buckling is approached in a strut subject to axial load P 
takes the form:
Ac = p ^ p - T  (8‘4)
where P^ is the mode 1 Euler critical load, and is the 
corresponding initial imperfection. Rearranging Eq. (8.4) gives:
A , . A . A- c _ _c _
P P P1 1
(8.5)
Hence if A^/P is plotted against a straight line is obtained with 
a slope of 1/P^ and intercept -A^ on the axis (see Fig. 8.3).
Valsangkar et al.(1981) used a similar plotting technique to 
analyse buckling loads and initial imperfections of buried flexible 
pipes, by drawing a direct analogy between Southwell's axially loaded 
strut and a circular pipe subject to ring compression in the ground. 
For the case of a buried pipe subject to uniform surface overpressure 
pg they interpreted Eq. (8.5) as:
_6_ = _6_ (8.6) 
ps PE PE
where 6 was the maximum radial deflection recorded at any point 
around the circumference (i.e. at point of eventual buckling); p_,
£j
was the inferred buckling pressure for the perfectly circular pipe
ring (analogous to the Euler critical load); and 6  ^ was a generalised
measure of initial out-of-roundness, expressed as a percentage
A 1r,/R% of the radius. By analysing Southwell plot data from a 
1R
number of buckling tests on model pipes buried in soil, Valsangkar
et al. (1981) derived the empirical relationship already cited in
section 2.6.8, Eq. (2.21), between collapse pressure ratio p^/p^
and initial imperfection A. /R%.
IK
With the initial aim of checking this empirical relationship, 
Southwell plots were constructed for a selection of elastic model 
tests using the vertical and horizontal diameter change data
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previously plotted on conventional pressure-deflection axes in Figs. 
7.10 and 7.11. Tests in which the model pipe ring collapsed at the 
crown all produced Southwell plots with excellent linearity at the 
approach to failure. As shown in Fig. 8.4 for the case of test no. 
B1/36, the same degree of linearity was achieved whether the plot was 
based on 6^ or -6^* ■*'n tests where buckling occurred other than at
Crown or springings, neither 6^ nor -6^ was strictly a measure of the 
peak radial deflection of the ring-*", but in two such tests, nos. B1/23 
and B1/22, straight Southwell plots were nevertheless obtained from
ring deflections up to the initiation of high mode deformation. Fig.
8.5 illustrates this point for the case of test no. B1/23.
A total of six elastic model tests were analysed in this way,
including one (no. A’1/11) which was not taken to failure. Table 8.1
summarises the values of 6 . and p_ derived from each test from
1 E
Southwell plots based on both 5^ and “5^* ln all cases the slope
1 /p and intercept - 6 . were obtained by regression analysis of at 
b 1
least ten data points giving a linear correlation coefficient greater
than 0.999. For those tests taken to failure, the parameter p^ was
equated to the observed collapse pressure (p ) recorded in Table 7.5,
s c
and pairs of values of p /p. and 6 . were plotted as shown in Fig. 8 . 6
b r 1
for comparison with the predictions of Eq. (2.21).
The elastic model data plotted on Fig. 8 . 6  fall within the same
range of p^/p^ values as the data derived by Valsangkar et al.(1981),
• E x
but appear to be shifted by almost an order of magnitude along the 
6  ^ axis, so that the formula of Eq. (2.21) clearly does not apply.
The size and nature of the discrepancy suggests a fundamental 
difference between the models analysed by Valsangkar et al., which were
^Note: Valsangkar et al. (1981, p.74) comment that even where buckling
occurs at the crown, the vertical diameter change is only equivalent to 
peak radial deflection if the buckling mode is symmetrical about the 
horizontal axis. To assess the influence of the observed asymmetry in 
the elastic model tests, a further Southwell plot was constructed for 
test no. B1/36, using the true radial deflection of the crown measured 
from photographs relative to the horizontal axis of the ring. This 
yielded a 6  ^ value identical to that obtained from the plot based on 
6^, and a p value only some 7% lower. It was therefore concluded 
that in the case of mode 2 buckling, the diameter change 6 was 
adequately representative of radial crown deflection.
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TABLE 8.1 SOUTHWELL PLOT ANALYSIS 
OF ELASTIC MODEL TESTS
Test
From vertical 
deflections, 6
V
From horizontal
deflections, - 6, 
h
From
6 y  "  ^ v ' V
No.
6 i PE PE /pf 6 1 PE PE/pf 6 1 PE V c PE
(kN/nr ) (kN/m^) (kN/m^) P b 2
A1/11 0.153 756 — 0.193 951 ■ — 0.167 827
J.
1.08
B1/36 0.155 719 1.32 0.191 862 1.58 0.167 771
it
1.15
A1/35 0.152 702 1.41 0.194 863 1.73 0.164 756
*
1 . 0 1
BI/31 0.196 697 1.58 0.267 920 2.09 0 . 2 2 0 776 1.23
B1/23 0.206 758 1.76 0.184 778 1.81 0.195 767 1.15
BI/22 0.189 713 .1.83 ,0.189. ..764 . 1.96 0.189 736 . 1.04
*
Note:, for the first three tests, A assumed equal to 
from Table 7.4. C
1
mainly shallow-buried arches subject to surface point Ipads, and. the 
present elastic models. For the deeply embedded pipe-rubber systems 
subject to both uniform and distortional distant-boundary pressures, 
the analogy of Fig. 8.3 seems inappropriate and should logically be 
replaced by that of a strut subject to combined axial and lateral 
loading. For this more general case of the imperfect strut problem, 
Eq. (8.4) for the measured central deflection at the approach to 
buckling becomes:
. . , . .■ A . j . , . . .  . P e  ^
A -- — - + --------— • (8.7a)
c p /p - 1 1 - p/p
A_I_+_ Jjfj_ (8.7b)
P , / P  -  1
where is the component of m o d e  1 deflection caused by the lateral 
load which acts at the same time as unit axial load (Valsangkar et al., 
1981, p.80).
Carrying through this analogy for the case of mode 2 buckling of 
a buried pipe ring, the equivalent of Eq. (8.7b) would be:
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6 . - 6  5yo * (5y 1)i.2 0>
/  y °
where p, „ is the value of uniform interface pressure ap to cause mode 
rb 2 z
2 buckling of the ring when perfectly circular, and ( 6 „),« is the
y 1 bZ
first-order ring deflection due to the corresponding value of
distortional pressure p^. In the elastic model tests, any initial
mode 2 imperfection was negligible compared with the ring
deflection due to distortional load. So an improved theoretical
basis for interpreting the Southwell plot data in Table 8.1 is obtained
by setting = 0 in Eq. (8 .8 ), rearranging, and substituting
a X p for ap (ref. Eq. (8.3)) to give: 
z c s z
6 6 H- (6 ,). ,
_z = y  . y .1 b 2  (8 .9 )
ps pb 2 z c
Comparing Eq. (8.9) with Eq. (8 .6 ) then suggests that, in a 
Southwell plot analysis of the elastic model tests based on the 
mean diameter change 6 = \(6^-6^), the derived parameter 6  ^ should
represent the first order ring deflection at. mode 2 buckling, and p . 
the ’Euler’ value of applied pressure to cause mode 2 buckling of the 
ring when circular, i.e. under K = 1 conditions.
To test this hypothesis, a further series of Southwell plots
were constructed from the experimental ring deflections 6 ^, and the
resulting 5^ and p^ , values included in Table 8.1. In the final
column of the Table, the inferred ’Euler* value of uniform interface
pressure az^cPg has been compared to the theoretical mode 2 buckling
pressure p, „ given by: 
bZ
p,„ = 24Sr + ES (8.10)
b 2  f (5 - v*)
s
The ratio a A p /p, „ is shown to range from 1.01 to 1.23, which with
Z C L DZ
due allowance for experimental error (especially in the determination 
of X^) may be considered quite close to unity, so lending support to 
the hypothetical Eq. (8.9).
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From Eqs. (3.10), (3.12a) and (8.10) it may be shown that
4 (py/apz)
( 8 . 1 1 )
(5 - v*) 
s
which for the elastic model with p /ap = 0.24 gives (6 .), „ =0.215,
y z y 1 b 2
applicable to all tests. The corresponding 6 values from Table 8.1,
by comparison, range from 0.164 to 0.220. Although the agreement is
The above arguments, which apply only to mode 2 ring deformation, 
do not necessarily invalidate the use of Eq. (2.21) where Southwell 
plot analysis is based on peak radial deflections associated with 
higher buckling modes. It would, however, appear that the use of 
the Southwell plot method as the basis for non-destructive testing 
of buried flexible pipes may not be as straightforward as envisaged 
by Valsangkar et al. (1981). When measuring radial deflections in 
a prototype structure, a failure to distinguish between imperfection 
growth in the eventual buckling mode and more general distortional 
effects could have a critical influence on the predicted collapse 
load. A more detailed analysis of the model test photographs could 
shed further light on the potential and limitations of the Southwell 
plot method as a testing and inspection technique, but this has yet 
to be done. The complete photographic record will be made available 
to any researcher wishing to pursue the topic at some future date.
For th,e purposes of this thesis, the more immediate interest in 
the Southwell plot is as a vehicle for studying second order ring 
distortion. The excellent linearity of the experimental plots over 
a wide range of applied pressure suggests that Eq. (8.9), derived by 
analogy with the imperfection growth in a laterally loaded strut, 
could be an improvement on the formula for second-order distortion 
originally proposed in section 3.2.5. By comparing Eqs. (8.10) and 
(3.12a), the expression for p^ 2 can be reduced to:
again only fair, the explanation of 6  ^ as a measure of first-order 
ring deflection at buckling is clearly more plausible than Valsangkar 
et al.'s interpretation of 6 , as a measure of initial out-of-roundness.
291
. 4 (p / 6
Pb 2 ■ T J ^ r  <*-,2>s
which when substituted in Eq. (8.9) together with Eq. (8.11) for 
(6 y 1}b 2 yields:
5y    ryr—  (8.13)
( ( 5 - v g ) 6
1 -
4(Py/aPz)
It transpires that the only difference between Eq. (8.13) and the 
original formula Eq. (3.15b) is that the factor (3 - v*) has been 
substituted by (5 - v*). The two formulae are compared graphically 
in Fig. 8.7 with two sets of model test data on Southwell plot axes.
In each case, Eq. (8.13) reflects more closely the slope of the 
experimental data, but appears to overpredict the observed deflections 
by a constant factor.
Now it so happens that the first three tests analysed in Table
8 . 1  yielded very similar 6  ^ values, all of which differed from the
theoretical ( 6 „),„ by a factor of about 0.77. Since these were also 
y 1 b 2
the tests in which the critical buckling mode was n = 2 , this suggested 
an empirically adjusted formula for mode 2 response of the elastic 
models given by:
6 6 , for 6 / <  0.0494 (8.14a)
y yi yi
and ^y . = • • ■ Q »^^yl thereafter (8.14b)
1 - 4.666 .
yi
Eq. (8.14b) was obtained by applying a factor of 0.77 to Eq. (8.13)
and substituting the relevant values of v* and (p /ap ).
s ry rz
This two-stage deflection formula has been added to the plots 
on Fig. 8.7, where it appears to provide a good fit to the experimental 
data even in tests with critical buckling mode greater than 2 , for
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which the Southwell plot intercepts were more erratic (compare 6  ^
values for the first three and last three tests in Table 8.1).
It is not entirely certain whether the delayed development of 
second-order distortion implied by Eq. (8.14) is a genuine feature 
of the large deformation response of the idealised elastic pipe-soil 
system, or simply a consequence of friction loss in the test 
apparatus. This is a point of detail which requires further 
experimental clarification. In the meantime, any conclusions about 
the exact analytical expression for second-order distortion must remain 
open, although on present evidence it would seem reasonable to opt for 
Eq. (8.13) in preference to Eq. (3.15b) as the basis for conservative 
design.
8.1.4 Possible modification of the deflection-buckling design 
charts in the light of the model test results
Fig. 8 . 8  illustrates the effect of modifying the theoretical 
formulation of a typical deflection-buckling design chart in the. ways 
suggested in sections 8.1.1 and 8.1.3. The buckling limit is based 
on Eq. (3.20) which includes no correction for out-of-roundness 
produced by distortional loading, but does include the factor of 1/4 
on the soil stiffness used to construct the charts of Appendix D (ref. 
section 3.4.1). An additional overall factor of safety of 1.4 
applied to this buckling limit provides as good a lower bound 
envelope to the experimental data for soil-surrounded pipes as the 
original theoretical formulation on Fig. 4.7. The reappearance of 
the same numerical factor of 1.4 to provide a lower bound to the 
data as was found in the elastic model tests (Fig. 8.1) is probably 
fortuitous, given that the buckling formula for soil-surrounded pipes 
is already adjusted empirically by the factor of 1/4 on E*. On the 
other hand, the fact that Valsangkar et al.’s (1981) empirical 
formula for collapse pressure ratio, Eq. (2.21), also reduces to 1.4 
for the case of zero initial imperfection does provide some 
independent confirmation that this factor is a representative measure 
of the scatter of buried ring buckling pressures.
The modified deflection curves on Fig. 8 . 8  have been constructed
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by direct substitution of Eq. (8.13) for the original second-order
formula, Eq. (3.31a), with v* again set equal to 0.5. This change
is reflected in a greater curvature of the constant-Y lines in Fig.
8 .8 . When reading the deflection ordinate on the modified chart
for the case of a pipe with initial out-of-roundness 6 , the term
r yo
6 * should be interpreted using the definition of Eq. (3.36), but with 
the numerical factor 0.625 in the denominator replaced by 1.125.
This limits the validity of the approximation 6 * «  6 ^ ~ to smaller 
values of 6 ^  than was previously the case.
When viewed as a whole, the only major difference between the 
theoretical curves on Figs. 4.7 and 8 . 8  is the deviation of the 
respective buckling limits for Y < 1000. The revised formulation 
of Fig. 8 . 8  allows for higher ring deflections before mode 2 buckling 
in intermediate and rigid systems, bringing the theory more in line 
with observed behaviour in this range. The charts of Appendix D, 
by contrast, imply maximum stable deflections of no more than 15% in 
any system subject to load distribution p /apz 4 0.6. This is an 
area in which the existing design charts seem excessively conservative, 
and where some immediate adjustment to the curves is probably warranted,
One further consequence of the abandonment of the intuitive 
treatment of deflection-buckling interaction is that it removes the 
theoretical basis for the second series of charts in Appendix D which 
define the factor on buckling pressure due to initial out-of- 
roundness. This is perhaps a welcome simplification of the proposed 
design procedure, but it does not necessarily invalidate the 
qualitative arguments presented in section 3.7.1 regarding the need to 
control the shape of flexible pipes during compaction of backfill 
alongside. At present no data exist from which to assess the 
quantitative influence on ring stability of built-in imperfections, 
and further research will be required to devise some substitute for 
the p.j charts currently proposed.
8.1.5 Further research potential of the experimental technique
The success of the elastic model tests described in this thesis 
opens up the possibility of exploring further aspects of buried pipe
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response by the same technique. Using the existing test apparatus it 
would, for example, be a straightforward matter to examine the effect 
on ring buckling of reducing the cover to the crown. In addition to 
testing shallow-buried pipes under uniform surface overpressure to 
check the analysis of section 4.4.4, it would be possible to remove 
the top member of the loading frame and attach some device for 
applying concentrated surface loads.
Another variation of immediate interest, in view of the comments 
in the previous section, would be to investigate the influence on 
buckling pressure of initial out-of-roundness of the ring. Different 
degress of initial distortion could be built into the model by the 
technique described in section 7.3.4. For this purpose, and in 
order to study the more general effect of a varying lateral pressure 
ratio, it would probably be worthwhile to construct a new, wider, 
loading frame with the facility for applying independent vertical and 
horizontal pressures to the edges of the rubber sheet. A further 
possible improvement would be to fabricate the model pipe rings from 
a photoelastic grade of Araldite, so that the load reaching the pipe 
at any stage during a test could be deduced from its internal stress 
distribution. As demonstrated by Sonntag’s (1965) experiments, the 
isochromatic fringe pattern in the pipe wall would also serve to 
highlight any points of inflection, and thereby permit a more detailed 
study of the development of multi-wave buckling modes.
More elaborate developments might then include:
(i) making up a composite rubber sheet from two or more
grades of urethane rubber of different stiffness, 
to simulate the effects of trench walls or other 
non-uniform embedment conditions (ref. section 
4.3.6);
(ii) making models of non-circular pipe shapes, such
as the pipe-arch (AISI, 1971).
In such cases, for which no closed-form elastic theory is available,
it would be necessary to carry out numerical analyses by the finite 
element method or otherwise to calibrate the small-deflection response 
of the model. Once a suitable computer program had been developed it
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could also be used to perforin parametric studies in its own right.
The combination of a numerical model to study first-order elastic 
response with a physical model to study large deformations and 
buckling could provide an efficient method for adapting the design 
charts presented in this thesis to almost any type or shape of 
buried flexible structure.
8.2, Pit tests
8.2.1 Vertical earth pressures reaching the pipe
Fig. 8.9 shows distributions of vertical soil pressure recorded 
in pit test no. 1 on a plane 0.3 m above the crown of the pipe (see 
Fig. 6.1 for instrument layout) . There was no difficulty in 
installing the soil pressure cells in the dry sand backfill, and 
during filling of the pit all the vertical cells (apart from nos. V8  
and V9 which suffered electrical faults) indicated pressures 
approximately equal to the nominal overburden yz. Subsequent 
application of concentrated jack loads at the surface produced a ' 
marked peaking of pressure at the centre of the pit which, as clearly 
shown in Fig. 8.9, was transmitted down to the level of the pipe.
The equivalent external pressure p^ acting on the pipe-soil system 
in these circumstances was difficult to assess, but was equated 
arbitrarily to the mean reading of the two functioning pressure cells 
closest to the centre, i.e. nos. V 6 and V7.
In the two tests using brickearth fill, the surcharge in.the 
form of concrete blocks produced a generally more uniform distribution 
across the pit, although there was considerable random variation 
between individual cell readings. Part of this scatter was simply 
a reflection of the difficulty of installing delicate instruments in 
compacted cohesive soil without disturbing the local stress field.
The most notable feature of the earth pressure measurements in these 
tests was a quite strong attenuation with depth in the pit, 
presumably due to friction on the pit walls. By way of illustration, 
Fig. 8.10 compares the vertical pressure measured at pipe axis level 
in test no. 3 with the nominal overburden yz (i.e. weight of soil
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plus concrete blocks above datum level). The figure shows the 
spread of individual readings of cells V1 to V4 as well as plotting 
their mean, which was taken to represent the equivalent pressure p^ 
acting on the pipe-soil system. From the secant slopes Pv /y z drawn 
through the initial and final sets of points it may be inferred that 
the net loss of vertical earth pressure reaching the pipe ranged from 
15% during placing of the backfill soil to 35% under the full surcharge. 
This time-dependent increase in friction loss was probably due to 
consolidation settlement of the fill gradually mobilising the full 
available shear resistance on the walls of the pit.
In test no. 2 the soil pressure cell readings were much more 
erratic, and it was found on re-excavation of the brickearth at the 
end of the test that some of the cells had rotated from their original 
position. The mean reading of cells V1 to V4 at pipe axis level 
nevertheless developed in. a similar pattern to that shown on Fig. 8.10, 
implying similar friction losses at the various stages of loading, and 
so was again considered to be the best guide to the value of vertical 
system pressure p^.
8.2.2 Lateral pressure ratios
The mean horizontal earth pressure measured by the soil cells 
at pipe axis level in each test was taken to represent the equivalent 
system pressure p^. Fig. 8.11 shows that in the sand backfill of 
test no. 1 , the readings of individual cells positioned either side 
Qf the pipe were very similar. The slope of the p^ versus p_^  plot 
is also quite linear, indicating a constant lateral pressure ratio 
K =0.45, which is much as expected for ’at rest' loading of an 
uncompacted sand. This inferred value of K is, however, to some 
extent dependent on the assumed component of p^ due to the concentrated 
surcharge: the first few points on Fig. 8.11, corresponding to soil
loading only, yield a slope closer to K = 0.5. This small difference 
is not considered important, since it is probably within the bounds of 
general experimental error.
Further p^ versus p^ plots yielding K^-values for the slightly 
compacted and well compacted brickearth fills are shown on Fig. 8.12.
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In test no. 2 (Fig. 8.12(a)) the mean K value under soil load was
0.74, but this decreased to 0.63 under the long-term action of the
concrete surcharge. This decrease was thought to be due to the
dissipation of excess pore pressures generated during the relatively
rapid backfilling operation. In test no. 3 the K-value remained
fairly constant at around 0.93 through all stages.of loading. The
near-hydrostatic distribution of soil effective stress in this case
meant that the ratio of soil total stresses p. and p was insensitive
h v
to the build-up and dissipation of excess pore pressure.
The variation of individual horizontal pressure cell readings in 
test no. 3 was remarkably small, especially if compared with the 
corresponding scatter of vertical pressure cell readings (compare 
Figs. 8.12(b) and 8.10). It is possible that the cells positioned 
flat to read vertical earth pressure were more sensitive to local 
arching effects due to the method of installation than the upright 
cells measuring horizontal pressure.
8.2.3 Hoop strain distributions and arching factors
Fig. 8.13 compares the circumferential distributions of hoop
strain recorded at two cross-sections of the pipe, under the maximum
applied load in test no. 1. The direct and bending strain components
were obtained as half the sum and half the difference respectively of
the extreme fibre strains actually measured. Despite quite large
differences in the strains indicated at individual points on the
circumference, the resultant mean hoop thrusts N at each cross-
z
section were almost identical. The close agreement of the mean hoop 
thrusts through the full range of applied pressure is illustrated in 
Fig. 8.14(a), which plots the development of arching factor a at each 
monitored cross-section. In accordance with the definition given in 
section 4.3.3, the values of a were computed from the experimental
Fig* 8.14(b) shows similarly derived plots of arching factor for 
test no. 3. The greater spread of response at the different pipe 
cross-sections in this case reflects an inevitable degree of non­
uniformity in compaction of the brickearth backfill. In test no. 2, 
such severe non-elliptical distortions were built into the pipe 
during installation that, on subsequent loading, the mean ratio of 
bending strain to direct strain at the various gauge positions was 
about 60, as compared with 6 in test no. 3 and 1.5 in test no. 1.
This made the computation of direct strain from the extreme fibre 
strains very ill-conditioned. Furthermore, under maximum load, the 
pipe wall strains in places reached 0 .1% or more, which approached 
and possibly exceeded the limit of proportionality of "both the gauges 
and the steel. Under such circumstances the derivation of a hoop 
thrust distribution from the strain gauge readings became completely 
unreliable, and this is why no plot of arching factor is shown for 
test no. 2 .
For the purposes of comparison with Fig. 4.3, the ordinates of 
the plots in Fig. 8.14 may be read as the ratio a/a^, since in all 
the pit tests the elastic arching factor was very close to unity. 
Fig. 8.14(a) then indicates that with the sand backfill, a/a
z
remained less than 1 under soil loading only, but increased to 
between 1 . 1 and 1 . 2  with the addition of concentrated surcharge.
In the compacted brickearth case, Fig. 8.14(b) shows that the 
averaged response did not depart by more than 15% from ot/a^ = 1 at 
any stage of loading.
In conclusion, barring the uncertain influence of the concentrated 
surcharge in test no. 1 , the arching factors derived in this section 
appear to support the design assumption that cc/az = 1 for uniform 
embedment conditions. On a point of experimental technique, the 
results also show that the use of surface-mounted strain gauges to 
monitor hoop thrust distributions in thin-wall buried pipe can become 
unreliable if initial imperfections of shape lead to large localised 
bending strains in the wall. In future experiments designed to 
measure arching factors in compacted fill, consideration should be 
given to the use of a mandrel or some other suitable device to 
maintain pipe circularity during installation.
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8.2.4 Deflection response
Deflections recorded at the four monitored pipe cross-sections 
A to D (see Fig. 6.1) were broadly similar, and Fig. 8.15 shows the 
averaged results obtained in each of test nos. 1 and 2 . In the 
first test the non-uniform action of the surface loading jacks caused 
the vertical diameter change 6 ' to develop more rapidly than the 
horizontal diameter change 6^. The asymmetry of response about the 
horizontal axis is further apparent from the bending strain 
distributions shown in Fig. 8.13(b). The mean ring deflection 6
y
nevertheless produced a linear plot against applied pressure p^
(Fig. 8.15(a)), with slope p^/6 .^ = 17.5 MN/m^. Assuming K = 0.45
as derived from Fig. 8.11, this implies an equivalent E* value of
2 . s 
19 MN/m for the sand backfill.
In Fig. 8.15(b), a distinction is made between the immediate
(undrained) and long-term (drained) response of the lightly compacted
brickearth backfill. The immediate ring deflections observed during
filling of the upper half of the pit and on first placing each layer
of concrete blocks give a linear plot (slope A) which does not pass
through the origin. The intercept on the p^ axis indicates a seating
pressure p^Q = 1 5  kN/m^ due to locked-in compaction stresses (refer to
earlier discussion of this phenomenon in section 5.2.3). The tangent
slope (Pv “ ^vo^'^y0^ t i^e ■*-mmec^ ate response’curve is 0.8 MN/m ,
which is conjunction with the initial value of K =0.74 derived from
2
Fig. 8.12(a) yields an undrained E *  value of 0.3 MN/m .
The long-term ring deflections observed in.test no. 2, after
each layer of concrete blocks had been in place for up to three weeks.,
also fall on a reasonably straight line when plotted against.vertical
pressure? In this case the line (slope B) does pass through the
2
origin, yielding a secant Py /^y = 1*15 MN/m . Assuming the long-term
K-value of 0.63 suggested by Fig. 8.12(a), this implies an equivalent
2
drained secant modulus E* = 0.7 MN/m . Since the proposed design
  . s . .
t Note that the vertical pressure p measured at pipe axis level also 
increased slightly with time under a constant nominal overburden, 
indicating a secondary arching cycle superimposed on the wall 
friction previously described.
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method does not make direct provision for the effects of locked-in 
compaction stress, it is this secant modulus which would be used in 
practice to predict buried pipe deflections, although buckling 
predictions should arguably be based on the lower, undrained tangent 
modulus.
As already commented in Chapter 6 , it was not possible to deduce 
an E* value for the well compacted brickearth in the third test. 
Layers of fill and surcharge placed above datum level caused the 
vertical diameter as well as the horizontal diameter to increase, 
although neither by more than 0.2% at full load. The mean diameter 
change 6 ranged from 0 to -0.04%. Two ways of explaining this 
behaviour are:
(i) that the combination of near uniform loading 
(i.e. K close to 1) with a large negative 
initial out-of-roundness caused a non-elliptical 
mode of deformation to predominate. The bending 
moment distributions suggest deformation in mode . 
n = 3 , which corresponds to the critical buckling
mode if it is assumed that E* was in the range
2 S 
1 to 3 MN/m .
(ii) that insufficient loading was applied to overcome
locked-in compaction stresses. Parallels may be
drawn with Howard's (1970) box-tests where the
mean observed seating pressure in a clay backfill
2
compacted to 90% density was 70 kN/m (see Fig.
5.6(a)). The maximum vertical pressure reaching 
pipe level in pit test no. 3, by comparison, was 
only 57 kN/m^.
These two explanations are in fact compatible. Whichever viewpoint 
is adopted, it is clear from this last test that the direct effects 
of backfill compaction (i.e. enhanced lateral pressure, locked-in 
stress etc.) can sometimes have greater influence on buried pipe 
deflections than the indirect effect of an improvement.in soil 
stiffness.
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8.2.5 Comparison of back-analysed E<> values with triaxial 
secant moduli
The E* and K values derived from the pit tests are summarised 
s
in Table 8.2. In addition to quoting average values for each test, 
the table indicates the likely range of local variations within the 
pit, as implied by the spread of individual instrument readings. 
These results were included in the data used to compile Tables 5.2 
and 5.3?
TABLE 8.2 E* AND K VALUES DERIVED FROM TRRL PIT TESTS 
S
Test 
: No,
Backfill Soil 
Group/Density .
E* 
. s
(MN/m2 ) K
1 II/Medium 19 ±5 0.45 ±0.05
2 IV/Medium 0.7 ±0.4 0.70 ± 0 ., 15
3 IV/Dense - 0.93 ±0.05
Note: E* values quoted are drained secant moduli
Fig. 8.16 summarises the secant moduli obtained in drained 
triaxial tests on samples of the sand and brickearth backfill soils, 
as a function of confining pressure and initial dry density or water 
content. These secant moduli were read from the triaxial stress- 
strain curves at arbitrary strain levels of 0.3% in the case of the 
sand and 2 % in the case of the brickearth, chosen so as to provide a 
reasonably repeatable index of initial soil stiffness.
The mean lateral earth pressure in pit test no. 1 was about
2 • •50 kN/m , and if this is equated to confining pressure a^, then the
corresponding mean triaxial secant modulus read at the appropriate
2
sand density from Fig. 8.16(a) is 25 MN/m.. This is of comparable
^ Note: One entry in Table 5.2 (average E* value for medium dense
Group IV backfill soil) has been amended in the light of the pit 
test results since original publication of the Table by Gumbel et 
al. (1982).
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magnitude to the back-analysed E* value giyen in Table 8.2, although 
one qualitative discrepancy between the two sets of data is that the 
triaxial secant modulus appears in Fig. 8.16(a) to be sensitive to 
confining pressure, whereas the equivalent E* value remained constant 
through all stages of loading in the buried pipe test (note linearity 
of pressure-deflection response in Fig. 8.15(a)).
The mean lateral effective stress over the relevant range of
. 2
loading m  pit test no. 2 was about 30 kN/m . Reading Fig. 8.16(b)
at the appropriate brickearth moisture content yields a corresponding
2
triaxial secant modulus in the range 1 to 1.5 MN/m . This is again 
of the same numerical order as the back-analysed E* value in Table 8.2.
Although it will not be possible to establish a true correlation 
between E* and triaxial secant modulus until many more buried pipe 
tests are carried out in the same backfill soils, the favourable 
order-of-magnitude comparisons in these two isolated cases offer 
some initial encouragement to anyone wishing to pursue the matter 
further.
8.3 Field monitoring exercise
8.3.1 Measured hoop strains
Some of the strain gauges fitted to the Kielder pipeline 
malfunctioned and others indicated some high hoop tensions in the 
pipe wall following compaction of the primary structural backfill.
It is not known whether these tensions were genuine or simply a 
consequence of experimental error in the interpretation of the 
instrument readings. Double-barrelled vibrating-wire strain 
gauges are not designed to operate under conditions of biaxial 
bending (Tyler, 1974), and it is possible that they were affected 
by local three-dimensional distortions (i.e. dents or flat spots) 
of the very thin pipe wall.
Notwithstanding the uncertainties, it has been possible to 
analyse the development of arching action in the Kielder installation 
by averaging all the individual direct strain measurements made at
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three monitored pipe cross-sections. This was considered the most 
reliable approach, assuming that any experimental errors were random 
as opposed to systematic. The upper graph of Fig. 8.17 shows the 
averaged hoop strain plotted against time, and compares the observed 
and predicted response through the various stages of the construction 
operation. The predicted hoop strain (equivalent to mean diametral 
strain 6 ) was calculated from Eq. (3.7) assuming arching factor 
a = 1  and equivalent vertical and horizontal backfill pressures 
approximated by the formulae of Eq. (5.6). The lateral pressure 
ratio was assumed to be 0.4, representing a normally-consolidated 
Kq value for the gravel fill, since the relatively light compaction 
plant - a 500 kg vibrating roller - was not thought to have generated 
appreciable residual stresses.
The noteworthy features of the hoop strain plot in Fig. 8.17 are 
as follows:
(i) The observed hoop strain after placing Fill B (ref.
Fig. 6.2) to 0.3 m above the crown on Day 15 is 
accurately predicted using the proposed backfill 
load formulae of Eq. (5.6). The conventional 
’prism load’ analysis using Eq. (5.7) would have 
predicted only a third of the observed hoop strain.
(ii) The immediate response after replacing the over­
burden to original ground level on Day 22 was 
somewhat less than predicted, indicating some 
initial positive arching.
(iii) The measured hoop strains increased with time 
after completion of backfilling. By Day 44 some
negative arching had developed. Three months
after backfilling (Day 112) the mean interface 
pressure had reached a value close to the nominal 
overburden pressure p , and response appeared to 
be flattening out.
(iv) A final reading of the gauges before the pipe was 
lined almost a year after installation (Day 343)
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indicated a substantial further increase in mean
interface pressure ocp to almost 1.9 times p ,
z y
corresponding to an arching factor a = 2.5.
The mechanism by which such a high earth load came to be attracted 
to the pipe in the long term (always assuming that it was not the 
fictitious product of drift in the strain gauge readings) almost 
certainly involved settlement of the boulder clay trench walls 
relative to the stiff granular pipe surround. The final apz/pv value 
was comparable to that deduced from Spannagel at al.'s (1974) hoop 
strain measurements in a pipe under a high embankment (ref. section 
'4*3.6). Ordinarily one might not expect the walls of a trench back­
filled to original ground level without surcharge to settle in the 
.same way as remoulded embankment fill. It is likely, however, that 
the boulder clay subsoil in the Kielder site softened as a result of 
stress relief during the three weeks that the trench excavation 
remained open. Any swelling or heave of the ground which took place 
during the period of exposure would have been followed by gradual 
reverse movements once the overburden had been replaced.
8.3.2 Development of ring deflection
Compaction of the Type A and B granular fills alongside the 
monitored sections of pipe generated a mean initial out-of-roundness 
6^  of about -0.3%. The ring deflection plot in Fig. 8.17 starts 
from this initial configuration as datum, and shows the development 
with time of the diameter change 6 * due to the layers of backfill
y
placed from 0.3 m above the crown up to original ground level.
The observed response is compared with the design theory predictions 
based on a range of different E* values.
The immediate ring deflection on completion of backfilling is
2
quite accurately predicted assuming the mean E* value of 40 MN/m 
proposed for dense gravel fill in Table 5.2. Most of the subsequent 
time-dependent increase in deflection was probably associated with 
the development of negative arching as described in the previous 
section, although the close proximity of the boulder clay trench
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walls to the sides of the pipe may also have given rise to some 
constant-load creep strain in the structural fill.
The best estimate of the equivalent E* value which would have
governed buckling as well as ring deflection is obtained by matching
the observed and predicted 6 * values at the point in time when the
apparent arching factor passed through a = 1 , i.e. at the intersection
of the plots of observed and predicted hoop strain. As shown on
2
Fig. 8.17, this yields an E* value close to 30 kN/m . Since the
s
proposed design theory makes no provision for time-dependent increases 
in distortional loading, it would have been necessary to use this E* 
value in conjunction with a soil creep factor cg = 1 . 7  (ref. section 
3.8.1),in order to predict the long-term deflection increment observed 
at Kielder. In the absence of any direct measurements of vertical 
and horizontal earth pressure it is not possible to determine what 
proportion of this apparent c^ value was due to true constant-load 
creep effects.
8.3.3 Implications of the observed long-term increase in backfill 
loading
The main conclusions to be drawn from the results of the field 
monitoring exercise are as follows:
(i) that negative arching' can develop with time in 
trench as well as embankment fill, giving rise 
to a mean earth pressure on a buried pipe of up 
to twice the nominal overburden pressure;
(ii) that it may be appropriate in design to make 
allowance for the effects of negative arching 
on the distortional as well a s .the uniform 
component of backfill loading.
Further theoretical and experimental studies will be needed in 
order to quantify arching phenomena in a range of non-uniform pipe 
embedment conditions.
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CHAPTER 9
REVIEW OF CURRENT PROGRESS TOWARDS-A RATIONAL METHOD 
' OF BURIED PIPE DESIGN' ' ’ ’ ......
9.1 Summary of theoretical, interpretative and experimental 
'contributions
The new theoretical approach proposed in this thesis fulfils 
the immediate practical requirements set out in sections 1 . 5 and 
2.9 by
(i) offering a fresh view of the buried pipe structure 
based on simple, rational principles which are 
reflected in the form of the charts developed for 
design;
(ii) providing a comprehensive and consistent analytical 
treatment of the stiffness, stability and strength 
of the buried pipe ring under external.load, with 
due consideration of the interactions between out- 
of-round deflection, buckling and yield of the 
pipe wall;
(iii) identifying the factors which govern the capacity 
of a buried pipe to deflect before failure, 
including the important effect of backfill 
compaction in enhancing lateral earth pressures.
Existing algebraic expressions for first-order static response 
of the idealised elastic pipe-soil system have been reinterpreted 
and extended to take account of the non-linearity of large 
deformations. Detailed consideration is also given to the effects 
of initial out-of-roundness, creep and thermal movements of the pipe, 
and non-homogeneity and settlement of the surrounding soil.
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A careful review of existing buried pipe buckling theories in 
section 2 . 6  reconciles the many different approaches to this complex 
topic to be found in the English and German literature. . A systematic 
appraisal of the various loading and support conditions under which 
either multi-wave (inextensional) or single-wave (extensional) ring 
buckling modes are critical leads to the convenient conclusion 
that, for the majority of practical buried pipe installations, the 
same basic formula can be used to predict.buckling pressures whether 
transmitted by fluid, elastic or granular soil. The chosen formula 
differs markedly from that found in most current design literature but 
is justified, first theoretically, and then by reference to both 
existing and new experimental data. The interpretation of buried 
pipe buckling data is greatly facilitated by the theoretical link 
between buckling pressure and critical deflection, which is used to 
eliminate the large component of experimental scatter associated with 
direct measurements of soil stiffness.
The basic set of design charts developed in Chapter 3 are of 
general validity for pipe diameter/thickness ratios greater than 2 0 , 
and depth of soil cover to the pipe crown of at least one diameter. 
This is adequate for the majority of practical situations, but in 
addition Appendix B gives all the equations necessary to compute 
stresses and strains in thicker buried pipes, while in the absence 
of concentrated surcharges and subject to an additional factor on 
buckling pressure, the deflection-buckling charts remain valid for 
cover/diameter ratios down to about 1/4. The extension of the 
buckling theory in section 4.4.4 explains the sudden change in 
failure mode observed when the depth of cover to a thin-wall buried 
pipe falls below a certain critical value.
Such a comprehensive theoretical development has only been 
possible as a result of a shift from the discredited "prism load" 
concept to a more complete view of buried pipe loading comprising 
uniform and distortional pressure components. This fundamental 
change of approach leads in turn to an improved understanding of 
the phenomenon of arching in soil backfill. The mean earth 
pressure reaching the pipe ring is shown to depend on the relative 
compressibility of the pipe and the various zones of surrounding
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soil, and not on ring flexibility as previously supposed. The 
reinterpretation of a wide range of existing experimental hoop 
thrust data exposes the fallacy of conventional arching theories 
which postulate vertical sliding surfaces within the backfill soil. 
The classic Marston theory in particular can seriously under­
estimate the critical component of earth load in the important cases 
of rigid pipes in trenches and flexible pipes in embankments. The 
new procedures developed in Chapter 5 for calculating equivalent 
loading due to backfill weight, concentrated surcharge and internal 
and external fluid pressures are more rational and accurate but no 
less simple to apply than current design formulae.
One consequence of recognising the important role of applied 
horizontal earth pressure is that it permits a rational definition 
of equivalent soil modulus governing deflection of the buried pipe 
ring. Provisional design values of soil modulus and lateral 
pressure ratio have been tabulated as a function of soil type and 
compacted density, following a systematic review of all available 
load-deflection data which is capable of rational analysis.
■ Finally a wide-ranging programme of experimental studies has 
served to validate the main elements of the proposed ring deflection 
and buckling theory, and to evolve efficient monitoring techniques 
for the field or laboratory determination of arching factors, 
equivalent moduli, lateral pressure ratios and locked-in compaction 
stresses in buried pipe backfill.
9.2 Validity of the general'approach to design
The analytical model which forms the basis of the proposed new 
design method for buried flexible pipes was initially chosen as a 
compromise between the need for a more rigorous theoretical approach 
on the one hand, and the realities of construction practice on the 
other. The arguments summarised in section 2.9.2 which favoured 
a two-dimensional, linear elastic, continuum model of pipe-soil 
interaction have been largely vindicated by subsequent developments.
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Firstly, the considerable insight gained by the use of the 
theoretical model to reinterpret the hoop thrust, buckling and ring 
deflection data recorded in experiments on soil-surrounded pipes 
has demonstrated the ability of a purely elastic analysis to pass 
the test, prescribed in section 2.7.1, of providing "a reasonable 
qualitative description of structural-response for which the 
equivalent soil parameters can be adequately defined".
Secondly, it has proved possible to reduce the rigorous 
continuum theory equations to a set of simple formulae and charts 
which are easier to apply in practice than some existing design 
methods based on approximate elastic analysis.
Thirdly, the formula for ring deflection due to differential 
ground movement, derived in section 4.5, incorporates into the two- 
dimensional design theory the one aspect of longitudinal behaviour 
identified in section 2 . 8  as capable of influencing the selection 
of pipe wall thickness or specification of backfill soil.
The versatility of the deflection-buckling charts as a framework 
for either simple or more refined design of flexible buried pipe has 
been demonstrated in section 4.6.1. When read in conjunction with 
the hoop thrust coefficients depicted on Fig. 3.11, these charts 
define the complete two-dimensional stress state in the buried pipe 
ring, and so would serve equally for the design of low strain 
capacity pipes subject to brittle failure. There is probably scope 
for devising even simpler design procedures for brittle pipe, taking 
advantage of the fact that deflections would be small enough to 
remain essentially first-order, and that the possibility of buckling 
could be discounted. Thus in addition to its primary application 
to flexible pipe (in its widest sense), the proposed theoretical 
model, being completely general, could provide a simple, rational 
alternative to the empirical "crushing strength" method of rigid 
pipe design.
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9.3 Recommendations for further work
A number of further research possibilites have already been 
discussed as part of the evaluation of the experimental programme 
in the previous chapter. In section 8.1.5 it was suggested that 
a combination of numerical analyses by computer methods and physical 
tests by the elastic modelling technique could be used for the 
following purposes:
(i) to generate additional design data relating to the 
performance of shallow-buried pipe subject to both 
uniform and concentrated surcharges;
(ii) to derive arching factors for a range of non- 
uniform pipe embedment conditions;
(iii) to adapt the deflection-buckling and hoop thrust 
design charts to pipes of non-circular cross- 
section.
Such studies should wherever possible be backed up by laboratory 
or field experiments on soil-surrounded pipes, in order to verify 
that the assumption of elastic soil response remained qualitatively 
accurate in these extended circumstances. In view of the unexpectedly 
high arching factors observed at Kielder (ref. section 8.3.3), and 
the evident influence on arching phenomena of frictional and time- 
dependent response of the backfill soil, there would appear to be a 
strong case for devoting further resources to the acquisition of hoop 
thrust data from all available field installations of large diameter 
pipe. There is room for improvement in techniques of separating 
the direct and bending components of measured hoop strain, and the 
practical advantages of confining instrumentation to the inside 
surface of the pipe only could perhaps best be realised in the case 
of corrugated metal pipes. Selig et al. (1979) have demonstrated 
that the extreme fibre strains in corrugated pipe can be measured 
with conventional gauges mounted on adjacent crests and troughs of 
the inside wall profile. Where such pipe was of multi-plate 
construction, however, due consideration would need to be given to 
the influence of the bolted seams on the apparent ring compressibility 
(ref. sections 2.5.6 and 3.4.3).
325
While all the above research projects could usefully extend the 
range of application of the basic theoretical model, it remains the 
case that, for the majority of buried pipe installation, the most 
urgent practical need is for improved numerical data on backfill 
soil properties (ref. section 5.3.4). The indifferent experience 
with the use of soil pressure cells in the TRRL pit tests (ref. 
section 8 .2 . 1 and 8 .2 .2 ) makes the technique described in section 
5.2.3 for extracting both E* and K values from pipe deflection 
measurements only an even more attractive proposition. As previously 
commented, the great advantage of the technique is that instrumentation 
requirements are simple enough for data to be collected in the field.
A set of test pipes of suitably graduated stiffness could be laid in 
a range of different soil conditions by any reasonably careful 
contractor, using normal trench or embankment construction methods.
Some preliminary trials would be needed to determine the optimum 
number, diameter and range of stiffnesses of the test pipes, and to 
devise a suitable method of monitoring ring deflections. If 
successful,' the technique could then be used to check, and amend as 
necessary, the provisional design values of E* and K given in Tables
5.2 and 5.3. Ultimately such a test might be specified at the start 
of a pipeline contract to confirm that the proposed method of backfill 
construction would achieve the soil stiffness and lateral pressure 
ratio assumed in design. The expense of such a trial would be easily 
justified on large projects if it served to establish the suitability 
of site fill compacted in an appropriate manner as an alternative to 
imported materials. It would also provide the opportunity to 
calibrate the soil stiffness indices obtained in any field or 
laboratory tests to be used subsequently as a means of construction 
control (ref. section 5.2.5).
Finally, it is to be hoped that the arguments presented in this 
thesis will persuade at least a few practising engineers to abandon 
the traditional concepts of buried pipe behaviour and to put the 
proposed new design method into use. Some work remains to be done 
in assembling the various charts and tables into a concise document 
suitable for the design office, but the exact requirements and most 
efficient design procedures are only likely to emerge after an 
initial period of usage. It would be unrealistic to suppose that
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a way of thinking which has been current in the industry for almost 
half a century could be transformed overnight, but.if it proves 
possible to increase the awareness of just two fundamental principles, 
namely:
(i) that any buried pipe, whether rigid of flexible, 
forms a composite structure with the surrounding 
soil, and
(ii) that horizontal loading of this structure is as 
important as vertical loading, and is especially 
sensitive to the method of construction,
then the effort devoted to the preparation of this thesis will not 
have been, completely in vain.
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Appendices
Appendix A
DERIVATION OF CLOSED-FORM SOLUTIONS FOR THE INTERACTION OF THIN-WALL 
BURIED PIPE WITH AN ELASTIC SOIL CONTINUUM
This Appendix outlines the derivation of the expressions quoted in 
sections 3.2.4, 3.2.6 and 4.3.1 for first-order (small deflection) 
response of the pipe-soil system. Two external loading conditions are 
considered, as defined in section 3.2.2, viz:
Case 1: Loads applied at a distant soil boundary
Case 2: Loads applied at the pipe-soil interface
The elastic stress function approach follows the logic of the 
original analyses by Burns & Richard (1964) and Hoeg (1968) except that 
the use of plane strain elastic constants (ref. section 3 .1.2) and the 
separate consideration of uniform and distortional load components 
(ref. section 3.2.3) give rise to a more compact form of solution which 
is easier to interpret in physical terms.
Equilibrium and displacement equations
The notation used is illustrated in Figure A1 .
Pipe response is defined by the equations for a circular cylindrical 
shell, including extensional terms (Fliigge, 1962), which for plane strain 
conditions reduce to:
dN _ dM
d% d%
2
(A.1a)
P R 
r
2
(A.1b)
347
d^x dw
dS2 dd
-T
R
rd E*A 
P
(A.2a)
dx E*I
dd + W + P
r2e*a
A2d w . 0 d w ,
~ 4 2 j w
d^ dd
R
r E*A 
P
(A.2b)
The plane strain elasticity relations for the soil continuum 
are expressed in terms of an elastic stress function 0 , and polar 
co-ordinates (r,d), as follows:
^  + 1
dr 2
r
d20
dd2
(A.3a)
rd
d 20
3r I 1 * I4)y r c>¥ J
h f
s J
4. 7 'S J
(a - v*a.)dr 
r s d
(a - v*a )rdd 
E* / d s r 
s
J *  ud$
(A.3b) 
(A.3c)
(A.4a)
(A.4b)
Elastic stress function
The terms of Michell’s stress function (Timoshenko, 1970) 
relevant to response in the uniform and distortional modes (as 
indicated by subscripts z and y respectively) are given by:-
0. a log r + b r' o o (A.5a)
(a^r2 + t>2r^ + a p  2 + b p  cos 2d (A.5b)
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The coefficients b , a~ and b_ are determined from the stress 
o 2 2
boundary conditions at infinity. The coefficients a , a' and b ’
o 2 z
depend on the boundary conditions at the pipe-soil interface, and 
are obtained by solving the related equations for. equilibrium of 
stresses and compatability of displacements at the interface.
Solution for load case 1
For this load case, the soil stress state at infinity is 
equivalent to the applied loading, i.e.
cr p - p cos 2% (A.6a)r z y
cr = p + p cos 2$ (A. 6b)
v 2 y
T p sin 2% (A.6c)
Applying this boundary condition to Eqs. (A.3), and considering 
uniform and distortional stress components in turn, gives:
b = p / 2  (A.7a)
o z
a^ = Py / 2 (A.7b)
= 0  (A.7c)
For equilibrium at the interface, the radial and tangential stresses
and T acting on the pipe wall must equal the soil stresses o
and at r = R. Setting 0 = 0^ + 0^ and r = R in Eqs. (A.3),
and substituting Eqs. (A.7) for the coefficients b , a_ and b„
o 2 2
leads to the expressions
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P = p (1 - a*) - p (1 - 3a* - 4b*) cos 2d (A.8a)
r z o y 2 2
T = p (1 + 3a* + 2b*) sin 2d (A.8b)
rd y 2 2
where the asterisked terms are normalised stress function coefficients 
defined by:
a* = So (A.9a)
o
PzR2
a* = 2a2 (A.9b)
2
p R4
y
b* = b2 (A.9c)
2
p R2
y
With Eqs. (A.8) substituted for P^ and Tr^» the two pairs of 
simultaneous differential equations (A.1) and (A.2) may be solved 
to express the stress resultants and displacements of the pipe 
ring in terms of the remaining unknown coefficients. Uniform and 
distortional components of response, as defined by Eqs. (3.4) and 
(3.5), are separated below for greater clarity:-
Uniform response
N = p R (1 - a*) (A.10a)
z rz o
p R (1 - a*)
wz “ (A. 10b)
2 (S + 4 S J  
c t
M = v = 0 (A. 10c)
z z
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Distortional response
N = p R (1 + a*) (A.11a)
y Y 2
M = ip R2 <1 - a* - 2b*) (A.11b)y y 2 2
Wy ~ 48? 0  ' a2 “ ^  (A‘11C)
P Rx =
7 96Sf
/  |(1 - a* - 2b*) + (1'2Sf/Sb)(1.+ 3a* + 2b*) j (A. 11 d)
The three unknown coefficients are then determined by enforcing 
the displacement boundary conditions at the interface. The soil 
displacements at r = R, derived from Eqs. (A.4) are as follows:-
Uniform
u = PzR | 2 - (1 +v*)(1 - a*) 1 (A. 12a)
z f*-  ' s o j
s
v = 0 (A . 12b )
z
Distortional
u
y PyR | (1 + v*)(1 + a2*) + ^ 2  } (A. 13a)E*
s
PyR | (1 + v*) (1 - a*) + 2(1 - v*)b* 1 (A. 13b)
v*- I s 2 s 2 j
v =
E
s
For response in the uniform mode, equating the radial 
displacements of pipe and soil at the interface (Eqs. (A.10b) and 
(A.12a)) yields:-
a* = Z - 2(1 - ^ ) ( 1 + 4 Z/Y) (A. 14)
° Z + 2(1 + v*)(1 + 4 Z/Y)
s
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For response in the distortional mode, two alternative boundary 
conditions of full slippage and no slippage at the interface are 
considered. In both cases the first.of two equations required to 
solve for the unknowns a* and b* is provided by equating radial 
displacements at r = R (Eqs. (A.11c) and (A.13a)) as above.
For full slippage conditions, the second equation is provided 
by setting T = 0, to give:-
ITv
( „ * v  =  -  \ 2 4(1 "  v 5 ) +  Y  f
2 £s | 24(5 - v*) + Y ) (A.15a)+
s J
(b*). = - j 24 (1 + v*) - Y  ) (A_15b)
2 f s
24 (5 - v*) + Y 
s
For no slippage conditions, the second equation is provided by 
equating tangential displacements of pipe (Eq. (A.11d)) and soil 
(Eq.(A.13b)) at r = R, to give:-
( Ay 96(1+v*)2 + (1-v*-Z/2)Y - 12(1-v*)Z .(a«) = s s s (A.16a)2 ns
96(3-v*)(1+v*) + (3+v*+Z/2)Y + 12(5-v*)Z s s s s
(b*)
-96(1+v*)2 + (1+v*+Z/2)Y.- '12(1+v *)Z (A. 16b)
s s s
2yns 96(3-v*)(1+v*) + (3+v*+Z/2)Y + 12(5-v*)Z 
s s s s
Finally these expressions may be simplified by noting that, 
within the stated limit of validity of the thin-wall assumption 
(ref. section 3.9.3), the stiffness ratio Z is always very much 
less than Y. For D/t ^-20, Eq. (3.29) implies:-
Z 1 . 1
Y 1 2 ( D / t ) 2 '  4 8 0 0
(A. 17)
"^Note: Hoeg (1968) makes an error of sign in his version of
this coefficient.
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Thus the final terras in Z in both numerator and denominator of 
Eqs. (A.14), (A.16a) and (A.16b) may be omitted with negligible 
loss of accuracy to give simplified expresions for a*, ^a2^ns anC* 
(b*) as follows^:2 ns
Z - 2(1 - v*)
a* = •  s
Z + 2(1 + v*) 
s
o
(a*)
(A
96(1 +v*)2' + .(1-v* - Z/2)Y
2 ns 96(3-v*)(1+v*) + (3+v* + Z/2)Y
s s s
- 96(1+v*)2 + (1+v* + Z/2)Y
(b2pns = 96(3-v*)(1+v*) + (3+v* + Z/2)Y
s s s
Substitution of Eqs. (A.18), (A.15) and (A.19) in Eqs. (A.10) and 
(A.11) for response of the pipe ring leads to the expressions for 
hoop thrust and deflection coefficients a, 3 and £ quoted in 
section 3.2.4. Combination of Eqs. (A.11b) and (A.11c) yields 
the expression for ring bending moment given in section 3.2.6. 
Finally if the interface stress given by Eqs. (A.8) are written in 
the form:
P P - P sin 2% (A
r rz ry
T . = T sin 2% (A
r% y
then by making the necessary substitutions it may be shown that:
P = ap (A
rz rz
P = (3 - 96£/Y)p (A
ry K y
Ty =. (23 - 48?/Y)py (A
For full slippage conditions the coefficient of py in Eq. (A.22b) 
is identically equal to zero.
+Note: Both Burns & Richard (1964) and Hoeg (1968) omit the (1+4Z/Y)
terms in their verions of a*, but overlook the important corresponding 
simplification of the no slippage coefficients a* and b*.
.18)
.19a)
.19b)
.20a)
.20b)
.21)
.22a)
.22b)
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Solution for load case 2
The solution for loading applied at the interface may be obtained 
in a similar manner with suitable adjustment of the stress boundary 
conditions. A complete reworking of the interaction analysis, as 
recently put forward by Einstein & Schwartz (1979), is not, however, 
necessary. A simple relationship between the load case 1 and 2 
solutions may be deduced directly by considering the concentration of 
stress at the interface of a fully-bonded, rigid pipe (i.e. with 
infinite E*) due to loading applied at a distant soil boundary.
Setting Y = Z = 0 in Eqs. (A.14) and (A.16) gives:
a* - - (1- f  (A
o (1+v;)
and a* = - b* = ^ +Vs^ (A2 2
(3-vJ)
s
Substituting Eqs. (A.23) and (A.7) into Eqs. (A.3) via the stress 
function 0 = 0^ + 0^ (Eqs. (A.5)) yields the required interface 
stresses:
a = X p - X p cos 2d (Ar zrz y y
o n = X P + A p cos 2§ (A
% z z yry
t Q X p sin 2d (A
rd = y*y
where xz = T T V ?  (A
s
x = V , -q-- c (Ay 3 -
.23a)
.23b)
.24a)
.24b)
.24c)
.25a)
.25b)
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By comparison with the form of Eqs. (A.6) it may be seen that the
stress system of Eqs. (A.24) represents a uniform stress component
A p combined with a distortional component X p . 
z z y y
If the rigidity of the pipe is then relaxed (i.e. E* assigned 
some finite value), the stresses indicated by Eqs. (A.24) will be 
shared in some proportion between pipe and soil so as to produce 
compatible deformations. Following the logic of Curtis (1976), 
the resulting interaction stresses, and hence' also the response of 
the pipe, will be identical to those produced by a uniform pressure 
AzPz and distortional pressure A^p^ applied directly at the inter­
face in accordance with the load case 2. The same holds true if 
slippage is allowed, or indeed for any specified equilibrium and 
compatibility conditions at the interface.
Thus to convert any load case 1 solution, whether for thick
pipe (see Appendix B) or for thin pipe as above, to the corresponding
solution for load case 2, it is sufficient to apply a factor 1/A to
all uniform response terms (N , w etc.) and a factor of 1/A to all
z z y
distortional terms M , w^ etc.). These simple proportional
relationships are evident in the plots comparing load case 1 and 2 
solutions presented by Einstein & Schwartz (1979) and may be 
confirmed (although not immediately obvious) from their algebra.
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re
re
w
Fig. A1 Notation for .elastic interaction analysis 
(adapted from Burns & Richard, 1964) L
356
Appendix B
ELASTIC ANALYSIS OF THICK-WALL BURIED PIPE
The shell theory used to describe the response of thin-wall pipe 
in Appendix A assumes a linear variation of hoop stress across the 
thickness of the wall. For thick-wall pipe this assumption is not 
valid. The shell equations (A.1) and (A.2) are therefore replaced 
by plane strain elasticity relations similar to those used for the 
soil continuum, as originally proposed by Dar & Bates (1974).
The stress distribution within the pipe wall is described by a
stress function 0 of the same form as the soil stress function 0 
P
(Eqs. (A.5)), but with different coefficients (a ) , (b ) , (a„)
o p o p 2 p
etc. Stress in the pipe material bounded by the inside radius R_^
and outside radius R are derived from Eqs. (A.3) applied to 0 .
P
The coefficients of 0^ are uniquely determined for any given
loading of the pipe wall. In the interaction analysis of Appendix A
the pipe stress boundary conditions are: a = P , t = T  at r = R
r r r ’ rd rd
and (for zero internal pressure) a = t = 0 at r= R.. If the
r rd . l
interface stresses are divided into uniform and distortional 
components as defined by Eqs. (A.29), then the pipe stress function 
coefficients are found to be:
(a?)2 p
2 2 
2s + s + 1 . P + s . T
2 (1 - s)
ry
(1 - s)
(B.2a)
(b9)_ 2 p -(3s + 1) . ry - (3s - 1) . y
6(1 - s) 3 R2 6(1 - s) 3 R2
(B.2b)
2 p s2(s + 3) . P R4 + — ------ r ry
6(1 - s r
s3 . T R4
 y y
3(1 - s)
(B.2c)
<bP p
•s(s2+s+2).P R2
---------3 ry2(1 - s) 3
s (s+1). T R
------ 3 72 (1-s)
(B.2d)
where s (B.3)
The unknown pressure components P , P and T are determined 
r rz ry y
from the displacement boundary conditions at the pipe-soil interface. 
The thick-wall pipe displacements at the interface (r = R) are 
obtained from elasticity relations of the same form as Eqs. (A.4) 
giving:
w
P R 
rz
E*
P
(1+s) - v*
(1-s) P
(B.4)
w
R
3E* ry 
P (
32 48 + 24
L d-s) (1-s)
- (5-v*) 
(1-s) p
x
+ T
R
16
L (1-s)' 
16
36 + _24
3E* ry 
P t
+ T
(1-s)"
36
.(1-s) (1-s)
24
_(1—s) (1-s)
- (4-2v>'<)
(1-s) p .
+ — —  - (4-2v*) 
(1-s) p
  - (5-V'O
(1-s) P
(B.5a)
(B.5b)
where v* 
P 1 —v
(B.6)
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While the soil displacements at r = R (ref. Eqs. (A.12) and (A.13) 
may be expressed in terms of the interface stress components (ref. 
Eqs. (A.8) and (A.20) as follows:
u
v
~  I 2p - (1+v*) P E“ I z s rz
R_
E*
s
f [
i [
]
. (5“V*) -n4p - s .P
ry
2 (2-v*)_
. 2(2-v*) „
4p - s .P
y — 5---- ry
(5-v*
s
- ‘Ty ]
(B. 7)
(B.8a)
(B.8b)
Equating the radial displacements w^ and u^, the uniform thrust 
coefficient is found to be:
rz (1 + v*) s
X p z z (1+v*) +s
E*
s
E*
P
(1+s)
t w t
(B.9)
Algebraic expressions may similarly be obtained for P and
but they are rather cumbersome and it is simpler to use Eqs. (B.5)
and (B.8) as the starting point for numerical computations.
Values of interface stresses derived by enforcing either no slippage 
or full slippage boundary conditions may then be back-substituted 
into the various expressions for stresses and displacements.
The important inner fibre hoop stress is given by:
2 P
(a ). = rz +
* 1 ThsT
(1-s)
(1+s)P + s
ry ■’» ]
cos 2% (B.10)
Since in thick-wall.pipes bending stresses predominate, the peak 
value of Eq. (B.10) will usually be greatest if full interface 
slippage is assumed.
Acknowledgement: The algebraic forms of Eqs. (B.2) and (B.5)
were suggested to the author by Mr. D.J. Curtis of Messrs. 
Mott, Hay & Anderson, Consulting Engineers.
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Appendix C
DERIVATION OF SOIL SPRING CONSTANT GOVERNING BUCKLING AT SHALLOW 
COVER DEPTHS
If a pressure of the form p = p^cosn^ is applied to the edge of
a circular hole in an infinite elastic medium, this produces radial
displacements of a similar form u = u cosn$ in the medium. If the
n
peak displacement at the edge of the hole of radius R is un^> then 
the mode n spring constant is defined as:
k = Pn (C.1)
s ---
UnR
By using a stress function approach to express the displacement u 
in terms of p^, n and the elastic properties of the medium, Duns (1966) 
and Cheney (1976) derived the formula for mode-dependent spring constant 
given as Eq. (3.18).
To obtain the corresponding spring constant k* for finite cover 
depths, the infinite elastic medium is replaced in the analysis by a 
thick soil cylinder which is unstressed on its outer boundary at radius 
R + H (ref. Fig. 2.19(a) ).
The relevant terms of Michell's stress function for deformation 
in mode n > 2 give:
0 / ^ ■* n+2 ? — n n"^*2\ ^ /*, ^ \= (a r + b r  + . a r  + b r  )cosn§ (C.2)
n n n n
from which the radial and shear stresses in the medium may be obtained 
via Eqs. (A.3a) and (A.3c) respectively as:
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-•(n(n-1 ja'r11 ^+ (n+1.) (n-2)b#rn 
( n n
+ n(n+1)a?r n ^ + (n-1)(n+2)b*r n\cosnd 
n n )
ni  (n-1)a rn  ^ + (n+1)b rn
( n n
- (n+1)a'r n ^ - (n-1)b*r n 1
n n )
cosn§
(C.3a)
(C.3b)
The stress boundary conditions for the soil cylinder are:
p cosnd 
n
at r =
at r =
at r =
at r =
R
R
R + H 
R + H
(C.4a) 
(C.4b) 
(C.4c) 
(C.4d)
leading to four simultaneous equations in the stress function 
coefficients which may be written in matrix form as:
1 1 -1 -1
n n- 2 n n+2
-n+2
m
-n
m
n+2
-m
n
-m
-n+2
nm (n-2)m n n+2nm (n+2)m]n
" (n-1)A ~ " 0 "
(n+1)B
"Pn
(n+1) C 0
. (n-1)D _ 0
(C. 5)
where m
R
R+H
(C. 6)
and A
pn - 2  
a R (C. 7a)
n
B b R 
n
(C.7b)
C
» -n- 2
= a R (C.7c)
n
D = b'R'n 
n
(C.7d)
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The peak displacement u on the inside face of the soil cylinder 
may be derived by applying Eqs. (A.3) and (A.4a) to the stress 
function of Eq. (C.2), and setting r = R to give:
Finally, solution of Eq. (C.5) for the coefficients A, B, C and D,
and substitution into Eq. (C.8) yields the modified spring constant
k* = (p /u _,) as a function of m, n, E* and v*. The matrix equation 
s n nR - s s
(C.5) is too complicated for algebraic solution, and so a short 
computer program has been written to solve it numerically and to 
plot Figs. 4.10 to 4.13 inclusive.
-R jn(1+v*)(A+B-C-D) -2(1-v*)(B+D)| (C.8)
362
Appendix D
COMPLETE SET OF DEFLECTION-BUCKLING'CHARTS
A set of ten basic charts, Figs. D1 to D10, are provided here to 
cover load distributions in the range 0.8 :>py/apz :>0.05, corresponding 
to lateral pressure ratios K between about 0.1 and 0.9. The form and 
use of these charts for design is described in sections 3.6.2 and 4.6.1 
of the main text, and Fig. D12 folds out to provide an additional quick- 
reference key. Guidance on the selection of input data is given in 
section 5.3.
The standard form of design chart is not suitable for checking 
buckling under near-uniform load distributions (p^/apz < 0.05) because 
the distortional pressure term Py/S^ tends to zero. On Figure D 11 
(Py/aPz = 0) the buckling limit has therefore been replotted as a 
function of a uniform pressure term ap^ys^ and stiffness ratio Y for 
various values of initial out-of-roundness 6
yo
For load distributions in the range 0 < p /ap ^ 0.05 (i.e.
Y z
1 >K>0.9), which includes hydrostatic loading of pipes laid under 
water, use Figure D11 to design for buckling, and Figure D10 to check 
out-of-round deflection.
In addition, by setting ap^ = p^, Figure D11 will provide a 
rapid conservative check on buckling.for any distribution of external 
load.
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DEFINITIONS
E* Elastic modulus of soil (plane strain)
s
S f Flexural stiffness of pipe ring (=E*I/D3 )
d p Distortional and uniform pressure components 
y  ’ z
a Arching factor : for preliminary design
assume a = 1
* Increment of deflection due to external loading
6y ( = 6 - (6 + 6 ,))
K y  y o  y 3
U, Reduction factor on buckling pressure due
to initial out-of-roundness 6 and long-term 
deflection increment 6 3 y°
Fig. D12 Key to use of the deflection-buckling charts
Appendix E
ANALYSIS OF EXISTING EXPERIMENTAL DATA
This Appendix explains how the experimental points plotted on 
various.figures in Chapters 4 and 5 have been derived from the data 
actually reported in the literature. It should be read in conjunction 
with the original publications from which the data have been drawn.
In order to facilitate cross-referencing, the original authors’ units 
of length, pressure and density have in some instances been retained. 
Relevant Imperial-to-Metric conversion factors are as follows:
1 inch (in.) = 25.4 mm
1 lb/in2 (p.s.i.)- = 6.895 kN/m2
1 lb/ft3 (p.c.f.) = 0.1571 kN/m3
E.1 'Hoop thrust data
The experimental hoop thrust data summarised in bar chart form 
on Fig. 4.3 are shown plotted as a function of applied pressure in 
Figs. E.1 and E.2. The method of processing measured hoop and 
diametral strains to obtain the ’observed’ and ’predicted’ hoop thrust 
coefficients compared in these figures has already been outlined in
section 4.3.4. Certain steps in the data reduction procedure are
explained more fully here.
(i) Where strain gauges were fitted around one side of the pipe
only (gauge positions in each test series are indicated in
Figs. E.1 and E.2), the thrust distribution was assumed to
be symmetrical about the vertical pipe axis for the purposes
of determining the mean thrust component N . The distortional
z
thrust component N^ was obtained as the largest deviation from 
the mean N^ of the thrust measured at any individual point on . 
the pipe circumference.
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(ii) The ’observed’ coefficients a and 3 were derived in accordance 
with the definitions of Eqs. (3.6) and (3.9) and Fig. 3.2 as:
(iii)
(iv)
N 2(N /R)
z _ z
p R p (1+K)
rz v
(E. 1 a)
N 2 (N /R)
= — tIt t t  <E -1b>
PyR PV (1_K)
In the case of surface overpressure tests, the equivalent
vertical pressure p^ was equated to the applied surface pressure
p^; the lateral pressure ratio K, where not directly measured,
was equated to an assumed, constant value of Kq for the sand
backfill. The values of K assumed for each test series are
o
listed along with other relevant details of dimensions and pipe 
and soil properties in Table E.1. In the case of the centrifuge 
tests of series , the operative values of p^ and p^ (= Kpv) 
were estimated using the expressions for equivalent backfill 
loading developed in section 5.1.2 - further details are given 
below.
Fig. E.3 shows the relationships between soil secant modulus
E* and applied surface pressure p^ which were used to compute
the theoretical hoop thrust coefficients a and 8 included
z ns
on the various plots of Fig. E.1. With one exception (test
iseries F) , these E* - p relationships were derived from the 
. s s
average pressure-deflection (pg“ 6 )'■ response recorded in 
individual tests of each series.
Allgood’s experiments (series D) differed from the rest in
that a range of pipe-soil combinations were used and it was
therefore necessary to calculate theoretical hoop thrust
coefficients for each test separately. Allgood’s test
results are summarised in Fig. E.2 as plots of the ratios
a/a and 3/3 versus applied pressure. Since the lateral 
z ns
pressure ratio K was measured in each test, these curves 
were derived without introducing any assumed parameter values 
(apart from the relatively unimportant step of setting
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TABLE E.1 DETAILS OF DIMENSIONS AND PIPE AND SOIL PROPERTIES IN 
MODEL TESTS SELECTED FOR HOOP THRUST ANALYSIS
Test
Series
Source of data
DIMENSIONS /inches
Pipe 
Diameter'
Pipe
Length
Soil bin width or 
diameter on'plan
A Marino & Riley (1964) 5” 15" 48" diameter
B Dorris (1965) 3.5" 10.5" 23 " diameter
C Donnellan (1964) 4" 16" 30" diameter
D Allgood et al. (1968) 5" 2 0 " 60" diameter
E Albritton (1968) 3.5" 1 2 " 46^/, " diameter 
4
Fi
F 2
Valsangkar & Britto 
(1978)
4" 1 0 " 24" or 30" wide 
(centrifuge tests)
16"; wide >
PIPE DATA KNOWN PROPERTIES OF DRY SAND BACKFILL Assumed 
value of
Ko
Test
Series D/t ; sf
(kN/m2)
Mean dry 
density
(lb/ft3)
Method of
placement/
compaction
Internal 
friction 
angle, cp
Relative
density
A 80 36.1 107.5
6 " layers- 
vibrated
- 0.45
B 53 42.6 104 .
6 " layers 
vibrated 
(tamped 
around pipe)
o00CO 78% 0.38
C 114 4.28 113 Rained - _* 0.35
D
280
419
835
0.837
0.250
0.0315
various
99.8
to
108.7
Rained
1 «
Low cp
-
measured 
0.44 av.
'High cp' 0.45 av.
E 350 0.1475 109.6 Rained 42° 93% . 0.33
F 6 6 8 0.0635 107.6+
Rained 
(pipe axis 
vertical)
- - 0.40
Notes: “ Soil m  both test series A and C described as uniformly
graded Ottawa Sand
^ Inferred from quoted mean.void ratio of 0.53
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TABLE E.2 ANALYSIS OF RING DEFLECTION AND EOOP THRUST DATA FROM 
ALLGOOD’S TESTS AT A COMMON APPLIED SURFACE PRESSURE 
OF 50 LB/IN2 (345 KN/M2)
Test 
no.
Pipe
D/t
a
Soil 
<p 7  y
Measured Computed . Hoop thrust coefficients
K -<*h
x 1 0 ^
Sy
xIO^
Eg 
/MN.m 2
Predi
a
z
cted
-. . ns
Observed
a
21 419 H / H 0.41 69 71 57 0.96 1.17 0.91 0.16
2 2 280 H / M 0.42 141 143 28 0.99 1.17 0.99 0.90
23 280 H / L 0.49 103 105 34 0.99 1.15 0.99 1.04
24 419 H / M 0.49 82 84 42 0.97 1.15 0.96 0.55
25 835 L / L 0.46* 85c 90 35 0.96 1.06 1 .0 1 C 0.44°
26 835 L / H 0.42 52 56 71 0.91 1.17 1 . 0 0 0.47
27 280 L / L 0.50 114 116 30 0.99 1.14 0.96 0.64
28 835 L / H 0.46 51 56 67 0.92 1.04 0.77 0.19
29 419 L / H 0.41 53 55 93 0.95 1.17 0.87 0.33
30 835 L / L 0.42 82c 87 45 0.94 1.17 1 .0 0 c 0.36c
31 419 H / M 0.45 82 84 • 45 0.97 1.16 0.80 0.26
32 280 H / H 0.45 109 11 1 34 0.99 1.16 0.79 0.23
Notes: a, Based on Allgood’s friction angle/density classification
where L, M.and H denote low, medium and high
Jb, Missing reading estimated from mean K- value in test 
nos. 27 and 30 which had similar backfill soil
c, Extrapolated values
v* = K in Eqs. (3.8c) and (3.11b)). Table E.2 gives a more 
s
detailed breakdown of the analysis of Allgood's data at a 
single value of applied pressure, indicating the implied 
sand moduli and absolute values of hoop thrust coefficients 
obtained in each test.
The general criteria applied when selecting sets of published 
hoop thrust data for analysis have already been described in section 
4.3.4. Although these went some way towards eliminating the grosser 
experimental uncertainties associated with laboratory model testing 
of buried pipe, it was still necessary to exercise some caution in 
arriving at the plots of Figs. E.1 and E.2. The following notes on 
the interpretation of individual test series give an indication of 
the wide range of factors which need to be considered when assessing 
the reliability of experimental hoop thrust data.
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Test Series A: Marino & Riley (1964)
The data plotted on Fig. E.1(a) are drawn from Table II of the 
original paper and represent the average response of a steel pipe 
with no end restraints which was tested 7 times at different angular 
orientations (i.e. rotated about its longitudinal axis) but under 
identical conditions of burial. Since eight pairs of.strain gauges 
were fitted around the circumference of the pipe, and the wall was 
thick.enough to be free.from non-elliptical distortions, the experi­
mental values of mean hoop thrust can be considered very reliable. 
The implied range of a values, however, depends on the assumed value 
of K in the vibrated, dry sand backfill (ref. Eq. (E.1a)). The 
friction angle of the sand is not given, but by comparing the quoted 
mean dry density with that obtained in the same material in test 
series C (see Table E.1), it has been deduced that the vibrated
deposit was no more than medium dense, for which a value of K = 0.45
o
has been considered representative (compare, for example, with the 
average K value measured by Allgood). The lowest possible Kq value 
of 0.40 would have implied a mean a value of 1.07 as against 1.02 
shown on Fig. E.1(a).
Since the 3 values in Fig. E.1(a) are based on averaged thrust
distribution they do not necessarily reflect the full range of local
variations of hoop stress around the pipe circumference. The mean
value of 3 is however low enough to make it extremely unlikely that
the ratio 3 / 3  exceed 1 in any individual test, 
ns
Because of the way Marino & Riley present their test results, 
it is not possible to tell how symmetrical the thrust distribution 
was about the vertical pipe axis. The hoop thrust at the crown was 
consistently some 60% higher than that at the invert, but this can 
be wholly attributed to longitudinal . bending of the pipe under load 
generating Poisson’s ratio effects in the hoop direction (ref.
Fig. 18 of the original paper).
Test Series B: Dorris (1965)
Only two of the many tests reported by Dorris complied fully
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with the yield strength and depth of cover criteria set out in 
section 4.3.4. The pipes used in these two tests, nos. B3 and B4, 
were made of a high-yield grade of aluminium and were each fitted 
with four pairs of strain gauges. The measured hoop thrust 
distributions were symmetrical about the vertical pipe axis, but 
not about the horizontal axis; the crown thrust was consistently 
higher than that at the invert, which may again have been due to some 
longitudinal bending.
The E* - p^ relationship deduced from the pipe ring deflection
measurements in this test series does not fit the pattern of the
other soil stiffness curves in Fig. E.3 and this casts some doubt on
various steps in the hoop thrust analysis. According to Dorris the
Sangamon sand used in his group B tests was comparable to the Cook’s
Bayou sand used in his own group E tests and also later by Albritton.
The relative density of the sand in Albritton’s tests was much higher
than that achieved by Dorris (see Table E.1) and so it is unlikely
that the true sand stiffness in Dorris’s tests was higher than that
in Albritton’s, as implied by Fig. E.3. Further such qualitative
comparisons with the other E* - p relationships on Fig. E.3 suggest
s s
that, while the curve for Albritton’s tests may be rather low, the 
curve for Dorris’s tests is almost certainly too high? The most 
probable explanations for this are as follows:
(i) The true K-value in the vibrated and tamped backfill may 
have been higher than the Kq value of 0.38 estimated via 
Jaky's formula (Eq.‘ (5.8)) from the given value of cp = 38°.
An actual K-value of, say, 0.5 would have reduced the 
apparent soil stiffness by some 2 0 %.
It should be pointed out here that the general range of E* values shown 
on. Fig. E.3 is already an order of magnitude higher than would be 
expected in similar sand backfills used in field construction (ref.
Table 5.2). This is because of the untypically high densities achieved 
in controlled laboratory model tests, coupled.with the very high applied 
surface pressures. Note that an applied pressure of 100 lb/in2 
corresponds to the weight of an embankment about 40 m high.
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(ii) There may have been some friction loss to the walls of the 
cylindrical soil container which was of smaller diameter 
than those used by other experimenters (see Table E.1),.
This xtfould help to account for the relatively low ring 
deflections which give the impression of a high backfill 
stiffness. It is also perhaps significant that the diameter 
' change gauges were installed at a position offset along the 
pipe axis from the central, strain-gauged cross-section (see 
Fig. 4.1 of Dorris’s report).
The overall impact of these possibilities on the hoop thrust
analysis of Fig. E.1(b) would not, however, be too great. The effect
of an increased K-value would be to lower the apparent values of a,
while a reduced soil stiffness would imply higher values of a . So
even after making allowances for wall friction, it is unlikely that
the mean a/a value attributable to internal friction and elasticity 
z
of the sand would have exceeded one.
Test Series C: Donnellan (1964)
Donnellan tested aluminium cylinders of two wall thicknesses 
giving D/t = 114 and 250 respectively, at depths of cover ranging 
from zero to two diameters. High mode deformation in the thinner 
pipe produced some spurious strain readings which prevent a detailed 
hoop thrust analysis, and so all data plotted on Fig. E.1(c) relate 
to the thicker pipe (D/t = 114), which was fabricated from seamless 
d r a w  tube. Plots of individual strain gauge readings in Figs. 4 
to 6 of'Donnellan’s paper confirm that the proximity of the loaded 
soil surface ceases to influence pipe response to uniform over­
pressure at cover ratios H/D greater than 1/2.
The K value of 0.35 assumed for the dense Ottawa sand used o
by Donnellan was that quoted by Hoeg (1968) for the same material
. . . 3
at a very similar density (112.5 lb/ft as compared with Donnellan’s
3
113 lb/ft ). The E* - p relationship derived from Donnellan's
s s
ring deflection measurements is consistent with that shown on Fig.
E.3 for the less dense Ottawa sand used by Marino & Riley.
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In Donnellan’s tests, unlike those previously described, the ' 
thrust at the invert was generally a little greater than that at the 
crown, and occasionally exceeded the thrust at the one instrumented 
springing. This suggests the absence of any longitudinal sagging 
of the model pipe, and is the more typical asymmetry of response 
found when sand backfill is deposited by "raining” over the pipe with 
its axis horizontal.
Test Series D: Allgood et al. (1968)
In Allgood’s tests the horizontal diameter change was
continuously monitored, but not the vertical. Unlike the other test
series in which the mode 2 ring deflection 6 was obtained as the
7
arithmetic mean of 6 and - 6. , it was necessary in this case to
v h
invoke the definition shown on Fig. 3.2:
6 = 6 - 6, (E.2)
y z h
6 z was computed by setting a = in Eq. (3.7), and because of the
implied dependence of 6  ^ on 6^ it was necessary to perform an iterative
calculation to arrive at compatible values of 6 , E* and a as given
y s z
in Table E.2.
The great advantage that the lateral pressure ratio K was 
actually measured in Allgood’s tests is slightly lost in the analysis 
of his hoop thrust data because pairs of strain gauges were in general 
fitted at only two points on the pipe circumference (see Fig. E.2).
In the last two tests, nos. 31 and 32, additional pairs of gauges 
were fitted at the shoulder, haunch and invert around one side of the 
model pipe, but due to the development of short wavelength deformation 
near the invert, the more detailed thrust distributions recorded do 
not provide a clear indication of the degree of symmetry about the 
horizontal pipe diameter. Symmetry about the vertical diameter is 
less assured than in test series A to C because the model pipes were 
fabricated from sheet metal and may have been locally stiffened by the 
longitudinal seam incorporated in the side opposite the strain gauges 
(this also applies to test series E and F). Considerable uncertainty 
is therefore introduced where it has been necessary to extract N and
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Ny values from thrusts measured at crown and one springing only. On 
the plus side, the elimination of wall friction losses in Allgood's 
tests was virtually guaranteed by the large size and segmental wall 
construction of the soil container.
A few features of Table E.2 which merit comment are as follows:
(i) There is no perceptible correlation between the measured 
K-values and the friction angle cp or density y of the 
sand.
(ii) The E* values show only a slight tendency to increase 
with increasing (p and y, as illustrated on Fig. 5.10 and 
previously discussed in section 5.2.5. Together with 
(i) this suggests that the relevant properties of dry 
sand backfill are sensitive primarily to the pattern of 
particle deposition, which even with the "raining" 
technique is difficult to control, especially in the 
"sheltered" regions under the pipe haunches.
(iii) The agreement between and a is best in the case of 
the thickest pipes tested (i.e. D/t = 280). This is 
consistent with Donnellan's finding that hoop strain 
measurements become increasingly erratic as buried 
pipes get thinner and so more susceptible to local 
deformations of the wall.
Test Series E: Albritton (1968)
The hoop thrust distributions recorded by Albritton were quite 
consistent, with the thrust at the invert generally a little higher 
than at the crown, but otherwise conforming to the predicted pattern. 
Furthermore, with only one exception* the derived a values remained 
fairly constant during the course of each test (see Fig. E.1(d)).
The ring deflection measurements, by contrast, were rather erratic 
and Albritton himself expresses some doubts about their reliability. 
While errors of instrumentation can never be ruled out, it is 
probable in this case that initial non-circularity.of the pipe
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contributed to irregular deformations under load. Unlike Allgood 
and Valsangkar & Britto, Albritton did not use a mandrel to maintain 
the shape of his very thin model pipes during placement of the 
surrounding soil.
As previously commented,. the E* values deduced from the mean
deflection response in Albritton’s tests could well be too low, bearing
in mind the high relative density achieved in the sand backfill (ref.
Table E.1). The effect on the hoop thrust analysis of . assuming E*
values double those shown on Fig. E.3 would be to increase the implied
a/a values by up to 20%. On the other hand, the assumed K value of 
z o
0.33, which is based on the quoted cp value of 42°, could equally be on
the low side (compare, for example, with the K-values obtained in
dense sand backfill by Allgood). A revised assumption of, say,
K = 0.45 would more than offset the effect on a/a of the possible
. z
underestimate in soil stiffness.
It is never easy to quantify the uncertainty caused by the 
introduction of assumed parameter values in the analysis of experimental 
data, but the above discussion serves as a reminder of the many 
potential sources of error in the interpretation of supposedly 
"controlled" laboratory model tests of thin-wall buried pipe.
‘Test Series F: Valsangkar & Britto (1978)
Valsangkar & Britto did not measure ring deflections in either
their centrifuge tests (series F^) or their surface overpressure tests 
(series F^). The Leighton Buzzard sand used as pipe backfill in both 
cases has, however, been extensively studied by Stroud (1971) who 
quotes the following empirical relationships:
K = 451.3s + 6233.8 lb/in2
ssa
G = 309.7s + 4000 lb/in2
where K is the bulk modulus measured in the simple shear apparatus;
S S c l
s is the mean normal stress (corresponding to p^ in the current 
notation); and G is the shear modulus. Stroud further relates bulk
(E.3a)
(E.3b)
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modulus. K , to K by: 
ssa
M  + ° ^ 7 .  = _ i _  (e .4)
K G K
ssa
Eqs. (E.3) and (E.4) convert, via the standard elasticity relations 
between K, G , Eg and (Timoshenko & Goodier, 1970) to the following 
expression for plane strain modulus;
E* = 708p + 6.46 MN/m2 (E.5)
s z
Eq. (E.5) has been used in lieu of measured deflections in the analysis
of Valsangkar & Britto*s hoop thrust data, and is shown plotted on
Fig. E.3 for an assumed lateral pressure ratio of 0.4, i.e. p = 0.7p .
2 2 s
In the pressure range.from pg = 0 to 60 lb/in (0 to 414 kN/m2) over
which it has been applied, the relationship is not too far removed from
that derived for the similarly dense sand of Donnellan’s tests. It
probably errs a little on the high side, but such an error may be
considered "safe" because it would tend to predict lower values of
and hence higher values of a/or than was in fact the case.
The most important feature of the analysis of the centrifuge 
tests in Fig. E.1(e) is the way in which the equivalent vertical and 
horizontal backfill loads have been calculated. As a minor improvement 
on the approximation of Eq. (5.6), "exact" expressions for p and p^d 
assuming v* = Kq = 0.4 have been obtained from Eq. (5.1) with Eq. (5.5) 
as:
Pvd = y(H + 0.235D) (E.6 a)
p., = K y(H + 0.49D) (E.6 b)
hd o
Allowance has also been made for the surcharge imposed by the lid of 
the strong box which, because of the method of filling with the pipe 
axis vertical, remained in contact with the upper surface of the sand 
during testing. In his thesis, Britto (1979, p.47) estimates the 
surcharge to.be equivalent to an addition 24.6 mm (0.242D) of sand 
cover in test UPC4, and 37.8 mm (0.372D) in tests UPC2 and UPC3.
The difference is due to the use of a wooden liner box in the latter 
two tests, which also reduced the internal width of the strong box 
from 762 mm (7.5D) to 600 mm (6 D).
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Valsangkar & Britto plot their hoop thrust data as a function
of centrifugal acceleration, and when using Eqs. (E.6 ) to calculate
loading a scaling factor equal to the ratio of centrifugal to
gravitational acceleration has been applied to all linear dimensions.
The effective values of K = p.-./p which varied from test to test
rhd rvd’
according to the depth of cover and lid surcharge, are tabulated on 
Fig. E.1(e). The surface overpressure tests (series F^) were analysed 
‘in the usual way assuming K = Kq = 0.4 (see Fig.. E.1(f)).
A feature of the measured hoop thrust distributions in both 
centrifuge and overpressure tests was a consistently lower thrust at 
the shoulder of the pipe than at the haunch. Since the sand backfill 
was placed with the pipe axis vertical this asymmetry cannot be 
atributed to the usual non-uniformities associated \<rith the "raining" 
technique, and was probably due to the pipe being positioned only one 
diameter from the rigid bottom of the soil box (refer to discussion 
of negative arching in section 4.3.6).
When discussing the results of their combined test programme, 
Valsangkar & Britto (1978, p.14) conclude that the maximum hoop stress 
generated in a buried pipe by gravitational loading in the centrifuge 
is 1 0 0 % higher than that produced.by a comparable surface overpressure. 
This conclusion is almost entirely the consequence of their use of the 
"prism load" concept (ref. section 4.3.1) to calculate loading on the 
centrifuge model. Comparison of Figs. E.1(e) and E.1(f) shows that,
if properly interpreted, there are only minor quantitative or
qualitative differences between the two methods of testing. Since a 
narrower soil box was used for the surface overpressure tests, giving 
only 1.5 diameters of soil cover either side of the pipe (ref. Table 
E.1), it is probable that the relatively low a/a^ values compared, with 
those obtained in the centrifuge tests were due to greater wall friction 
losses. The only significant qualitative difference lies in the plots 
of experimental 3 values. The flat 3 curves in Fig. E.1(e) suggest 
that the degree of slippage at the pipe-soil interface did not vary 
.with increasing acceleration in the centrifuge tests. The drop in 
3 with increasing load in Fig. E.1(f), on the other hand, suggests a
gradual breakdown in interface friction (i.e. increasing slippage) in
the surface overpressure tests. The latter behaviour is mirrored in
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other surface overpressure tests of very thin-wall buried pipe, such 
as those by Albritton (Fig. E.1(d)) and the more flexible systems 
tested by Allgood (see Fig. E.2 in.conjunction with Table E.2).
E.2 Buckling data
The buckling data for soil-surrounded pipes plotted on Figs. 4.7 
and 4.8 are given in numerical form in Tables E.3 and E.4. The 
analysis of Albritton's sha,llow-cover buckling data, plotted on 
Fig. 4.14, is summarised in Table E.5. The techniques of interpreting 
buried pipe buckling data have already been described at length in 
section 4.4. The following notes give further details of the inter­
pretation of individual sets of data, and include a brief discussion 
of the reasons why the widely quoted buckling tests by Watkins (1960, 
1969) are not amenable to a rational analysis.
'Allgood et al. (1968)
Allgood removed the deflection gauges from his pipes before loading
them to failure and so the values of horizontal diameter change (6, )
h cr
at buckling were obtained by extrapolation. This presented no 
particular difficulty because after an initial "bedding-in" stage 
the deflection response in most tests became quite linear. The 
extrapolation was achieved by extending a tangent to the end-point 
of the curve already drawn through the experimental data on each of 
Figs. 13 to 24 of the original publication. Fig. E.4 shows an example 
of the graphical construction for test no. 26.
Table E.3 summarises the analysis of Allgood's buckling data and
should be read in conjunction with Table E.2 which .lists the values of
K and D/t in each test, and Table E.1 which gives the value for
each thickness of pipe. The applied surface pressures at buckling,
(ps)cr» were converted via the measured K-values to corresponding
distortional pressures (p ) for plotting on Fig. 4.7. . The values
y cr
of ( 6 ) , E* and a at buckling were derived from the extrapolatedy cr s z ° ^
horizontal deflections via Eq. (E.2), as previously described in the 
context of Table E.2. Finally, because of doubtful reliability of
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TABLE e .3 ANALYSIS OF ALLGOOD'S BUCKLING DATA
Test (py}cr
(6, )h cr
(6 ) 
y cr
E*
s
a
z py
Y (apz}cr
no. -?
/kN.m
Sf
x 1 0 4 x 1 0 4 /MN.m
2
ap z
/1 0 3
Sf
21 1517+ 1790 -172 182 98 0.94 0.45 392 4,020
2 2 1634 566 -320 .327 58 0.98 0.42 69 1 ,360
23 1703 519 -260 268 65 0.97 0.35 78 1,480
24 1834 1871 - 2 0 0 228 82 0.94 0.36 328 5,160
25 517 4431 - 1 2 0 127 44 0.95 0.39 1,400 11,400
26 848 7807 - 90 1 0 0 98 0 . 8 8 0.46 3,110 16,800
27 1703 509 -284 • 292 58 0.98 0.34 69 1,490
28 834 7149 - 92 1 0 2 8 8 0.89 0.42 2,790 17,200
29 2068+ 2440 -138 150 163 0.90 0 . 4 6 652 5,240
30 503 4631 -108 114 51 0.94 0.44 1,620 10,600
31 1724 1896 -184 195 97 0.94 0.40 388 4,690
^ Not taken to failure. Test no. 32, which was stopped 
well short of failure, is not included in this table.
Allgood’s measured hoop thrusts, the mean interface pressures (aP2)cr 
used to plot the buckling data on Fig. 4.8 were based on the given 
(Pg)cr and K, assuming a = a^.
TRRL (1981)* .
The TRRL have loaded several 300 mm diameter steel and plastic
pipes to failure in their test pit (O'Reilly et al., 1982), using the
loading arrangement shown in Fig. E.5. The test results for four
steel pipes which failed by buckling are analysed in Table E.4(a).
The uncompacted dry sand backfill was the same material as used in
the first of the pit tests described in section 6.3, although in a
3
looser condition (mean dry density = 1.5 Mg/m )..
^Now published as "loading tests to. failure on buried flexible steel 
pipes" by J.J. Trott, G.I. Crabb and A.S. Nagarkatti in Pipes and 
Pipelines International, May 1983.
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TABLE E.4 SUMMARY OF BUCKLING DATA FOR PIPES BURIED IN SAND AND CLAY
Pipe/test Sf . (Pv^ cr
K P
V
(ap )cr (6 ) y cr
E*
s
Y
Reference
ap z Sf
/RN.m- 2 /kN.m' 2 xlOO. /MN.m .
a) TRRL (1981) : Steel pipes in uncompacted dry sand
is 0.26 170 484 9.2 2 . 8 10,800
3S 0.55 277 0.37a 0.46
390 10.5 - 4.3 7,730
4S 1.30 284 168 11.7 3.8 2,950
5S 6 . 0 0 346 44 12.3 4.0 660
C
b) Gaube & Muller (1981) : Plastics pipes in moist sand
PVC ND 5 
(uncompacted)
3.80 685 131 18.7 3.1 1,280
PE ND 3.2 
(uncompacted)
2.45 450 0.45a 0.38 . 133 14.9 3.9 1,580
PE ND 3.2 
(compacted)
2.45 lOOQb 300 8.4 14.7 6 , 0 0 0
c) Howard (1970,1971): Steel pipes in lean clay compacted to
90% (test series FA) and 100% (FB) standard Proctor density
FA-30-14 0.29 172 0.52 0.32 • 450 6 . 1 2.7 9,300
FB-18-14 1.65 207 1 .05 - 130 - ■ 5.0a 3,000
FB-24-10 3.55 552 0.69 0.18 131 6 . 1 5.2 1,470
FB-30-10 1.53 552 0.73 0.16 311 6 . 2 4.7 3,050
d) Dorris (1965):' ' Aluminium pipes in well compacted clay
D4 42.6 1310
0.90a 0.05
29.9C - 6.4a 150
D5 42.6 1240 24.4C 4-1 6.4 150
Notes: a. Assumed values b. Not taken to failure
c. Based on measured mean hoop thrust at failure
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The equivalent vertical and horizontal pressures p and p^t
imposed on the pipe-soil system by the 0 . 6  m wide.surface strip
load have been calculated in accordance with the definition of; Fig. 5.1.
p was obtained by numerical integration of the relevant Boussinesq 
vt
distribution of vertical sress across the pipe crown (Poulos & Davis,
1974). p, was obtained as the predicted vertical stress at pipe 
ht
axis level times an assumed K value for the sand backfill of 0.45.
o
This implied a value of K = -P^ t/p t = 0.37 for the system as a whole.
Theoretical a values were generally very close to unity, and so 
where required in the analysis, the value of a has been set equal to 
one. This applies to all the test series analysed in Table E.4.
The method of loading used in the TRRL tests had the drawback
that the surface pressure required to buckle the thicker steel pipes
approached the ultimate bearing capacity of the loose sand backfill.
With two layers of concrete blocks providing a balancing surcharge of 
2
20 kN/m either side of the loaded strip, as shown in Fig. E.5, the
2
ultimate bearing capacity was calculated to be about 450 kN/m . In
. . 2
test no. 5S the applied surface pressure at failure was 425 kN/m ,
and so it is likely that some passive lateral pressure developed in 
the sand towards the end of the test, tending to increase the 
effective K-value for the pipe-soil system. This may explain why 
the extreme left-hand point on Fig. 4.7, which corresponds to test 
no. 5S, plots well below the other experimental data (see Fig. 3.13 
for the effect of increasing K, and hence decreasing p^/ap^, on the 
position of the buckling limit on a deflection-buckling chart).
' Gajiibe & Muller (1981)^
The sand box used for Gaube & Muller*s buckling tests is 
illustrated schematically in Fig. E.6 . In view of the narrow 
dimension along the axis of the pipe, it is likely that a fair pro­
portion of the applied surface pressure was lost to friction on the
"^Dimensions of the sand box illustrated in Fig. E .6 and the load- 
deflection curve for pipe PVC ND 5 were communicated personally to 
the author by the Plastics Division of Hoechst A.G., Frankfurt am Main, 
whose co-operation is gratefully acknowledged.
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front and back walls of the box. The analysis of Table E.4(b) makes
no. allowance for any such loss, and so it is possible that the
derived E* values for the moist sand backfill (which would tend to 
s
bulk more than dry sand when uncompacted) are unrepresentatively high.
The patterns of ring deformation in the relatively thick-walled-
PVC and PE pipes (D/t = 40 and 32 respectively) were not dissimilar
to that observed in elastic model test no. B1/36 described in Chapter 7
(see Plate 9). The vertical and horizontal diameter changes were
more divergent, however, and asymmetry about the horizontal axis was
greater. This may have been due to the attenuation of vertical soil
stress with depth in the box. In these circumstances, the horizontal
diameter change was considered closer to a representative mean ring
deflection than the vertical, and so the (6 ) values given in
y cr ■
Table E.4(b) were based on the measured 6^ only, with adjustment for 
geometric non-linearity via the "elliptical" curve of Fig. 3.15(b).
Another feature of these tests was that buckling (i.e. reversal 
of curvature) at the pipe crown occurred at applied pressures as low 
as 50% of the eventual collapse pressure. Such extended ranges of
post-buckling stability (compare with elastic model test results in 
Table 7.5) may again have been a consequence of wall friction in the 
sand box, and are an added reason why the plotting of Gaube's data on 
Figs. 4.7 and 4.8 should be viewed with circumspection.
Howard (1970, 1971)f
The soil container used by Howard was much larger and squarer on 
plan (see Fig. E.7), and the walls were.lined with grease and poly­
ethylene film to minimise friction loss. The K values listed in
Table E.4(c) were derived from the average reading at buckling of the 
four soil pressure cells mounted in the container walls.
The research summary by Howard (1972), cited in Figs. 4.7 and 4.8, 
does not include all the details necessary for analysis of his elastic- 
buckling data, and so.reference is made here to two earlier progress 
reports.
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All the pipes which failed by elastic buckling deformed initially 
in a. "rectangular" pattern with a tendency to form plastic hinges at 
the 45° positions on the circumference. This may have been a 
consequence of anisotropy in the compacted clay backfill.. It had the 
effect that the vertical ring deflection was almost double the horizontal 
at the approach to buckling. Values of (b )cr in Table E.4(c) have 
nevertheless been calculated as the mean of vertical and horizontal 
diameter changes. In test FB-18-14 the recorded K-value was greater 
than one and only nominal rectangular deformation took place before 
buckling, so a value of E* equal to the mean of those derived in the 
other tests of series FB has been assumed. In view of likely local 
variations of soil stiffness and lateral pressure ratio in each test, 
the Y-values used to plot Howard’s data on Fig. 4.8 should not be 
considered accurate to more than ± 50%.
Experiments by Allison (1967) have shown that the presence of a 
rigid vertical wall within one diameter of the side of a buried pipe 
tends to increase its buckling resistance. This may explain why the 
results for Howard’s tests on 30 in. diameter pipe (test nos. FB-30-14 
and FB-30-10) both plot above the theoretical line in Fig. 4.8.
Dorris'(1965)
The aluminium pipes tested in clay backfill by Dorris were of the 
same size as those tested in sand (ref. Table E.1) but of lower yield 
strength. The cover/diameter ratios in test nos. D4 and D5 analysed 
in Table E.4(d) were 1/2 and 3/4 respectively. The model pipes were 
fitted with eight pairs of hoop strain gauges, and in both tests these 
recorded yielding at local points on the wall at less than one-third 
of the eventual failure pressure. At maximum load even the mean hoop 
stress N /t exceeded the point of first yield of the metal, and so the 
observed failures, in each case by sudden crown collapse, were a form 
of plastic instability not strictly covered by the buckling theories 
described in this thesis. The buckling data have nevertheless been 
analysed as if the behaviour was purely elastic, and the results 
tentatively included on. Fig. 4.8 simply to provide some initial 
experimental points in an otherwise poorly represented range of system 
Y-values.
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The K-value s h o w  in Table E.4(d) was inferred from the hoop 
thrusts measured in each test by assuming a mean a-value of 1. This 
was somewhat arbitrary, and the implied E*. and hence Y-value used to 
plot the data on Fig. 4.8 could easily be out by a factor of 2 or more 
in either direction. In view of this and the many other imponderables 
of the case, it is accepted that the quite reasonable agreement between 
the data as plotted and the proposed elastic buckling theory may be 
' fortuitous.
Albritton (1968)
Albritton used model pipes fabricated from high-yield aluminium 
sheet, and in all but two of his tests failure occurred by true elastic 
buckling. The two tests, nos. SF3 and SF4, in which there was 
extensive yielding of the pipe wall as a result of poor initial shape 
control, have been excluded from the present analysis.
Table E.5 shows the derivation of the experimental buckling 
pressure factors which are plotted against cover/diameter H/D.ratio 
in Fig. 4.14. These have been based on the measured mean hoop thrusts 
at buckling, , which exhibit less scatter than the applied surface
pressures (Pg)cr* The latter figures are nevertheless included in 
Table E.2 for comparison.
Because of the uncertain reliability of Albritton's ring deflection 
measurements (see previous section of this Appendix), his buckling data 
have not been included on Fig. 4.7. The value of Y = 5 x 10^ used to 
construct the theoretical curve on Fig. 4.14 was derived from the mean 
ring deflection recorded at buckling in the tests with H/D ^ 0.5.
It is possible that the true Y-value was closer to 10^, but as shown 
by Fig. 4.13 this would have little effect on the comparison with the 
experimental data.
Wa,tkins (1960) and Watkins & Moser (1969)
Watkins has performed numerous buried pipe buckling tests in which 
ring deflections were measured, but the design of both his laboratory 
and field test cells produced uncertain lateral loading conditions
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TABLE E.5 ANALYSIS OF ALBRITTON’S BUCKLING DATA
FOR SHALLOW-BURIED PIPE
Test
H/D
(P ) s cr
(N ) 
z cr
&
(N )
= z cr
Buckling
ho.
/lb.in ^ / lb. in ^
(N ) z max
. mode
SA1 0 7 7 0.04
SA2 0 8 - —
SB1 1 / 8 49 46 0.27 snap-
SB2 1 / 8 56 61 0.36 through 
of crown
SC1 1/4 140 11 1 0 . 6 6
SC2 1/4 129 92 0.55
SD1 1 / 2 2 1 2 169 1 . 0 1
SD2 1 / 2 185 150+ 0.89
SDA1 3/4 . 230 162 0.96
SDA2 3/4 259 181 + 1 . 0 1
short-wave
SE1 1 170 153 0.91 buckle
SE2 1 262 177 1.05
SF1 2 197 167 . 0.99
SF2 2 191 168 1 . 0 0
Notes: * (N ) = 168 lb/in is the average (N ) for H/D > 0.75
z max z cr
t Estimated from thrust readings at invert and springing only
which preclude the derivation of equivalent moduli for his backfill 
soils.
The laboratory test cell used by Watkins (1960) is shown in 
Fig. E.8 (a). The- cell was initially filled with loose soil which was 
pre-compressed to the desired density while a mandrel maintained the 
shape of the model conduit. The pre-compression load was removed'and 
the mandrel withdrawn before reloading the buried conduit to failure. 
This method of static compaction of the soil would have generated high
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residual lateral stresses which explains the very low ring deflections 
recorded before the conduits buckled. It is probable that the nesting 
of the test cell segments in the manner illustrated in Fig. E.8 (a) would 
have further enhanced the lateral pressure ratio in the soil.
The design of the field test cell used by Watkins & Moser (1969) 
did attempt to take account of lateral earth pressure. The cell was 
constructed from curved steel plate such that the radius of the side 
walls was 3 times that at the bottom (see Fig. E.8 (b)). By invoking 
the concepts of Ring Compression Theory (ref. section 2.2.2) it was 
thought that this would maintain a lateral stress ratio of 1 / 3 in the 
backfill soil. Watkins & Moser however overlooked the influence of 
tangential stresses which are neglected in Ring Compression Theory.
The combination of internal wall friction and the tendency for the sides 
of the cell to pull inwards under load would have generated passive 
lateral pressures .in the backfill soil. The resulting K-values felt 
by each test pipe would be difficult, if not impossible, to assess, but 
they would certainly have been higher than obtained in normal embankment 
construction. This is the main reason for doubting the validity of the 
structural design procedures based on Watkins' experiments which are 
given in the American Iron and Steel Institute manual (AISI, 1971). 
Another reason is Watkins' neglect of the influence of seam slippage 
and yield on the uniform component of earth pressure transmitted to a 
corrugated metal pipe (ref. sections 3.4.3 and 4.3.5).
E.3' Ring'deflection data
The processing of the published ring stiffness and load-deflection 
data plotted on FigS. 5.5 to 5.7 was straightforward and requires no 
special explanation. The sources of certain items of . data are, 
however, referenced in more detail here.
The data plotted on Fig. 5.5 were drawn from Table 6 of Galili et 
al .'s (1978) report, and relate to the two sand backfills described as 
haying bedding angle of 90°.
Howard's (1970) data on Fig. 5.6(b) are for his series FA tests
2
at a common applied pressure pg = Pv = 40 lb/in ,■ and assume a mean
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2
seating pressure p = 1 0  lb/in . 
vo
Braune et al. (1929) do not quote E^-values for their various 
pipe materials or I-values for the two corrugated metal sections tested.
The values used to calculate for plotting on Fig. 5.7(a) were those 
assumed in an earlier analysis of the same data by Howard (1977, p.39).
The p^ value stated on Fig. 5.7(a) corresponds to the maximum 
experimental fill height of 1 2 feet. .
Finally, Fig. 5.7(b) is based on the dynamic deflections under an
HB load vehicle recorded in Table 3 of Trott & Gaunt (1976). The
deflection 6 of the clay pipe which is not included in the table was 
-5 . y
9 x .10 (information supplied personally to the author by Mr. J.J. Trott).
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Fig. E.1 Experimental hoop thrust coefficients versus applied 
pressure compared with design theory predictions
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Fig. E .1 (continued) Experimental hoop thrust coefficients
versus applied surface pressure
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b) Field test cell (Watkins & Moser, 1969)
Fig. E.8 Details of small and large scale test cells 
used by Watkins' to load buried pipes to 
failure.
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Appendix F
Reprint of a paper presented at the 2nd Conference on 
Ground Movements and Structures, Cardiff, April 1980.
OBSERVATIONS OF GROUND MOVEMENT AROUND A-TRENCH EXCAVATION IN 
LONDON CLAY
J.E. Gumbel, M.A.
Geotechnical Engineer, Mott Hay & Anderson 
(on secondment to the University of Surrey)
J. Wilson, B.Sc., D.Phil.,.M.I.C.E.
Senior Geotechnical Engineer, Mott Hay & Anderson
INTRODUCTION
The identification of ground movement as an important cause 
of pipeline fractures (King et al. , 1977; Roberts and Regan,
1977)* has prompted a programme of research into the effects of 
trench construction on adjacent buried;services (TRRL, 1978).
The long-term aim of this research is to provide a means of 
estimating the displacement and consequent risk of failure of an 
existing pipeline due to trenching works in the vicinity.
Guidance on predicting ground movements caused by trench 
construction is at present available only from field observations 
relating to deep excavations (Crofts et al., 1977). Simple 
scaling down of this data for application to shallow excavations 
may be inappropriate, however, due to differences in construction 
methods and other factors. The collection of ground movement 
data relating specifically to trench construction is therefore a 
prime research objective.
This paper describes a first attempt to generate relevant 
data by means of a controlled field trial.
AIMS OF PRELIMINARY FIELD STUDY
Due to the lack of previous data on the nature and magnitude 
of ground movements around trench excavations, the field study 
described below was planned as a preliminary exercise only, with 
the following very limited objectives:
. (i) to determine the general order of magnitude and extent of
ground surface movement around a trench excavation in London
Clay, using simple surveying methods;
References listed on page 415
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(ii) to test and develop experimental procedures for use in
subsequent more comprehensive field trials.
In the event, the trial excavation yielded much more detailed 
observational data on ground movements then had been anticipated, 
and at a cost of less than £800 provides ample evidence of the 
value to be obtained from a simple field experiment.
DESCRIPTION OF THE SITE
The trial trench was excavated in the London Clay on a site 
about 2 km west of the centre of Guildford, Surrey. The site 
lies at the foot of the Hog's Back, where the ground falls at a 
slope of about 1 in 17 to the north. The trench axis was set 
along the line of maximum slope so as to minimise the influence 
of surface crossfall on lateral movement of the trench walls 
(see site plan on Fig.10. The grass-covered surface was slightly 
uneven, with furrows, to a-maximum depth of about 250mm also 
running parallel to the slope.
A description of the soil profile exposed by the excavation 
is given in Fig. 2. Although the topography of the area suggest­
ed possible periglacial transportation of the clay deposit, the 
finely fissured structure of the trench walls showed no sign of 
previous mechanical disturbance below 0.75 m.
MEASUREMENT OF GROUND SURFACE MOVEMENT
Prior to excavation, 50mm x 50mm x 600mm long wooden pegs 
were driven 450mm into the ground in rows parallel to the trench 
centre-line to form a grid for the measurement of ground surface 
movement, as shown on Fig. 1. A crosshead screw set into the top 
of each peg served as a reference point for surveying.
Monitoring of ground movements was carried out during the 28 
day period the trench lay open and was continued on peg rows A to 
D only for a further month after backfilling. The site was 
revisited just over one year later, by which time most of the 
pegs were unfortunately missing. It was however possible to 
measure the lateral movement of the few remaining pegs on rows A 
and B.
Horizontal movement perpendicular to trench axis
Lateral movement was determined by measuring offsets from a 
line of sight established along each row of pegs. Theodolite and 
target stations consisted of a steel plug set in the ground in a 
250mm cube of concrete.
Tests for repeatability of the offset readings, using the 
same theodolite set up by different people on the same day, gave 
an accuracy better than ± 2mm. On the day following excavation, 
however, it.was discovered that one theodolite had a misaligned
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optical plumb. This had affected the initial readings on rows B,
C and D and so the measured offsets of these rows include some 
unknown zero errors.
The accuracy of the readings taken after one year is also 
uncertain since the reference stations were not designed to 
remain stable through winter conditions.
Horizontal movement parallel to trench axis
Longitudinal displacements were monitored along each row of 
pegs with reference to the theodolite station at the end, using a 
tensioned steel tape. Repeatability of readings was better than 
±2mm.
Vertical movement
The pegs were levelled with reference to a temporary bench­
mark located at the north-east corner of the site. The temporary 
benchmark was constructed by grouting a 3m long by 25mm diameter 
steel bar into the bottom of 90mm diameter borehole which was 
then backfilled with bentonite. The levelling staff used could 
be read accurately to within ±. 1mm.
TRENCH CONSTRUCTION
Excavation
The trench was excavated on 26th July 1978, hereafter referred 
to as Day 0. A backacter fitted with a 1m wide bucket was re­
versed up between peg rows A and S from the north end of the site 
and began excavating at grid line 4. From the first excavator 
position a 2.8m long by 4m deep pit was excavated slowly over a 
period of about 2.5 hours to enable continuous monitoring of 
movement with increasing depth. The 4m deep trench was then 
extended to its full length of 15m in a continuous operation 
which was completed about 4.7 hours after excavation commenced.
The spoil was stored alongside the trench in accordance with 
the usual construction practice, although care was taken not to 
disturb the row S pegs used to monitor movement of the surcharged 
shoulder.
Shoring
After 4.2 hours, while excavation was being completed 
between grid lines 12 and 16, the first 10m length of trench was 
spot-braced using 14 units of "Speedshore" aluminium hydraulic
shoring. Each unit consisted of a pair of 2.1m long by 0.2m wide
vertical rails held apart by two hydraulic struts at 1.22m centres,
and could be safely installed by hand from the ground surface.
In order to cover the full height of the trench, the units were 
placed in alternate upper and lower positions along its length
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(see Plate 1). The struts were pumped up to an initial hydraulic 
pressure of 2.75 MN/m2 , corresponding to a pre-load of about 9 kN 
in each. The installation was completed within three-quarters of 
an hour.
Backfilling
The shores were removed and the trench backfilled on Day 28.
The excavated clay was dumped back into the trench without com­
paction by an excavator operating from the east side of the spoil 
heap, destroying the row S pegs in the process.
SOIL SAMPLING AND TESTING
In-situ tests
Measurements of horizontal stiffness of the trench walls 
were made using a trench wall jack. The operation of this device, 
which performs a horizontal plate loading test on opposite walls 
of a trench, is fully described by Lawrence (1977). Profiles of 
soil modulus with depth were obtained at several locations in the 
trench and for different times of exposure of the clay face (Fig.
2).. A set of readings, was first taken on Day 2. Further tests 
were carried out on Day 28, when the trench was also extended 
briefly, from grid line 16 to grid line 20 to provide a freshly 
exposed clay face. Setting up the apparatus nevertheless took 
2.5 hours; and in view of the very rapid loss of stiffness following 
exposure of London Clay reported by Marsland (1973), none of the 
modulus values recorded on Fig. 2 should be considered representative 
of the undisturbed stiffness of the soil.
Where the plate tests reached failure the undrained shear 
strength cu of the soil was calculated from the formula given by 
Meyerhof (1951) for a circular foundation, viz:
cu =6.2 x ultimate plate pressure
These shear strengths which may once again reflect a degree of 
disturbance of the clay, are also plotted on Fig. 2.
Fourteen months after the trench had been backfilled the 
site was revisited to make further simple measurements of the 
.strength of the ground. A comparison was sought between areas 
which were known to have undergone large deformation during 
trench excavation and areas which had remained relatively un­
disturbed. Accordingly, two small diameter auger holes were 
bored at locations Hi and H2 (see Fig. 1) and shear strength with 
depth profiles were obtained (Fig. 2) using a 19mm diameter hand 
vane.
Comparison of the cu values recorded in the upper 2.5m of 
these two boreholes gives an indication of the effect of disturbance
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on shear strength. The vane test results for hole Hi (undist­
urbed) confirm the engineering classification of the clay as 
stiff.
Beyond these general indications, the shear .strength data 
collected on Fig. 2 should be interpreted with care, bearing 
in mind the differing scales of the two types of insitu test 
in relation to the fissure spacing, and the many other factors 
influencing the response of fissured clay (Marsland, 1971).
Laboratory tests
Additional values of shear strength and stiffness (initial 
tangent modulus) were obtained from unconsolidated undrained 
triaxial shear tests on two U4 samples taken from the extended 
trench section on Day 28. The range of natural' moisture content 
Was determined from many samples taken along the trench. These 
results,-together with mean Atterberg Limits, appear in Fig. 2.
GENERAL OBSERVATIONS
Weather
Fine weather during the first three days after 
was followed by a period.of heavy rain between Days 
From Day 8 no further rain fell on the open trench, 
weather remained warm and dry until one month after
Groundwater and seepage
Differential drying of the exposed clay surface observed two 
days after excavation suggested the presence of groundwater at a 
depth of 2 metres. Following the period of rainfall, over a 
metre of water collected in the bottom of the trench due mainly 
to seepage through the upper weathered clay layer. This water 
was removed by pumping on Day 14. Although there was n o .further 
evidence of infiltration through the upper half of the trench 
wall, water continued to enter the base of the excavation, reach­
ing a level of about 0.6m before the trench was again pumped dry 
on Day 21.
Trench wall profile
Within 4 days of excavation, both faces of the trench devel­
oped a distinct inward bow, and it was clear from a simple visual 
inspection that the lateral displacement was greater between 1 to
2 metres below the surface than at ground level. This was con­
firmed on Day 8 when horizontal offsets were measured to the 
trench walls from a plumb-line suspended on the trench centre­
line. A bulge at the base of the surcharged wall around grid 
line 9 was also noted. Due to a lack of datum readings, the 
precise magnitude of lateral movement at depth could not be 
ascertained, and attempts to monitor development of this movement
excavation 
4 and 7. 
and the 
backfilling.
with time were hampered by shrinkage and general degradation of 
the vertical clay surfaces which obliterated reference points. 
Clearly some form of sub-surface instrumentation installed before 
the start of the excavation would be a more effective way of 
monitoring movement of the trench face.
Trench stability
The spoil-surcharged side of the unshored section of trench 
collapsed overnight within 4 to 18 hours of excavation. The lower 
three-quarters of the trench wall fell out as a rubble of clay 
blocks leaving a cleanly broken vertical surface 0.5m back from 
the excavated line. The stiffer brown clay crust was left over­
hanging the void at first, but was later washed down by rain (on 
Day 5). Spread of the collapse along the trench was arrested at 
the first unit of shoring (see Plate 1).
The remainder of the surcharged side of the trench failed 
within 10-15 minutes of removal of the shores on Day 28. A
vertical crack opened up at the surface along peg row S, and a
one metre wide by 3m deep wedge of clay extending from grid line
12 to grid line 6 slid into the excavation.
The unsurcharged trench wall remained stable throughout the 
course of the trial.
RESULTS AND DISCUSSION
Selected isochrones of horizontal and vertical movement of 
the ground surface pegs are plotted on Figs. 3 and 4 respectively. 
Fig. 5 shows the development of movement with time for the pegs 
on grid line 8; the annotated curves are typical of those recorded 
for other cross-sections through the trench, and illustrate the 
influence on ground movement of shoring and weather conditions.
Horizontal movement
The only pegs which showed a significant (>3mm) component of- 
horizontal movement parallel to the trench were those at grid 
points A15 and A16. These moved southwards by a maximum of 10mm 
indicating some inward movement of the end wall of the unshored 
section of trench on grid line 16. The layout of pegs had been 
designed to detect the pattern of longitudinal movement around 
the other end wall of the trench on grid line 4, but here only 
small (<3mm) and apparently random movements were recorded. In 
the following discussion and on Figs. 3 and 5, the horizontal 
movement referred to is the component perpendicular to the trench 
axis i.e. lateral movement only.
Both Figs. 3 and 5 illustrate the strongly time-dependent 
nature of lateral ground movement, and demonstrate the surprising 
sensitivity of the comparatively crude method of measurement.
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\Some of the interesting .'features detected are described on 
Fig. 5. The plot shown for peg A 8 typifies the response of the 
unsurcharged trench shoulder. Excavation to the full 4m depth, 
caused an immediate horizontal movement towards the trench of 
some 10mm. On insertion of the hydraulic shores a small (3mm) 
outward movement occurred, but this did not prevent the inward, 
movement continuing with time. On removal of the shores on Day 
28, an instantaneous inward movement of 5mm was recorded. After 
backfilling, lateral movement of peg row A appeared to stabilise 
at about 20mm (see also Fig. 3).
Behaviour of the row A pegs adjacent to the unshored section 
of trench was similar except that there was no outward and inward 
movement associated with insertion and removal of the shores.
From the row A results on Fig. 3 it may be seen that the diff­
erence in maximum long-term movement adjacent to the shored and 
unshored sections was only marginal but this may have been 
because the 5m unshored section was too short to be free at any 
point from restraint in the longitudinal direction.
Comparison of the plots for row S and row A on Fig. 3 shows 
that the general effect of the spoil surcharge was to increase 
lateral movement by about 50%. The build-up of movement with 
time on the surcharged side did however follow a slightly diff­
erent pattern. This may best be appreciated from the row S plot 
on Fig. 5. Following an immediate lateral displacement of 15mm 
on completion of excavation, the insertion of shores produced no 
outward movement but did arrest inward movement at about 17mm in 
the short term. The start of rainfall on Day 4 then triggered 
further inward movement which was still increasing on Day 28, 
when removal of the shores led to collapse.
As regards the lateral extent .of ground movement due to the 
excavation, it is clear from Fig. 3 that the row B pegs, at 3m 
from the trench shoulder, fell well within the range of both 
short and long-term influence. The horizontal displacements 
recorded on the row C and D pegs during the first two months 
after excavation were too small and scattered to be considered 
significant; but this does not preclude the possibility of ground 
movement having spread up to 7m or more from the trench in the 
long term.
Vertical movement
During the first few hours after excavation, the settlements 
recorded on peg rows A and S (see Fig. 4) were of the order of 
60% - 80% of the lateral movement (Fig. 3). Following the insert­
ion of the shores, the ratio of vertical to horizontal movement 
did not however remain constant (see Fig. 5).
After the start of heavy rain on Day 4, vertical peg movement 
became dominated by swelling of the ground surface followed by 
shrinkage in the subsequent period of warm dry weather. A common 
pattern of rise and fall was found to effect all the pegs on site 
between 6 and 57 days (150 and 1370 hours) after excavation, as
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exemplified by the plots on Fig. 5. Some of the scatter in the 
settlement profiles observed after the rainfall, e.g. on day 15 
(see Fig. 4) may have been due.to pegs creeping upwards relative 
to the ground as softening of the surface allowed relief of the ■ 
soil stresses induced by driving. The use of more securely 
anchored ground surface pegs would be an advantage in future 
simple trials, although the extent of weather sensitive movements 
with depth could only be determined by some system of subsurface 
monitoring.
Shear failure and loss of ground
The fact that the spoil-surcharged side of the trench coll­
apsed whilst the unsurcharged side remained stable could be of 
practical significance in that the storage of spoil is a rel­
atively straightforward item of construction procedure to control 
on site. Since the discontinuous movements associated with shear 
failure of the soil are potentially far more damaging to adjacent 
structures such as pipelines than are quasi-elastic ground movements, 
it is instructive to examine the mechanisms of failure in the 
present case.
The early collapse of the unshored section of trench was a
simple fall of material released by the opening of natural fissures
in the soil. Such collapses are common in stiff clays (Tomlinson, 
1971). The opportunity for the fissures to open is created 
primarily by the relief of lateral stress, but is enhanced by 
tensile strains in the clay surface associated with inward 
movement of the wall of the excavation. The effect of the spoil 
surcharge was to increase the immediate ground movement and hence 
also the tensile strains in the clay surface, leading to a critical 
condition. It is probable that the debris from this initial 
collapse, which filled the trench to approximately mid-height.
(see Plate 1), effectively stabilised the opposite, unsurcharged 
wall of the trench which might otherwise have failed by a similar 
mechanism in time. .
The hydraulic shores achieved their stabilising effect by 
generating surface compression in the clay, but apparently did 
not prevent stress relief across a vertical plane of fissures 
about one metre back from the trench face, which opened up and 
initiated collapse once the shores were removed. This time- 
dependent stress relief and associated swelling, which led to 
increasing horizontal ground movement (see Fig. 5), depended on 
the availability of water to relieve pore suctions. The role of 
the spoil surcharge in accelerating this process may simply have 
been to act as a rainwater reservoir collecting and storing run­
off which on the unsurcharged trench shoulder was removed more 
rapidly by unobstructed surface drainage, evaporation, and trans­
piration through the grass.
Back-calculation of equivalent soil modulus
Any elastic analysis of ground movement data raises complex
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questions relating to the validity of the chosen theoretical 
model and the values assigned to various soil'parameters. Tech­
niques have been developed for the analysis of ground movements 
around deep excavations in London Clay (as recently reviewed by 
Burland et al, 1979), but these do not necessarily apply to rel­
atively shallow trench excavations. It has nevertheless been 
considered of interest to obtain a crude estimate of the mean 
soil deformation modulus (E) implied by the present data. A 
back-analysis of the maximum horizontal displacements recorded on 
the row A pegs was carried out using a simple two-dimensional 
elastic finite.element model of an unsupported trench excavation. 
Setting KQ = 1 and v =0.49, yielded equivalent E values ranging 
from about 12MN/m2 for immediate unloading of the soil to about 6  
MN/m2 after one month. This range of values is of a similar 
order to that of the reloading stiffnesses obtained from the 
trench wall jack tests (see Fig. 2), and is a further indication 
of the degree of bulk softening of the ground caused by the 
trench excavation.
CONCLUSIONS
Bearing in mind the preliminary nature of the field trial 
described above, it would be inappropriate to attempt to predict 
ground movements at other trench sites on the basis of the obser­
vations reported so far. The more general conclusions to be 
drawn at this stage are as follows:
1. It has been demonstrated that a field trial with very limited 
objectives and using fairly crude methods of measurement can 
yield a surprising amount of observational data at a very 
modest cost. It is hoped that this paper will encourage 
others to undertake similar experiments in a wide range of 
different soil conditions so as to establish a broad data 
base for the prediction of ground movements around, trench 
excavations.
2. More specifically, it has been found that the ground move­
ments around a trench excavation in London Clay involve both 
quasi-elastic strains and discontinuous shear processes 
which are strongly time-dependent and as much influenced by 
the weather and the location of the spoil heap as by the 
provision of supports.
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PLATE 1 VIEW OF TRIAL TRENCH ON DAY 6 SHOWING
(Appendix F) COLLAPSE OF UNSHORED SECTION
